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Ionization of atoms by positron impact: Applications of the Scaled Born Method
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Positron emission tomography (PET) scans can be used to investigate the pathogenesis of neurological disorders and diseases such as Alzhei-
mer’s and Parkinson’s. PET scans use positrons to resolve an image of the internal biochemical process occurring inside the body, i.e.,
ionization cross sections. Knowledge of ionization cross sections for atoms is evidently crucial in PET technology. We will discuss some
recent developments of the scaled Born positron (SBP) method for ionization of atoms. The SBP method was originally proposed for electro-
nic excitations of atoms (J.L.S. Lino, Chin.J .Phys .54 (2016)504). First Born approximation (FBA) and the atomic orbital wavefunctions
have been approximated by Roothaan-Hartree-Fock, and the scattered positron and ejected electron have been approximated by a plane wave
and Coulomb wave as proposed by Barlett etal . (Atomic Data Tables 86 (2004) 235). It is shown that the SBP method combined with an
analytical factor results in a efficient method when compared with the sophisticated and traditional binary-encounter-dipole (BED) model.
Results of ionization cross sections of H, He, Ne, and C atoms using the new representation are presented to illustrate the applicability of the
improved SBP method.

Keywords: Born; positron; ionization; atoms.

DOI: https://doi.org/10.31349/RevMexFis.72.060401

1. Introduction

Positron-impact ionization cross sections represent a po-
werful tool for biomedical research and enable the imaging of
internal molecular process occurring in vivo in real time [1].
A database of ionization cross sections can be used, for exam-
ple, as a starting to investigate the pathogenesis of neurolo-
gical disorders and diseases such as Alzheimer’s disease [1].
For example, positherapy utilizes positrons to destroy cancer
cells [1] and has proven useful in treating cancers where con-
ventional methods are less effective. Positherapy also is a sa-
fer alternative to current radiotherapy approaches due the low
range of the emitted positron. In recent years, there has been
increasing interest in studying biological molecules such as
DNA by electrons and positrons impact ionization cross sec-
tions of atoms. It is worth mentioning that after losing suffi-
cient energy, positrons undergo annihilation and release gam-
ma rays which can be observed by “positron emission to-
mography (PET)” scans and their applicability in medicine
is imperative, which justifies further studies on the topic. A
series of experiments involving positron impact with several
atoms has been conducted recently (see Ref.[2-4]) and evi-
dently theoretical calculations are extremely important for an
adequate comparison. Some methods, such as Born appro-
ximation [5], the distorted plane wave method [6], and the
binary-encounter-Bethe (BEB) dipole model [7,8] have been
used to calculate ionization cross sections by positron impact.
Accurate ionization cross sections still remain an important
and challenging endeavor. The scaled Born positron (SBP)
method was originally proposed by Lino [9-12] for studies
involving electronic excitation of atoms and molecules by po-
sitron impact. As we will demonstrate, the SBP method can

be adapted for ionization cross sections of atoms (the merit
of SBP method is important, i.e., avoid arduous mathematical
equations, and computational complexity [13]). In Sec. 2 we
identify the SBP method and in Sec. 3 computational proce-
dures and results are discussed. Conclusions are presented in
Sec. 4.

2. Theory

The well-known FBA was first applied to treat electron
scattering at high incident energies in 1926. Since then sig-
nificant effort and investment have been made carried out by
several researchers involving the FBA as a suitable starting
point [5]. As is well known, for sufficiently fast electrons (or
positron) the cross sections for a collision with an atomic tar-
get are expected to be promising but for low and intermedia-
te energies the FBA is not sufficient. In this article, we will
show that the SBP method is appropriate for low, intermedia-
te, and high incident positron energies. In the FBA the plane
wave represents the correct function at infinity for a positron
colliding with a target and also represent the simplest colli-
sion theory that uses target wave function explicitly. The FBA
does not properly incorporate target distortion and resonan-
ces. We will see that the SBP method include such possibili-
ties. The traditional FBA can be written as

σ =

[
(4πao

2R)

E

]
fFBA, (1)

where

fFBA =

(
−1

2
π

)
< Skf |V |Ski > . (2)
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2 JORGE L. S. LINO

The SBP method represent an improved version of FBA
and as observed in Eq. (1) the SBP method replaces the
E (energy) that appears in the denominator of Eq. (1), by
E + (Eexc + EPs) and the Eq. (1) turning Eq. (1) into

σSBP =

(
facc

fBorn

)
· f(E)σBorn, (3)

where

f (E ) =
E

(E + EPs + Eex)
. (4)

It is important to mention that the SBP method has im-
portant aspects that can be highlighted. First, EPs is the po-
sitronium energy of the target and is used only when the in-
cident particle is a positron which is not identical to the tar-
get electrons. Second, Eexc is the excitation energy, faccur is
an accurate dipole value from experiments or from accura-
te wavefunctions, and fBorn is the dipole value from the FBA
(these parameters are not of adjustable and this is very im-
portant in a mathematical development). Third, the constant
(EPs +Eexc) has also some pratical consequences to the per-
formance of the SBP method, i.e., the constant is related with
energy of the incident positron in the field of the nucleus and
the bound electrons of the target (also can be seen as the sca-
ling factor to represent the correlation between the positron
and electrons of the target). Finally, the “scaling factor” here
proposed suggests a similarity with polarization effects (Lino
has shown many examples [9-12] in which the SBP method
for dipole-allowed excitation into very reliable cross sections
when compared with sophisticates methods). The Coulombic
attraction between positrons and electrons makes an enor-
mous difference from the always repulsive interaction bet-
ween electrons. The SBP method does not incorporate real
positronium formation, but it explicitly considers virtual po-
sitronium formation, i.e.,

EPs = B − 6,8 eV, (5)

where B is the binding energy of the electron of target. As
observed, the f (E ) factor reduces the FBA at low energies
while keeping the validity of the Born approximation at high
energies [5]. Studies using the SBP method for electronic ex-
citation of the targets by positron impact are conclusively sa-
tisfactory [9] and the method is not computationally intensi-
ve. The FBA is calculated from the sum of the partial ioniza-
tion cross sections of each occupied orbital,

σ =

∑
(Nnlmσnlm)

(2l + 1)
, (6)

where nlm orbital and it is assumed that electrons are equally
shared among the available m quantum states. Mathemati-
cally the FBA for ionization may be expressed as

[e−iqr]nml =

∫
ψ∗e−iqrϕnmld

3r, (7)

where φnlm is the target orbital wave function with the usual
nlm labels for orbital, angular momentum and magnetic

quantum numbers, respectively, and ψ is a Coulomb wave
used to model the ejected electron. There are no arbitrary pa-
rameters or fitting constants. The SBP method does not provi-
de differential cross sections in energy loss or angle of scatte-
ring, and no positronium formation was considered. The total
ionization cross sections for the target atom is the sum over
all accupied orbitals, i.e., σtotal = σσ(1s+ 2s+ 2p+ ...).

For ionization cross sections the Eq. (3) can be written as

σSBP =

(
facc

fBorn

)
· f (E )σBorn, (8)

where

f (E ) =
E

(E + EPs)
. (9)

3. Results and discussion

We have investigated ionization cross sections by posi-
tron impact of H, He, Ne, and C atom. In Table I, we show
the data for ionization energy (B) and positronium forma-
tion energy (EPs). In Table II, we shows results for all atoms
(ionization cross sections by positron impact) using the SBP
method.

TABLE I. Ionization and positronium energies.

Atom B(eV) EPs(eV)

H 13.6 6.8

He 24.50 17.70

Ne 21.56 14.76

C 11.26 4.40

TABLE II. Ionization cross sections for H, He, Ne, and C atom by
positron impact using the SBP method (10−16 cm2).

Energy(eV) H He Ne C

20 0.288 0.0008 0.0016 0.523

30 0.618 0.0378 0.087 1.117

40 0.743 0.140 0.196 1.571

50 0.779 0.230 0.287 1.821

60 0.771 0.296 0.364 1.941

70 0.746 0.342 0.429 1.991

80 0.714 0.372 0.484 1.985

90 0.681 0.391 0.528 1.958

100 0.648 0.409 0.565 1.918

150 0.515 0.424 0.660 1.660

200 0.423 0.367 0.676 1.464

250 0.359 0.351 0.660 1.276

300 0.310 0.304 0.625 1.134

Rev. Mex. Fis. 72 060401
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FIGURE 1. Positron-hydrogen atom ionization cross sections.

FIGURE 2. Positron-helium atom ionization cross sections.

FIGURE 3. Positron-neon atom ionization cross sections.

In Fig. 1 we present positron-hydrogen atom ionization
cross sections using the SBP method compared with the effi-
cient distorted wave method (CPEA) [14], and experimental
data [15]. As observed the SBP method is very similar with
the CPEA [14]. The agreement with the CPEA [14] theory
provides direct evidence of the accuracy of our structure mo-
del. As observed also our cross sections are in good agree-
ment with the experimental data [14].

In Fig. 2 we shows positron-helium atom ionization cross
sections using the SBP method compared with distorted wa-
ve plane (DWP) method [16], the sophisticate classical tra-
jectory Monte Carlo (EE-CTMC) model (see Ref. [16]), and
experimental data [16]. As observed in Fig. 2 the agreement
in the shape and magnitude between the SBP method and EE-
CTMC model is encouraging. This is of special relevance for
the SBP method, since the EE-CTMC model demands great
computational effort. From Fig. 2 can be clearly seen that the
SBP method is in very good agreement with the experimen-
tal data [16]. At high energies the methods converge to the
traditional FBA, validating the procedure.

Figure 3 shows positron-Ne atom ionization cross sec-
tions. Ionization of neon atom by positron impact is a fun-
damental process which atomic structure, positronium for-
mation, and particle-antiparticle interactions are not fully un-
derstood in the literature. Positron scattering from neon atom
is very important for the interpretation of astrophysical da-
ta [17]. Because neon is a noble gas with a high ioniza-
tion potential (21.56 eV), it serves as a rigorous test for the
SBP method. Fig. 3 shows our SBP method compared again
with the sophisticate classical trajectory Monte Carlo (EE-
CTMC4) model [17] and experimental data [17]. As obser-
ved again the theoretical results are in good agreement. The
agreement between the methods are consistently good, giving
confidence that the set of atomic parameters used in our SBP
method are the best available set.

Finally, in Fig. 4 we show a preliminary study on the
positron-carbon atom ionization cross sections. As cited
before, ionization cross sections help the investigate the
pathogenesis of neurological disorders and diseases such as
Alzheimer’s and Parkinson’s. The carbon atom represent 18
% of the human body and is the major component of biomo-
lecules such as DNA. Preliminarily, in Fig. 4 we shows ioni-
zation cross sections calculated using the SBP method com-
pared with the BEB method for electron case only [17]. As
observed, the cross sections calculated using the SBP method
for positrons are in ery good agreement with those obtained
using the BEB method for electrons [17]. This scenario is
obviously not found for several other atoms. It is important
to observe that the convergence between the cross sections
using SBP method (positron) and BEB method (electron)
suggests new comparative studies (for high incident positron
energies, numerical convergence to the FBA is expected).
The carbon atom shows signs of the presence of excitation-
autoionization [17], which represents an interesting question
for the future using the SBP method [19].

Rev. Mex. Fis. 72 060401
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FIGURE 4. Positron-carbon atom ionization cross sections.

4. Conclusions

The scaled Born positron (SBP) method provides in con-
clusion good results for all the targets studied. The SBP
method not diminish the value of more sophisticated methods
that produce highly accurate results, though they requires or-
ders of magnitude more computational effort than SBP cross
sections. First, the SBP method will not work well on angu-
lar distribution because the scaling only change the E depen-
dence of first Born approximation (FBA) cross sections. It is
well known that the FBA cross sections do not reproduce lar-
ge angle scattering well at any E, and the SBP method will
not change the shape of FBA angular distributions. However,
the SBP method described here will facilitate the calculation
of integrated excitation, ionization, excitation-autoionization
cross sections, and studies on positronium formation for tar-
gets in general, which pose difficulties to more computer-
intensive theories. In conclusion the SBP method for ioni-
zation cross sections is relatively simple and efficient when
compared to state-of-art ab initio theories.
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This work presents a comprehensive ab initio investigation of the structural, electronic, elastic, and optical properties of aluminum-doped
zinc oxide (Zn1−xAlxO) using the DFT+U framework. A realistic 2×2×2 supercell model is employed to simulate substitutional doping
at various Al concentrations (up to 25 %). The results reveal a systematic reduction in band gap energy, reaching 2.216 eV at the highest
doping level, which reflects enhanced electrical conductivity. Density of states analysis highlights the emergence of Al-3p states near the
conduction band, contributing to donor-like behavior and supporting n-type conductivity. The elastic properties show a progressive decrease
in stiffness and an increase in anisotropy with Al content, indicating mechanical softening of the ZnO matrix. Optically, the doped systems
exhibit improved transparency, a blue shift in the absorption edge, and modulation of the dielectric response, consistent with the Burstein
Moss effect. These findings suggest that Al doping significantly tailors the multifunctional behavior of ZnO, making it a promising candidate
for transparent conducting electrodes, optoelectronic components, and sensor technologies. The theoretical insights presented herein provide
useful guidelines for experimental optimization of Al doped ZnO-based materials.
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1. Introduction

For many years, Zinc oxide has been used in the chemical
and pharmaceutical industries [1, 2]. Zinc oxide (ZnO) holds
significant potential in the medical field, particularly in drug
delivery systems and cancer treatments, due to its biocompa-
tibility, antimicrobial properties, and ability to target cance-
rous cells effectively [3, 4]. New avenues of research in op-
toelectronics are beginning to advance with the evolution of
technology like photoluminescence applications [5–7]. The
latest technological trend shows that zinc oxide doping with
transition metals such as Sc, Ti, V, Cr, Mn, Fe, Co, Ni and Cu
can be used as a ferromagnetic material and also has great in-
terest in spintronic applications [8–10]. After industrial inter-
est in this material became more prominent, research into its
physical properties was extensively studied not only for the
development of the microelectronics industry but also to co-
llect as much information as possible on its energy behavior
concerning the preparation conditions. ZnO, with its wide
gap (3.37 eV) and its high binding energy (60 meV), is consi-
dered one of the most promising semiconductor materials for
technological applications such as laser diodes emitting in
blue and UV spectra [11–13]. Moreover, the thermoelectric
field extensively uses ZnO with metallic impurities such as
aluminum [14, 15]. Zinc oxide in thin films has enjoyed con-
siderable importance in various fields of research in recent

decades due to its multiple potential applications in optoelec-
tronics, such as solar cells [16], spintronics [17–19], gas sen-
sors [20], and photodetector applications [21]. Doping ZnO
with suitable elements can improve its optical characteristics
with increased transmission in the visible (T ∼ 90%) and
accelerate the run for its practical applications [22–28]. Al-
so, oxygen vacancies improve both optical and electrical pro-
perties, particularly electrical conductivity (σ ∼ 10−3 Ω−1

cm−1) [29–32]. Moreover, thermal treatment plays a crucial
role in improving the electrical properties of ZnO, as de-
monstrated by the work of Abdullin et al. [33]. Furthermore,
sintering and precursor concentration have a greater impact
on ZnO physical properties [34]. In particular, the doping
of ZnO with Aluminum considerably modifies its physical
properties [35–37]. Al-doped ZnO compounds exhibit high
transparency in the visible range [38, 39]. It has been shown
that the gap can be controlled by introducing a small amount
of aluminum [40]. Several research groups are currently wor-
king on developing more efficient solar cells by doping zinc
oxide with aluminum [41, 42]. For three decades, the num-
ber of publications addressing the doping of ZnO has failed
to fundamentally understand the effect of doping with meta-
llic elements on electrical, optical, and electronic properties.
This work focuses on the microscopic aspect of doping on
band gap energy, elasticity, and optical absorption. This study
aims to deepen the understanding of the atomic-scale effects
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of aluminum doping in ZnO, with a focus on its structural
and mechanical behavior relevant to advanced technological
applications. By employing a realistic 2 × 2 × 2 supercell
model, we sought to closely mimic experimental conditions
and generate reliable data on dopant-induced changes. Spe-
cial emphasis was placed on comparing ZnO:Al with other
transparent conducting oxides to assess its standing within
this family of materials. The findings help categorize the ma-
terial based on its directional performance and mechanical
stability. They also offer valuable theoretical insights to sup-
port high-efficiency experimental design.

2. Computational methods and geometric mo-
del

In this study, ab initio calculations are performed using
the plane wave method, incorporating the pseudopotential
approach within the framework of density functional theory
(DFT) [43]. To improve the accuracy of the results, the Ge-
neralized Gradient Approximation (GGA) was adopted, spe-
cifically using the Perdew-Purke-Ernzerhof (PBE) functio-
nal [44]. Simulations are carried out using the CASTEP co-
de, leveraging Vanderbilt pseudopotentials to efficiently mo-
del electron-ion interactions [45]. The pseudo-potential of
Vanderbilt-type ultra-soft was used to compute the poten-
tial seen by the valence electrons [46]. This choice of poten-
tial enables the following valence configurations to be used:
(3d104s2) for Zn, (3s23p1) for Al and (2s22p4) for O. To im-
prove the description of localized electrons (e.g., Zn 3d), we
used the DFT+U method formulated by Dudarev et al., where
the total energy is expressed as [47]:

EDFT+U = EDFT +
Ueff

2

∑
σ

[Tr (ρσ)− Tr (ρσρσ)] , (1)

where Ueff = U − J is the effective Hubbard parameter (U :
On-site Coulomb interaction and J : Hund’s exchange pa-
rameter), ρσ is the occupation matrix for localized orbitals
with spin σ, EDFT is the standard DFT energy without co-
rrections and Tr is the Trace of a matrix (sum of diagonal ele-
ments). Hubbard corrections are also applied, with optimized
values of 5.5 eV for d-electrons and 8.5 eV for p-electrons,
in order to improve the treatment of electronic correlation ef-
fects. These U values have been widely optimized and re-
ported in the literature [40, 48–50]. Unless otherwise stated,

we use GGA+U with Ud for Zn and Up for O in the litera-
ture validated AZO window seen in the study of Shabani et
al. [51] and report a U sensitivity analysis confirming that all
qualitative trends versus Al content are robust. We employ
GGA+U with the previously cited, in house optimised para-
meters calibrated to the band gap, Zn(3d) binding energy, and
equilibrium a and c, and no U is applied to Al(3p), and the
qualitative trends remain robust within ±0.5 eV.

In ab-initio calculation, it is necessary to test the conver-
gence of the results with respect to the cut-off energy (Ecut-off)
and the K-points mesh configuration in the first Brillouin zo-
ne (1BZ). According to the optimization operation, a good
convergence is obtained for a plane-wave energy of Ecut-off
values of 500 eV and 6 × 6 × 4 K- points mesh configu-
ration. In this study, Al atoms are introduced into the hexa-
gonal wurtzite structure of ZnO via a substitutional doping
mechanism. Figure 1 illustrates a 2×2×2 ZnO supercell con-
sisting of 16 zinc and 16 oxygen atoms, designed to allow
the systematic substitution of Zn atoms with Al at different
doping concentrations. Specifically, Al atoms substitute Zn
atoms at atomic ratios of x = 6,25%, 12.5 %, 18.75 % and
25 %, corresponding to 1, 2, 3, and 4 Al atoms, respectively,
within the supercell. This method preserves the overall he-
xagonal symmetry while allowing investigation of the effects
of increasing dopant content on the structural and electronic
properties of zinc oxide. The substitution of Zn2+ with sma-
ller Al3+ ions introduces extra free electrons into the system,
making it suitable for n-type conductivity enhancement. The
supercell approach facilitates accurate modeling of local dis-
tortions, charge distribution, and band structure modifications
resulting from Al incorporation. Compositions up to 25 % Al
are modeled in a 2×2×2 supercell to sample defect-defect
interactions and provide an upper bound on electronic/elastic
trends. This does not assert bulk equilibrium solubility at
25 % rather, it reflects non-equilibrium thin film processing
windows where high nominal Al contents are reported while
wurtzite reflections persist in XRD. Experimental evidence
for such regimes (FCM-CVD) and a discussion of possible
phase separation at very high Al are provided in the referen-
ces.

Similar criteria were employed by Damente et al., who
also selected doping sites to maintain the symmetry of the
hexagonal lattice [37]. Other studies, such as those by Jafa-
rova et al., have selected the dopant-receiving sites based

FIGURE 1. 2×2×2) supercell models of a) pure ZnO and Al-doped ZnO with x( %) = Al/Zn: b) 6.25 %, c) 12.5 %, d) 18.75 %, and e) 25 %.
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TABLE I. Optimised lattice parameters a (Å) and c(Å), cell volume V (Å3) for ZnO compared with other experimental and theoretical results
(∆a/a and ∆c/c: Relative error without units on the lattice parameters a and c, respectively).

Zn1−xAlxO Reference
Our results x a (Å) ∆a/a ( %) c (Å) ∆c/( %) V(Å3)

0 3.284 1.64 5.299 2.39 49.491 GGA
0.0625 3.251 5.294 48.119
0.125 3.249 5.205 47.259

0.1875 3.268 5.369 57.339
0.25 3.172 5.877 59.131

0 3.219 0.37 5.184 0.17 46.519 GGA+U
0.0625 3.249 5.205 47.252
0.125 3.188 5.607 49.007

0.1875 3.233 5.190 46.653
0.25 3.219 5.180 49.088

Other (Exp.) 0 3.231 - 5.175 - 46.785 [17]
Other (Theo.) 0 3.240 6.93 5.190 0.08 47.183 [54]

3.340 7.29 5.350 0.58 51.687 [55]
3.184 10.23 5.147 3.16 45.184 [56]
2.940 6.85 5.070 0.74 37.952 [57]
3.225 0.33 5.174 0.27 46.603 [58]
3.186 6.44 5.150 0.23 45.272 [59]
3.240 5.15 5.190 0.69 47.183 [60]

on the criterion of minimizing the system’s total energy
[52, 53]. Finally, self-consistency calculations were conside-
red converged when the system’s total energy become stable,
ensuring the results’ reliability. Graphical representations and
crystal structure visualizations are performed using the Ori-
gin software and the VESTA applications.

3. Results and discussions

3.1. Structural properties

The first and fundamental step in ab initio calculations is
the determination of a material’s structural properties. This
phase is crucial as it provides key insights into the material
microstructure, serving as the basis for subsequent calcula-
tions related to electronic and elastic properties. The optimi-
zed lattice parameters of ZnO are essential for understanding
its structure and impact on various physical properties. These
parameters offer valuable information about the atomic arran-
gement within the crystal lattice, ultimately influencing its
mechanical, thermal, and electronic behavior. Table I provi-
des an overview of the structural properties, comparing them
with existing experimental and theoretical data. To validate
our findings, we meticulously compared our optimized va-
lues with existing experimental and theoretical data. Our re-
sults for the undoped and Al-doped ZnO lattice parameters
and volumes are in excellent agreement with the existing ex-
perimental and theoretical data. The relative errors in the lat-
tice parameters ∆a/a and ∆c/c, calculated using DFT-GGA
for the undoped ZnO, are 1.64 % and 2.39 %, respectively.

In contrast, the corresponding deviations obtained using the
DFT-GGA+U approach are significantly reduced to 0.37 %
and 0.17 %, respectively. These results demonstrate that the
inclusion of the Hubbard U correction in the GGA framework
enhances the accuracy of the structural predictions and yields
better agreement with experimental data.

Within GGA+U, the lattice-parameter response to Al do-
ping results from an interplay of the local chemical pressure
shorter Al–O bonds contract AlO4 tetrahedra followed by an-
isotropic relaxation through the wurtzite framework and elec-
tronic changes Al donor electrons increase screening and io-
nicity, softening bond-bending and coupling a-c via the inter-
nal coordinate u. This balance yields small, composition de-
pendent shifts and non-monotonic features in a and c, which
we attribute to how specific Al configurations in the 2×2×2
supercell redistribute local strain between basal and axial di-
rections.

In DFT, the GGA+U approximation is generally mo-
re suitable for the geometric optimization of materials that
exhibit strong electronic correlation effects, such as those
containing transition elements with d-orbitals or f -orbitals.
The GGA alone may underestimate the band gap and fail
to accurately capture strongly correlated electronic interac-
tions. In contrast, adding the U term (Hubbard correction)
in GGA+U enhances the description of these interactions by
correcting the energy of localized electrons, often leading to
more precise geometric optimizations for these types of sys-
tems [49, 50]. According to the DFT criteria outlined by Da-
monte et al., our results exhibit strong agreement with both
experimental and theoretical data [37]. For undoped Zinc oxi-
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de, our study yielded a value of 3.219 Å and 5.184 Å for a
and c, aligning closely with theoretical values of 3.225 Å and
5.174 Å [58] and 3.184 Å and 5.147 Å [56]. This result also
demonstrated favorable agreement with the experimental va-
lues of 3.231 Å and 5.175 Å for a and c, respectively [20]. In
the case of doping, the lattice parameters a and c of aluminum
doped ZnO change only slightly, and the crystal structure ap-
proximately retains its hexagonal lattice, despite the absence
of experimental values for a proper comparison.

These findings highlight the complexity of crystalline
behavior in these compounds and stress the significance of
integrating both theoretical and experimental perspectives.
This comprehensive comparative study enhances our unders-
tanding of the structural properties of both undoped and Al
doped ZnO, contributing to the broader knowledge of their
unique crystalline behaviors.

3.2. Electronic properties

Band structure of undoped and Al doped ZnO

The band structure is composed of permitted and prohi-
bited energy bands. The permitted energy bands, also called
valence and conduction bands, determine the electrical pro-
perties of the material. The valence band is the lowest energy
band and is generally occupied by electrons. The conduction
band is the highest energy band, which can be partially or
completely empty. From an energetic point of view, a mate-
rial band gap corresponds to the lowest energy needed for an
electron to transition from the valence band to the conduc-
tion band. Materials can be classified based on the size of
this bandgap into insulators (large bandgap), semiconductors
(medium-sized bandgap), and conductors (zero or near-zero
bandgap). The graphs in Figs. 2a) to 2e) represent the band
structures of ZnO and Al doped ZnO at various atomic ratios
of Al/Zn from 0 to 25 % Al impurity quantities. In this graph,

the gap energy between the valence and conduction bands is
distinctly observable. The Fermi level lies in the middle of
the bandgap, indicating it’s an intrinsic semiconductor. In the
undoped ZnO, the material exhibits a direct band gap loca-
ted at the Γ point, consistent with the known semiconducting
behavior of pure wurtzite ZnO.

As Al is introduced into the ZnO lattice, a systematic re-
duction in the band gap is observed across the series (b–e),
accompanied by a noticeable shift of the conduction band mi-
nimum (CBM) toward lower energies, especially near the Γ
M points. This narrowing is attributed to the incorporation of
Al-3p orbitals, which contribute additional conduction states
and introduce donor-like behavior, effectively lowering the
CBM.

While the valence band maximum (VBM) remains relati-
vely stable in energy, slight changes in its curvature and dis-
persion are observed, reflecting the perturbation of the elec-
tronic structure due to local lattice distortions and Al–O bon-
ding. The shift is most pronounced at 25 % doping, where the
band gap becomes significantly reduced and the bands exhi-
bit increased overlap and dispersion, suggesting a transition
toward a more conductive regime.

In previous results, it is observed that replacing a certain
percentage of zinc with aluminum leads to a decrease in the
energy gap as the doping level increases [63]. By comparing
our results with the theoretical ones, we see an improvement
in the value of the gap for Zn1−xAlxO. K. Dakhsi’s study
showed that the gap energy of films decreases from 3.29 eV
for undoped ZnO to 3.27 eV for 5 % Al-doped ZnO [64].
This decrease is attributed to distortions of the crystal lattice
caused by the introduction of impurities and the increase in
the concentration of free electrons. Additionally, the gap de-
creases as the concentration of metal doping increases [65].
In contrast, results from FCM-CVD reveal a relatively stable
bandgap around 3.1-3.2 eV for doping levels between 0 %

FIGURE 2. Band structure for: a) the undoped ZnO and Al doped ZnO with different atomic ratios of doping b) 6.125 %, c) 12.5 %, d)18.75 %
and e) 25 %, f) Evolution of the band gap energy as a function of dopant concentration in previous research.
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and 5 %, indicating limited Al solubility or incorporation un-
der those processing conditions [40]. Figure 2f) illustrates
the variation in band gap energy as a function of aluminum
doping concentration in ZnO. The trend shows a significant
decrease in Eg with increasing Al doping from the undo-
ped ZnO to 25 % Al doped ZnO. Initially, for pure ZnO (x
= 0), the band gap is around 3.375 eV. As Al is introduced (x
= 0, 0.06125, 0.125, 0.1875, 0.25), the band gap decreases,
reaching a minimum at x = 0,25, dropping to approxima-
tely 2.216 eV. This reduction is attributed to introducing free
carriers and changes in the electronic structure caused by Al
substitution. The observed trend suggests that controlled Al
doping allows for tuning ZnO electronic properties, making
it suitable for various optoelectronic and transparent conduc-
tive applications.

TDOS and PDOS of Undoped and Al doped ZnO

The density of states (DOS) is a fundamental physical quan-
tity that provides deep insights into the electronic band struc-
ture of materials. Understanding DOS is essential because it
influences many of the material electronic properties, such as
electrical conductivity, optical absorption, and thermal pro-
perties. By examining the DOS, particularly the total density
of states (TDOS) and partial density of states (PDOS), re-
searchers can infer critical information about the distribution
of electrons at various energy levels within a material. This
understanding is especially important for materials like ZnO,
which have widespread applications in electronics and opto-
electronics due to their specific properties. Figure 3 shows the
Total Density of States (TDOS) and Projected Density of Sta-
tes (PDOS) for both undoped and doped ZnO, with different
atomic ratios of x =Al/Zn (x = 0, 0.0625, 0.125, 0.1875
and 0.25). Peaks in the PDOS indicate significant contribu-
tions from specific orbitals at corresponding energies. In the
context of zinc oxide (ZnO), in its pure and aluminum-doped
forms, the DOS analysis reveals intricate details about how
doping affects the material’s electronic structure. Typically,
the energy origin in these analyses is fixed at the Fermi level,
which serves as a reference point for measuring the energy

distribution of electrons. The undoped ZnO is also presented
for comparison purposes. The total and partial density of sta-
tes (TDOS and PDOS) of Al-doped ZnO, evaluated over the
energy range from −15 eV to +15 eV, reveal substantial mo-
difications in the electronic structure with increasing Al con-
centration. In the deep valence region (−15 eV to −5 eV),
the PDOS is dominated by oxygen 2s states, showing mini-
mal sensitivity to doping levels. Between −5 eV and 0 eV,
the valence band is primarily composed of O-2p states, with
a minor contribution from Zn-3d orbitals, which remain re-
latively stable across different doping ratios. However, as the
Al content increases, a slight shift and broadening in this re-
gion indicate perturbations in the local bonding environment,
particularly due to Al–O interactions. Around the Fermi level
(set at 0 eV), the undoped ZnO displays a clear band gap cha-
racterized by the absence of electronic states, while the doped
structures exhibit a progressive narrowing of this gap. For do-
ping levels starting from 6.25 % up to 25 %, the conduction
band minimum shifts closer to the Fermi level, with Al-3p
states contributing significantly to the conduction region just
above 0 eV. In some cases, shallow donor states appear within
the gap, indicating the possibility of n-type conductivity en-
hancement. The conduction band (0 to +5 eV) becomes in-
creasingly populated with Al-derived states, which hybridi-
ze partially with Zn-4s and O-2p orbitals, suggesting an im-
proved carrier mobility. At higher energies (beyond +5 eV),
the contributions of Zn and Al states remain notable but less
structured, indicating a convergence toward free-electron-like
behavior. Overall, the TDOS and PDOS profiles demonstra-
te that Al doping modifies both the valence and conduction
band edges, introduces new states near the Fermi level, and
thus significantly influences the optoelectronic properties of
ZnO. Zhou et al. obtained similar results in their study on the
bonding mechanism of ZnO using the LDA+U method [66].
A detailed analysis of the PDOS for undoped ZnO reveals
that the oxygen atom’s p orbitals dominate the valence band,
contributing more significantly than the zinc atom’s s orbi-
tals. The valence band of ZnO is predominantly shaped by
the electronic contributions of oxygen atoms, indicating that
O-2p orbitals govern the bonding interactions in this region.

FIGURE 3. TDOS and PDOS for a) undoped ZnO and with different atomic ratios of Al/Zn b) 6.25 %, c) 12.5 %, d) 18.75 % and e)25 %.
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In contrast, the conduction band is mainly influenced by the
Zn-4s orbitals, which are critical to the material’s electrical
conductivity [67]. In the case of ZnO doped with 25 % Al,
the total and partial density of states (TDOS and PDOS) re-
veal the electronic effects of aluminium incorporation.

Doping with Al alters the electronic structure by shifting
energy levels and modifying the intensity and distribution of
DOS peaks, thereby impacting the material’s electronic and
conductive properties [68].

As depicted in Fig. 3, the upper energy states of the do-
ped system are primarily derived from the Zn d-orbitals, O
p-orbitals, and Al p-orbitals. A detailed comparison between
the PDOS of doped and undoped ZnO highlights pronoun-
ced differences, particularly near the valence band maximum,
where Zn and O exhibit distinct modifications. The emergen-
ce of new electronic states at the valence band edge is attri-
buted to interactions between Al and its nearest-neighbor Zn
and O atoms. These findings confirm that Al doping effecti-
vely tailors the DOS of ZnO, in agreement with the observa-
tions reported by Khuili et al. [67].

To quantitatively connect the DOS to the band-structure
evolution and the ensuing n-type conductivity, we note the
following trends across x = 0 → 0,25. For undoped ZnO,
EF lies within the gap and the TDOS at EF vanishes, consis-
tent with a direct-gap semiconductor. Upon Al substitution
(Al+3 →Zn+2), one excess electron per Al is donated to the
conduction manifold. In the PDOS this appears as Al(3p) dri-
ven spectral weight that hybridises with Zn(4s) and O(2p) at
the conduction band edge. As x increases, these Al(3p) deri-
ved states move into and broaden the CBM region, while EF
shifts upward toward and at higher x, into the onset of these
states. The net effect is a progressive increase of the DOS at
near EF (N(E)> 0), which is the electronic signature of do-
nor filling and explains the measured expected rise in n-type
conductivity. This DOS evolution is fully consistent with the
band structure trends and with optics: the Burstein Moss blue
shift observed in ε2/absorption follows naturally from EF en-
tering low-lying conduction states, which blocks the lowest

interband transitions even as the many-body/electrostatic per-
turbation narrows the fundamental gap in the calculations.
Importantly, the PDOS shows no prominent deep mid-gap
resonances, indicating that Al acts as a shallow donor rather
than introducing compensating traps hence the finite N(EF)
and Al(3p)/Zn(4s) character at the CB edge are the micros-
copic origin of the enhanced n-type transport.

3.3. Elastic properties

A material elastic constants offer crucial information
about the types of forces operating within it as well as a con-
nection between its mechanical and dynamic properties. Spe-
cifically, they offer insights into the stability and rigidity of
materials [69,70]. The elastic constants Cij are obtained from
the second-order derivative of the total energy with respect to
strain [71]:

Cij =
1

V

∂2Etot

∂εi∂εj
, (2)

where V is the equilibrium volume of the unit cell, Etot is the
total energy, and εi, εj are the applied strain components.

In Young’s notation, Zn1−xAlxO compounds exhibit a
hexagonal crystal structure, with their elasticity tensor com-
prising five independent components: C11, C12, C13, C33 and
C44 [60].

These constants represent different components of the
stiffness tensor, which describe how the material deforms un-
der various stress conditions. Specifically, C11 quantifies the
stiffness in the direction parallel to the crystallographic axis,
indicating the material’s resistance to deformation along this
axis. C12 and C13 describe the interactions between perpen-
dicular stress and strain components, providing insight into
how the material reacts when stress is applied in one direction
but strain occurs in another [72]. C33 represents the stiffness
along the crystallographic c-axis, which is particularly rele-

TABLE II. Elasticity constants Cij (in GPa) of Zn1−xAlxO with x = 0, 0.0625, 0.125, 0.1875 and 0.25 compounds compared with other
theoretical and experimental results.

Elasticity constants Cij (GPa) C11 C12 C13 C33 C44 Ref.
Our results ZnO 214.987 114.654 106.872 194.142 34.052

Zn0,9375Al0,0625O 195.452 92.740 100.840 165.887 18.633
Zn0,875Al0,125O 183.288 98.143 92.854 172.214 20.547

Zn0,8125Al0,1875O 170.915 95.190 91.732 140.756 31.805
Zn0,75Al0,25O 150.193 89.124 98.540 171.232 21.241

Exp. data ZnO 206± 4 118± 10 211± 4 44,3± 4 44,6± 4 [58]
Theo. data ZnO 293.31 104.24 73.55 278.27 54.63 [54]

210 121 105.1 210.9 – [27]
191.16 111.96 85.63 190.57 36.89 [56]

222 118 127 215 51 [74]
199.7 104.3 92.9 192 43.2 [55]
240 161 135 253 39.5 [59]
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TABLE III. Mechanical properties of Zn1-xAlxO compounds for varying compositions x (x=0, 0.0625, 0.125, 0.1875 and 0.25).

Mechanical properties of Zn1−xAlxO

x 0 0.0625 0.125 0.1875 0.25
Bulk modulus B (GPa) 142.32 135.80 127.74 118.03 117.80
shear-modulus µ (GPa) 43.369 41.881 36.509 36.149 33.250

Lame λ (GPa) 113.41 109.00 103.40 99.68 95.64
Young modulus E (GPa) 118.11 112.99 100.00 94.17 91.17

Poisson ratio ν 0.362 0.365 0.369 0.368 0.371
Compressibility β.10-3 (GPa-1) 7.06 7.54 7.830 8.05 8.54
Universal anisotropy index AU 0.181 0.214 0.059 0.698 0.867

Hardness H (GPa) 3.436 3.228 2.828 2.667 2.610

vant for hexagonal materials like ZnO, which have distinct
properties along this axis. Finally, C55 and C66 are the shear
moduli, describing the material’s resistance to shear defor-
mation. This is crucial for understanding how the material
behaves under forces that cause sliding or twisting. The C11,
C12, C13, C33, and C44 elastic constants of undoped ZnO and
Al-doped ZnO are reported in Table II for Zn1−xAlxO com-
pounds, comparing our results with experimental data and re-
sults from other theoretical methods. The mechanical stabi-
lity of a solid is one of the most crucial characteristics to be
inferred from its elastic properties. The mechanical strength
of the crystalline lattice was initially formulated by Born and
Huang, who demonstrated that stability criteria can be de-
rived based on conditions imposed on the elastic constants,
assuming that the internal energy of a crystal remains positi-
ve under small deformations. For the hexagonal system, the-
se criteria are given by the following relations of Born and
Kuang [73]:

C11 > |C12, 2C2
13 < C33 (C11 + C12) ,

C44 > 0, C66 > 0. (3)

The elastic constants Cij obtained for Zn1−xAlxO reveal
a clear decrease in overall mechanical stiffness as the alu-
minum doping concentration increases. The progressive re-
duction of C11 (from 214.99 to 150.19 GPa) and C33 (from
194.14 to 171.23 GPa) indicates a weakening of the crystal
bonding both within the basal plane and along the c-axis. The
sharp drop in C44 at low doping levels, followed by modera-
te fluctuations, highlights a pronounced sensitivity to shear
deformation. Although less systematic, the changes in C12
and C13 also reflect a gradual disturbance in transverse elas-
ticity caused by the substitution of Zn+2 with Al+3. Com-
pared to experimental data and other theoretical works, the
values remain consistent while capturing the specific effects
of the GGA+U method and the use of a supercell model. Ove-
rall, the results point to increased mechanical anisotropy and
reduced structural robustness with doping, which must be ca-
refully considered when selecting optimal Al concentrations
for TCO-based device applications.

Our study determined the elastic constants for
Zn1−xAlxO compounds, with results such as C11 =
191,8 GPa andC33 = 193,4 GPa. These values are compared
with experimental data from reference [74], where the expe-
rimentally measured elastic constants for C11 and C33 are
206 GPa and 211 GPa, respectively, both with an uncertainty
of ±4GPa. Other theoretical methods and calculations, such
as PBE-GGA Tb-mBJ and PBE-GGA+U, provide further
comparisons. For instance, PBE-GGA Tb-mBJ from referen-
ces [60,73] reports C11 = 293.31 GPa and C33 = 278.27 GPa,
demonstrating the variations in results based on different
computational methods. Including methods like LDA+U and
PBE-GGA+U helps to explore the impact of Coulomb inter-
actions on the material’s elastic properties. Table III reports
the calculated mechanical properties of Zn1−xAlxO com-
pounds for varying aluminum concentrations (x=0, 0.0625,
0.125, 0.1875, and 0.25). The results reveal a clear trend of
decreasing mechanical strength with increasing Al content,
indicating that aluminum incorporation gradually softens the
ZnO matrix.

Specifically, the bulk modulus, which reflects the ma-
terial’s resistance to uniform compression, decreases from
142.3 GPa (pure ZnO) to 117.8 GPa at x=0.25, suggesting re-
duced volumetric stiffness. Similarly, the shear modulus and
Young’s modulus indicators of resistance to shape change and
uniaxial stress, respectively, also exhibit a consistent decline,
confirming the weakening of mechanical rigidity upon do-
ping. For instance, the shear modulus drops from 43.4 GPa to
33.3 GPa, and Young’s modulus declines from 118.1 GPa to
91.2 GPa. Poisson’s ratio slightly increases with doping, from
0.362 to 0.371, implying a more ductile behavior at higher Al
concentrations. This is further supported by the Lame para-
meter, which also decreases, and the compressibility, which
increases with doping, indicating enhanced deformability un-
der pressure. A significant observation is the sharp rise in the
universal anisotropy index, from 0.181 for undoped ZnO to
0.867 at x = 0,25. This indicates increasing elastic aniso-
tropy as aluminum is introduced, likely due to lattice distor-
tion and local inhomogeneity caused by the size and charge
differences between Zn+2 and Al+3 ions. Finally, the Vic-
kers hardness decreases from 3.44 GPa (ZnO) to 2.61 GPa
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at the highest doping level, confirming a drop in mechanical
hardness with Al incorporation.

Physically, the mechanical softening upon Al substitution
arises from a combination of electronic and bonding effects.
First, Al acts as a donor, and the added free carriers enhan-
ce screening of long-range Coulomb interactions that domi-
nate stiffness in polar wurtzite lattices, thereby reducing the
effective interatomic force constants. Second, replacing Zn
(whose filled 3d states contribute to Zn(3d)/O(2p) hybridiza-
tion) with Al (lacking 3d) increases bond ionicity and dimi-
nishes directional covalency; this selectively weakens bond
bending responses and explains the pronounced reduction in
shear-related constants (C44) and the drop in G. Third, the
size/charge mismatch (Al+3 vs Zn+2) introduces local strain
fields and heterogeneity, which elevate elastic anisotropy and
open softer deformation pathways. These mechanisms ratio-
nalize our computed trends C11 and C33 decrease with x, B,
G, and E decline, Vickers hardness is reduced, and the univer-
sal anisotropy index increases indicating a transition toward
a more compliant yet still Born stable lattice as Al content
rises.

3.4. Optical properties

The study of optical properties of solid materials, inclu-
ding phenomena like absorption, reflection, transmission, and
so on, is a basic means of understanding the properties of
the materials under the influence of incident light beams.
Furthermore, the bandgap of the materials directly affects se-
veral optical characteristics, including the absorption coeffi-
cient and refraction. The optical properties of materials can
be characterized by the transverse dielectric function, repre-
sented as ε(ω) or complex refractive index N, which is ex-
pressed as ε(ω) = ε1(ω) + iε2(ω). This function is a fun-
damental parameter in describing how a material interacts
with incident photons across different energy or frequency
ranges [38, 43]. The ε2 is obtained by summing the jumps
from occupied to unoccupied states within the selection rule
of the Brillouin zone Eq. (1). ε2 yields ε1 are calculated from
the Kramers-Kronig relationship Eq. (4), and ε1 is related to
the electron polarization rate of the material. The imaginary
part of the dielectric function ε2, is determined by summing
the transitions from occupied to unoccupied states, following
the selection rules within the Brillouin zone Eq. (4). The real
part, ε1 is then derived from ε2 using the Kramers-Kronig
relation Eq. (5), where ε1 corresponds to the electron polari-
zation rate of the material [75]:

ε2(ω)

(
4π2e2

m2ω2

)∑
ij

∫
|⟨i|M |j⟩|2 fi(1− fi)

× δ(Ef − Ei − ω), d3k. (4)

ε1(ω)1 +
2

π
P

∫ ∞

0

ω′ε2(ω
′)

ω′2 − ω2
, dω′. (5)

The real part, ε1(ω), quantifies the amount of electro-
magnetic wave energy stored as potential energy within the

material. In contrast, the imaginary part, ε2(ω), indicates the
energy absorbed and dissipated as heat. The refractive index
n(ω), the extinction coefficient k(ω) the absorption coeffi-
cient α(ω), reflectivity R(ω) and loss function L(ω) are cal-
culated using the following equations Eqs. (6)-(10) of undo-
ped and Al doped zinc oxide are calculated using the follo-
wing equations [56]:

n(ω) =

[
ε1(ω)

2
+

√
ε21(ω) + ε22(ω)

2

] 1
2

, (6)

n(ω) =
ω

c

√
ε2(ω)

2
, (7)

α(ω) =
√
2ω

[√
ε21(ω) + ε22(ω)− ε1(ω)

] 1
2

, (8)

R(ω) =

∣∣∣∣∣
√
ε1(ω) + jε2(ω)− 1√
ε1(ω) + jε2(ω) + 1

∣∣∣∣∣
2

, (9)

L(ω) =
ε2(ω)

ε21(ω) + ε22(ω)
. (10)

Figure 4 illustrates the complete set of optical properties
of Al doped ZnO for aluminum concentrations ranging from
0 % to 25 %. The spectral analysis of the optical response re-
veals pronounced changes in the dielectric behavior, refrac-
tive index, optical conductivity, and absorption coefficient,
all evolving consistently with increasing Al content (x = 0,
0.0625, 0.125, 0.1875, and 0.25).

The real ε1(ω) and imaginary ε2(ω) components of the
complex dielectric function, shown in Fig. 4a), serve as pri-
mary indicators of electronic polarizability and absorption
mechanisms, respectively. In undoped ZnO (x = 0), ε1 exhi-
bits a prominent peak around 3 eV, followed by a gradual
decline, indicating strong interband polarization and modera-
te dispersion. Upon Al incorporation, this peak shifts toward
higher photon energies and its magnitude decreases progres-
sively, suggesting enhanced electronic screening and reduced
static polarization.

Simultaneously, the ε2 component displays a distinct ab-
sorption edge corresponding to the fundamental bandgap of
ZnO. As the Al concentration increases, this absorption edge
undergoes a blue shift, indicating an apparent widening of the
optical bandgap. This shift is attributed to the Burstein Moss
effect, wherein the increased carrier concentration fills the lo-
wer conduction band states, thereby raising the onset energy
of optical transitions.

The static permittivity (ε1 at zero frequency) decreases
as Al doping increases, reflecting a reduced polarization res-
ponse under low electric fields. This trend is consistent with
findings from the studies of Almeida, Rosely [76] and Hai-
reche [77], although contrary results have been reported by
Issam Derkaoui [23]. The refractive-index (n) response in
Fig. 4b) similarly confirms the trend. In pure ZnO, the refrac-
tive index starts at a relatively high static value (∼ 2,1) in the
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low-energy limit and decreases monotonically with increa-
sing photon energy. As the doping level increases, the peak
value of n diminishes, and the overall curve flattens slightly,
suggesting that the material becomes optically less dense and
more transparent in the visible region. This behavior is con-
sistent with a reduced dielectric constant and increased free
carrier contribution.

In some phases, the refractive index stabilizes at high do-
ping levels, indicating that the material becomes less sensiti-
ve to further increases in Al concentration. Our results repre-
sent an advancement over the study conducted by Dada and
Mochena [78]. As depicted in Fig. 4c), the optical conduc-
tivity (photon-induced current response) rises sharply across
the near-UV (∼ 3 − 6 eV), consistent with dominant inter-
band transitions. While the undoped ZnO shows a sharp on-
set of conductivity just after the band gap, the doped com-
pounds demonstrate a shift of this onset toward higher ener-
gies, along with a broadening of the spectral width and inten-
sity. This again confirms the widening of the optical band gap
and suggests increased participation of free carriers due to
Al-induced doping. The spectra of the absorption coefficient
in Fig. 4d) provide a particularly clear readout of doping ef-
fects on light matter interactions. For undoped ZnO, the onset

of absorption occurs just above 3 eV, in agreement with the
band structure results. As the Al content increases, the ab-
sorption edge shifts significantly to higher energies another
manifestation of the Burstein Moss shift. Moreover, the in-
tensity of the absorption peaks also varies, reflecting changes
in the joint density of states and transition matrix elements.
Notably, at higher Al concentrations, a secondary absorption
feature appears at higher energies (∼ 8− 10 eV), likely rela-
ted to deeper interband transitions involving Zn-3d or Al-3p
states. The optical absorption coefficient is a crucial parame-
ter in determining the shape of a solar cell’s spectral response
curve [79]. The absorption spectrum ranges from 0 eV to 40
eV. Since chalcogenide materials hold great potential for pho-
tovoltaic applications, examining the optical absorption spec-
tra under different doping levels is crucial for enhancing their
optoelectronic performance [80]. The reflectivity spectra in
Fig. 4e) further corroborate these trends: undoped ZnO shows
a characteristic semiconductor response with a modest UV
peak of ∼ 10 − 12%. With increasing Al doping, the reflec-
tivity in the visible and Near-UV regions slightly decreases,
suggesting improved anti-reflective properties and enhanced
transmittance desirable for optoelectronic and transparent
conducting applications. Reflectivity

FIGURE 4. Optic properties as a function of energy for Zn1−xAlxO compounds with x = 0, 0.0625, 0.125, 0.1875 and 0.25. a) Dielectric
function ε1 and ε2 b), refractive index c), optical conductivity, d) Absorption, e) Reflectivity f) Loss function.
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TABLE IV. The static absorption coefficient, reflectivity, loss function and gap energy for undoped and Al doped ZnO. (*) band gap calculated
with Tauc’s method.

x α0,10
−6 cm−1 R0 n0 F0,10

−3 Eg (eV) Eg (eV)(∗)

0 0.0 0.070 1.72 0.00 3.375 3.382

0.0625 0.6 0.064 1.67 0.14 2.999 3.102

0.125 27.2 0.152 2.28 2.84 2.778 3.532

0.1875 226.0 0.157 2.31 22.7 2.269 2.759

0.25 234.0 0.083 1.81 0.48 2.216 2.525

measures the percentage of light reflected off the material’s
surface rather than being absorbed or transmitted. A nota-
ble aspect is the slight shift observed in the reflectivity spec-
tra as the incident photon energy nears the band gap energy,
emphasizing the material’s responsiveness to specific energy
ranges [81]. Lastly, the energy loss function, which charac-
terizes the energy loss of fast electrons traversing the mate-
rial and is directly linked to the plasmonic behavior, shows
a sharp peak in undoped ZnO around 11 eV. This feature is
attributed to the collective oscillation of electrons (bulk plas-
mons). As Al concentration rises, the position of this loss
peak shifts slightly toward higher energies, and its intensity
increases, indicating a higher carrier density and modified
plasmon frequency due to Al-induced free electrons. This
plasmonic tunability could be leveraged in advanced photo-
nic applications. The inelastic interaction of electrons with a
material is strongly linked to the energy loss function, which
defines the likelihood of inelastic scattering, the energy loss
distribution, and the angular scattering distribution [46]. The
energy loss spectrum illustrates the energy lost by a fast elec-
tron as it traverses the material, as shown in Fig. 4f). Peaks
in the loss function usually indicate strong plasmonic excita-
tions or other electron excitation phenomena. A weak peak
is observed at 37.5 eV, followed by a maximum energy loss
of around 22 eV, which coincides with a sharp decline in re-
flectivity [82]. In the general case, these optical spectra de-
monstrate that Al doping not only modulates the band struc-
ture but also leads to significant tunability in dielectric res-
ponse, transparency, light absorption, and carrier-induced op-
tical transitions. Such tunability reinforces the potential of
Al doped ZnO for applications in transparent electrodes, UV
photodetectors, plasmonic devices, and optoelectronic com-
ponents operating in the UV-visible region.

For band gap estimation, a widely adopted approach re-
lies on analyzing the optical absorption spectra of semicon-
ductors. This method is applicable to materials exhibiting
either direct or indirect allowed electronic transitions and is
commonly expressed by the following relation [83].

(αhν)
n
= A (hν − Eg) , (11)

where α is the absorption coefficient, hν is the photon energy,
Eg is the optical band gap, A is a constant, and n depends on
the nature of the electronic transition: n = 2 for direct allo-
wed transitions (as in ZnO), and n = 1/2 for indirect ones.

To determine gap energyEg , one plots (α.hν)2 versus hν
and extrapolates the linear region of the curve to intersect the
energy axis. The intercept gives the value of the band gap.
This method allows for a simple graphical evaluation of band
gap changes due to doping, strain, or defects, and is extensi-
vely used in optical characterization of semiconducting thin
films and nanomaterials. The Tauc plots presented in Fig. 5
are used to estimate the optical band gap of Al doped ZnO
by analyzing the absorption spectra. With increasing alumi-
num concentration, a clear blue shift in the absorption edge
is observed, indicating a progressive widening of the optical
band gap. This shift is mainly attributed to the Burstein Moss
effect, where additional electrons from Al doping raise the
Fermi level, filling low-energy conduction band states and

FIGURE 5. Optical band gap estimation by extrapolating the linear
region of (α.hν)2 versus photon energy (hν) plot. The intercept on
the energy axis indicates the optical band gap of the Zn1−xAlxO
material.
requiring higher photon energies for electronic transitions. As
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a result, the band gap decreases from ∼ 3,3 eV for undoped
ZnO to ∼ 2,5 eV at high doping levels (x = 0,25). The ob-
served reduction in band gap suggests that doping induces
significant modifications in the electronic structure of ZnO,
which may enhance its absorption in the visible range but at
the expense of its UV selectivity.

Table IV summarises the static optical properties of both
undoped and Al-doped ZnO, including the absorption coef-
ficient (α0), reflectivity (R0), refractive index (n0), energy
loss function (F0), and optical band gap energy (Eg), obtai-
ned through direct calculation and extrapolation from absor-
ption spectra. In the undoped state, ZnO exhibits negligible
absorption at zero frequency, consistent with its known trans-
parency and wide band gap. As the doping concentration in-
creases, particularly beyond x = 0,125, the absorption coef-
ficient rises significantly, suggesting the introduction of loca-
lised states within the band gap that enable additional optical
transitions. Reflectivity initially decreases slightly with low
doping levels, then increases at higher concentrations, which
may reflect changes in free carrier concentration or dielectric
behavior. The refractive index follows a similar non-linear
trend, reaching a maximum at x = 0,1875, indicating a stron-
ger polarization response of the material under static fields.

The non-monotonic evolution of the static refractive in-
dex n0 with Al doping (maximum at x = 0,1875) reflects a
balance between the Burstein Moss shift which raises the ap-
parent optical gap and tends to lower the bound electron pola-
rizability and a concomitant increase in low-energy oscillator
strength due to band structure renormalization and spectral
weight transfer, which raise ε1(0) and n0. In our dataset, n0

slightly decreases at very low Al content, then increases to a
maximum at x = 0,1875 alongside marked rises in A0 and
F0, before dropping at x = 0,25 as free carrier screening
and local field effects reduce the bound polarizability. This
interpretation is consistent with classical polarizability rela-
tionships and with the joint evolution of R0, A0, F0, and Eg
summarized in Table IV.

A sharp increase in the energy loss function is obser-
ved at the same concentration, highlighting enhanced plas-
monic interactions or collective electron oscillations induced
by higher doping. The optical band gap shows a decreasing
trend as doping increases, shifting from 3.375 eV in the un-
doped sample to 2.216 eV at x = 0.25, which can be attri-
buted to band tailing and the incorporation of impurity states
despite the potential presence of the Burstein Moss effect.
The band gap values obtained via the Tauc method are gene-
rally slightly higher than the directly calculated ones, which

may be due to the extrapolation assumptions inherent to this
method. Overall, these results confirm that aluminum doping
significantly modifies the optical response of ZnO, making
it a tunable material for applications in optoelectronics and
transparent conductive devices.

4. Conclusion

In this work, a detailed first-principles investigation ba-
sed on the DFT+U formalism was conducted to examine the
structural, electronic, elastic, and optical properties of Al do-
ped ZnO. The results demonstrate that aluminum substitution
at Zn sites induces measurable variations in lattice parameters
while preserving the wurtzite hexagonal symmetry. The elec-
tronic structure reveals a systematic narrowing of the band
gap with increasing Al concentration, reaching 2.216 eV at
25 % doping, highlighting the effectiveness of Al as an n-
type dopant. The emergence of Al-3p states near the con-
duction band enhances electronic conductivity and introdu-
ces donor-like behavior. Elastic property analysis confirms a
gradual reduction in mechanical stiffness and a rise in an-
isotropy, suggesting a trade-off between electronic tunability
and structural robustness at higher doping levels. Optical cha-
racterization reveals substantial modulation of the dielectric
function, refractive index, absorption edge, and energy loss
spectra, driven by both the Burstein–Moss effect and the for-
mation of impurity states. The improved optical transparency
and tunable electronic properties position Al doped ZnO as
a strong candidate for applications in transparent conductive
oxides (TCOs), UV photodetectors, and optoelectronic devi-
ces. The use of a 2×2×2 supercell model allows for a rea-
listic depiction of local atomic distortions and supports the
reliability of the predicted trends. These findings offer valua-
ble insights for the design and optimization of Al doped ZnO
materials, particularly for photovoltaic, sensing, and biome-
dical applications. Future work may explore the impact of
temperature, defects, and co-doping strategies, as well as ex-
perimental validation of the proposed theoretical framework.
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We introduce a simple gauge-invariant spectral diagnostic for Euclidean Yang–Mills backgrounds based on covariant diffusion. Using the
gauge-covariant Laplacian ∆A, we consider heat-kernel trace observables built from the semigroup e−t∆A and address the infinite-volume
divergence through two complementary normalizations: a trace per unit volume in a finite domain followed by the thermodynamic limit, and
a relative trace with respect to the trivial background A = 0 that cancels the leading volume contribution. From these trace observables we
define an effective spectral scale via a logarithmic derivative in diffusion time, yielding a mass-squared-like parameter that characterizes the
large-t decay of covariant diffusion when the limit exists. In parallel, we outline a diffusion-based spectral-dimension diagnostic and discuss
basic invariance and positivity properties of the construction. The framework is formulated in general dimension d and is intended as a clean,
continuum starting point for connecting gauge-invariant long-time diffusion behaviour with spectral information of the covariant operator,
without discretization or lattice input.
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1. Introduction

The emergence of macroscopic scales from microsco-
pic gauge dynamics is a central theme in non-Abelian field
theory. In Euclidean Yang–Mills settings, one often seeks
gauge-invariant diagnostics that translate structural informa-
tion about a background connection into quantitative long-
distance behaviour [1]. Spectral methods provide a natural
route: the spectrum of gauge-covariant elliptic operators en-
codes how fields relax, diffuse, and coarse-grain under heat-
type evolution, in a manner stable under smooth deforma-
tions and (when defined appropriately) insensitive to gauge
choice [2].

Heat-kernel methods and spectral analysis of elliptic ope-
rators have a long history in spectral geometry, mathemati-
cal physics, and quantum field theory. Classical results re-
late geometric and analytic properties of differential opera-
tors to the asymptotic structure of heat traces, while covariant
heat kernels play a central role in effective actions, anomaly
calculations, background-field methods, and spectral cons-
tructions in gauge theories [2–6]. More recently, diffusion-
based observables have been employed to characterize scale-
dependent geometric properties through the notion of spectral
dimension, particularly in approaches to quantum gravity and
random geometries [7–9].

The present work is not intended to introduce a new
heat-kernel formalism, a new covariant operator, or a new
notion of spectral dimension. Rather, it combines standard

ingredients—covariant diffusion, infrared-safe heat-trace
normalizations, and logarithmic diffusion-time derivatives—
into a gauge-invariant diffusion-based spectral scale asso-
ciated with the covariant Laplacian. The emphasis is on
providing a continuum diagnostic of the infrared spectral
behaviour of Yang–Mills backgrounds while remaining inde-
pendent of gauge choice, discretization schemes, or lattice-
specific constructions.

A particularly convenient probe is covariant diffusion ge-
nerated by a gauge-covariant Laplacian. Given a connection
Aµ on Rd (or on a large finite domain), the semigroup e−t∆A

defines a heat kernel that is gauge covariant in its spatial ar-
guments, while trace observables built from it are gauge inva-
riant. The diffusion time t plays the role of a coarse-graining
scale: small t probes ultraviolet structure, whereas large t
probes infrared spectral information [2].

A technical issue is immediate in infinite volume:
Tr(e−t∆A) diverges proportionally to the volume, even for
A = 0 [2]. We therefore employ two complementary
infrared-safe normalizations: (i) an intensive trace per unit
volume in a finite domain followed by the thermodynamic
limit, and (ii) a relative trace (subtracting the A = 0 contri-
bution) which cancels the leading extensive term.

From either normalized trace we extract an effective spec-
tral scale via a logarithmic derivative in diffusion time. When
a large-t limit exists after taking the thermodynamic limit,
the resulting quantity behaves like a mass-squared parameter
controlling long-time decay in the diffusion channel under
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consideration. This is not asserted to be a physical pole mass;
rather, it is a gauge-invariant spectral diagnostic tied to the
low end of the spectrum of ∆A in the chosen representation.

The goals of this paper are sharply defined:

define a clean gauge-invariant diffusion observable in
general dimension d,

control its infrared normalization and thermodynamic
limit,

define an effective spectral scale from its t-
dependence,

establish basic positivity/monotonicity properties,

provide benchmarks clarifying what the large-t beha-
viour can and cannot imply.

The paper is organized as follows. Section 2 introdu-
ces covariant diffusion, heat–trace observables, and the two
infrared–safe normalizations. Section 3 presents the effecti-
ve spectral scale (and a complementary spectral–dimension
diagnostic), including monotonicity constraints from spec-
tral representations. Section 4 discusses benchmark cases and
clarifies finite–volume artifacts versus genuine infrared beha-
viour. Section 5 summarizes implications and extensions.

2. Covariant diffusion and infrared-safe trace
observables

2.1. Set-up and gauge covariance

We work in Euclidean space Rd (or a bounded domain
ΩL ⊂ Rd of linear size L), with compact gauge group G
and Lie algebra g. Fix a unitary representation ρ acting on a
complex vector space V . Let Aµ(x) be a sufficiently regu-
lar background connection, understood as a matrix field in
End(V ), and define the covariant derivative

Dµ ≡ ∂µ +Aµ. (1)

Under a gauge transformation g(x) ∈ G,

Aµ 7→ Ag
µ = gAµg

−1 − (∂µg) g
−1,

Dµ 7→ Dg
µ = gDµg

−1. (2)

We consider the gauge-covariant Laplacian acting on V -
valued scalar fields,

∆A ≡ −DµDµ, (3)

which is elliptic and nonnegative on appropriate domains and
boundary conditions.

For t > 0, the semigroup e−t∆A defines covariant diffu-
sion. Formally,(

e−t∆Aϕ
)
(x) =

∫
ΩL

ddy KA(t;x, y)ϕ(y),

t > 0, (4)

where KA(t;x, y) is the heat kernel. Gauge covariance im-
plies KAg (t;x, y) = g(x)KA(t;x, y)g(y)

−1, and hence tra-
ce observables are gauge invariant.

2.2. Finite-volume heat trace

Let ΩL be a bounded region of volume VL = Vol(ΩL),
with boundary conditions (periodic/Dirichlet/Neumann) cho-
sen so that ∆A is self-adjoint and has discrete spectrum
{λn(A;L)}n≥1 with λn ≥ 0 [2]. The heat trace is

TrΩL

(
e−t∆A

)
=
∑
n≥1

e−tλn(A;L)

=

∫
ΩL

ddx TrV KA(t;x, x). (5)

Gauge covariance of e−t∆A implies gauge invariance of the
trace:

TrΩL

(
e−t∆Ag

)
= TrΩL

(
e−t∆A

)
, (6)

for gauge transformations compatible with the chosen boun-
dary conditions.

2.3. Two infrared-safe normalizations

In infinite volume, Tr(e−t∆A) diverges extensively. We
therefore consider:

(i) Intensive trace density. Define the normalized heat-
trace density

TA(t;L) ≡
1

VL
TrΩL

(
e−t∆A

)
. (7)

When the thermodynamic limit exists at fixed t > 0, we de-
fine

TA(t) ≡ ĺım
L→∞

TA(t;L). (8)

(ii) Relative trace density. Let ∆0 ≡ −∂2 denote the free
Laplacian with the same boundary conditions on ΩL. Define

RA(t;L) ≡
1

VL

[
TrΩL

(
e−t∆A

)
− TrΩL

(
e−t∆0

) ]
, (9)

and, when it exists,

RA(t) ≡ ĺım
L→∞

RA(t;L). (10)

The relative normalization often improves infrared behaviour
by cancelling the leading extensive contribution [2].
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2.4. Relation between the two normalizations

The intensive trace density TA(t) and the relative trace
RA(t) are designed to remove the same extensive volume di-
vergence, but they do not necessarily encode identical infor-
mation at finite diffusion times.

When the thermodynamic limit exists, the two normaliza-
tions provide complementary information about the infrared
spectrum, but they need not identify the same asymptotic ex-
ponential scale. Their large-t behaviours can differ because
RA(t) = TA(t) − T0(t) may be affected by cancellations or
by the slower-decaying contribution.

However, the two constructions emphasize different as-
pects of the spectrum. The intensive trace density TA(t) re-
mains positive by construction and therefore naturally ad-
mits logarithmic derivatives and monotonicity properties. By
contrast, the relative trace RA(t) measures deviations from
the free background and may change sign depending on the
spectral redistribution induced by the gauge field. As a con-
sequence, logarithmic derivatives based on RA(t) may be-
come singular or may fail to provide a useful diagnostic in
diffusion-time intervals where cancellations occur.

For this reason, TA(t) will be regarded as the primary
spectral observable throughout this work, whileRA(t) is vie-
wed as a complementary quantity that highlights departures
from free diffusion. Agreement between the two normaliza-
tions in the large-t regime provides evidence that the extrac-
ted spectral scale reflects genuine infrared spectral behaviour
rather than a normalization artifact.

2.5. Remarks on existence and boundary effects

For fixed t > 0, the heat kernel is effectively local on
length scale ℓ(t) ∼

√
t, and boundary contributions are typi-

cally subextensive as L → ∞ [2]. In favorable settings one
expects

TA(t;L) = TA(t) +O
(
|∂ΩL|
VL

)
, L→ ∞, (11)

and similarly for RA(t;L). We do not attempt the sharpest
minimal hypotheses here; our emphasis is a clean continuum
definition and its robust structural consequences.

3. Spectral scale from diffusion: effective mass
and spectral dimension

3.1. Effective spectral scale

Assume TA(t;L) > 0 for t > 0 (true at finite volume for
standard positive semigroups). We define the diffusion-time
dependent effective spectral scale

m2
eff(t;L) ≡ − d

dt
ln TA(t;L). (12)

Using functional calculus,

m2
eff(t;L) =

1
VL

TrΩL

(
∆A e−t∆A

)
1
VL

TrΩL
(e−t∆A)

, (13)

so m2
eff(t;L) is a heat-kernel weighted average of the spec-

trum: small t weights higher eigenvalues, while large t con-
centrates toward the low end of the spectrum.

If the thermodynamic limit exists at fixed t, define

m2
eff(t) ≡ ĺım

L→∞
m2

eff(t;L). (14)

When, in addition, the large-t limit exists, we define the ma-
croscopic diffusion spectral scale

m2
∞ ≡ ĺım

t→∞
m2

eff(t), (15)

provided the order of limits is taken as written (thermodyna-
mic limit first).

Relative version (optional). When RA(t;L) has definite
sign on a t-window, one may analogously define

m2
eff,rel(t;L) ≡ − d

dt
ln|RA(t;L)| , (16)

and its thermodynamic-limit counterpart when it exists. Be-
cause RA can cross zero, we treat the relative logarithmic
derivative as auxiliary.

3.2. Spectral representation and monotonicity (ther-
modynamic limit)

When the thermodynamic-limit trace density admits a
spectral-density representation per unit volume,

TA(t) =
∫ ∞

0

e−tλ ρA(λ) dλ, ρA(λ) ≥ 0, (17)

in Ref. [2], one can introduce the t-dependent probability
measure

dπA,t(λ) =
e−tλρA(λ) dλ

TA(t)
. (18)

Then

m2
eff(t) = − d

dt
ln TA(t) =

∫ ∞

0

λ dπA,t(λ), (19)

and

d

dt
m2

eff(t) = −VarA,t(λ) ≤ 0. (20)

Thus, whenever Eq. refeq:Laplace holds, m2
eff(t) is nonin-

creasing in t and can approach a finite limit only from above.
This provides a robust constraint and a practical consistency
check.
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3.3. A diffusion-based spectral dimension (complemen-
tary diagnostic)

Define the diffusion-based spectral-dimension diagnostic
by

dAs (t;L) ≡ −2
d

d ln t
ln TA(t;L)

= −2t
d

dt
ln TA(t;L) = 2tm2

eff(t;L), (21)

in Ref. [7]. In regimes where TA(t) exhibits approximate
power-law scaling in t, dAs (t) can develop plateaus which
diagnose intermediate scaling windows. In contrast, when
TA(t) contains strong exponential suppression (as in genui-
nely gapped toy models), dAs (t) is typically not the cleanest
infrared descriptor; in that case the primary infrared diagnos-
tic is the plateau (or lack thereof) in m2

eff(t).
The quantity ds(t) is closely related to the spectral di-

mension commonly employed in spectral geometry, diffusion
processes, and quantum-gravity approaches based on scale-
dependent effective geometries [7–9]. In those settings, dif-
fusion observables are used to probe how the effective dimen-
sionality perceived by a random walker changes with scale.
The role of ds(t) in the present work is more modest: it ser-
ves as a complementary diagnostic accompanying the effec-
tive spectral scale m2

eff(t). While both quantities are derived
from the same heat-trace observable,m2

eff(t) provides a more
direct characterization of infrared spectral suppression, whe-
reas ds(t) offers additional information regarding the scale
dependence of the underlying spectral structure.

3.4. Order of limits and an operational criterion

At fixed finite L, the large-t limit is dominated by the lo-
west eigenvalue:

TA(t;L) ∝ e−tλ1(A;L), t→ ∞,

m2
eff(t;L) −−−→

t→∞
λ1(A;L) (22)

Ref. [2]. Therefore a plateau at finite L is not evidence of
a genuine infrared scale unless it remains nonzero after the
thermodynamic limit. The operational criterion advocated
here is:

m2
∞ = ĺım

t→∞

(
ĺım

L→∞
m2

eff(t;L)
)
, (23)

and m2
∞ > 0 is interpreted as a robust infrared spectral scale

in the diffusion channel probed by ∆A.

4. Benchmarks and interpretation

This section provides calibrating examples clarifying
how the diffusion diagnostics behave in simple settings and
how finite-volume artifacts appear.

4.1. Pure gauge backgrounds

As a first gauge-theoretic benchmark, consider a pure
gauge connection

Aµ = −(∂µg)g
−1, (24)

where g(x) is a smooth gauge transformation. The correspon-
ding field strength vanishes identically,

Fµν = 0. (25)

In this case the covariant derivative is related to the ordi-
nary derivative by conjugation,

Dµ = g ∂µ g
−1, (26)

and therefore the covariant Laplacian satisfies

∆A = g∆0 g
−1. (27)

Consequently, ∆A and ∆0 are unitarily equivalent and
possess identical spectra. Whenever boundary conditions are
compatible with the gauge transformation, the associated heat
traces coincide,

Tr
(
e−t∆A

)
= Tr

(
e−t∆0

)
. (28)

It follows that the intensive trace density, the effective
spectral scale, and the spectral-dimension diagnostic all redu-
ce to their free-background counterparts. Thus the proposed
observables are insensitive to gauge-equivalent descriptions
of the trivial connection and respond only to genuine spectral
information. This benchmark provides a simple consistency
check of the gauge-invariant character of the construction.

4.2. Free background A = 0

For A = 0 in Rd, the heat kernel is Gaussian and the
thermodynamic-limit heat-trace density takes the standard
form

T0(t) = (4πt)−d/2 dim(V ), (29)

Ref. [2]. Consequently,

m2
eff,0(t) = − d

dt
ln T0(t) =

d

2t
, (30)

which decays algebraically and has no nonzero infrared pla-
teau:

ĺım
t→∞

m2
eff,0(t) = 0. (31)

The corresponding diagnostic spectral dimension is constant:

d0s(t) = −2
d

d ln t
ln T0(t) = d. (32)
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FIGURE 1. Benchmarks for the diffusion-based diagnostics in d
dimensions. a) Effective spectral scale m2

eff(t) for the free back-
ground A = 0, showing algebraic decay with no infrared plateau,
and for the gapped toy operator −∂2+m2, illustrating the emergen-
ce of a genuine infrared plateau atm2. b) Corresponding diffusion-
based spectral dimension ds(t) = 2tm2

eff(t), which remains cons-
tant in the free case and is dominated by the exponential regime in
the gapped benchmark. The contrast highlights the role of a true
spectral gap in producing a stable infrared plateau in the diffusion
channel.

4.3. A gapped toy benchmark: −∂2 +m2

Consider the scalar operator −∂2 +m2 (not necessarily
arising as ∆A, but useful for calibration). One has

Tm(t) = (4πt)−d/2 dim(V ) e−m2t (33)

Ref. [2], so

m2
eff,m(t) = m2 +

d

2t
,

ĺım
t→∞

m2
eff,m(t) = m2 > 0. (34)

This is the canonical signature of a genuine infrared scale: the
effective spectral scale approaches a positive constant. Figu-
re 1 illustrates this canonical behaviour, contrasting the alge-
braic decay of the free case with the genuine infrared plateau
arising in a gapped toy model.

4.4. Finite-volume pseudo-plateaus and stability in L

Equation (22) shows that at fixed L, m2
eff(t;L) always

approaches λ1(A;L) as t→ ∞. Therefore, the practical dis-
tinction is:

Finite-volume artifact: a plateau in t at fixed L that
drifts toward 0 as L→ ∞ (typical of gapless spectra).

Genuine infrared scale: a plateau in m2
eff(t) obtained

after L→ ∞, converging to m2
∞ > 0 as t→ ∞.

FIGURE 2. Illustration of finite-volume pseudo-plateaus. At fixed
L, the effective spectral scale m2

eff(t;L) approaches the lowest ei-
genvalue λ1(A;L) as t → ∞, producing an apparent plateau. In a
gapless situation, the plateau level drifts toward zero as L increa-
ses, motivating the order of limits used to define the macroscopic
diffusion scale m2

∞.

This is precisely why the order of limits in (23) is essential.
Figure 2 illustrates this mechanism: at fixed L a plateau in
m2

eff(t;L) is unavoidable, but its level drifts with increasing
L, so stability under the limit L → ∞ is the operative crite-
rion for identifying a genuine infrared spectral scale.

4.5. Relative trace as a complementary diagnostic

The relative quantity RA(t) = TA(t) − T0(t) isolates
departures from free diffusion and can be useful for identif-
ying t-windows where the background significantly suppres-
ses diffusion. However, since RA(t) need not have definite
sign for all t, logarithmic derivatives of RA(t) can develop
spurious singularities near zeros. For this reason, we recom-
mend using RA(t) primarily as a qualitative companion to
the main diagnostic m2

eff(t).
It is instructive to emphasize that the appearance of a pla-

teau in m2
eff(t) is tightly linked to the infrared structure of

the spectrum of ∆A. A genuine plateau arises only when the
spectral density exhibits a true infrared gap, leading to an ex-
ponential suppression of the heat–trace density at large dif-
fusion times. By contrast, gapless spectra extending down to
λ = 0, such as in the free case, produce an algebraic de-
cay of TA(t) and therefore prevent the formation of a pla-
teau. Intermediate situations, where the low–lying spectrum
is strongly suppressed but not gapped, may lead to a rapid
decay of TA(t) without a well–defined exponential regime.
Finally, at finite volume, apparent plateaus are unavoidable
but correspond to the lowest discrete eigenvalue and must
not be interpreted as genuine infrared scales unless they per-
sist after taking the thermodynamic limit. These possibilities
are illustrated in Fig. 3, which compares simple toy spectral
densities with and without a true infrared gap and shows how
their distinct low–lying spectral structures translate into qua-
litatively different large–t behaviours of the effective spectral
scale m2

eff(t).
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FIGURE 3. Toy spectral densities ρ(λ) a) and the resulting effecti-
ve spectral scale m2

eff(t) obtained from the Laplace representation
T (t) =

∫∞
0

e−tλρ(λ) dλ b). A true infrared gap, corresponding
to spectral support starting at λ0 > 0, leads to the emergence of
a positive infrared plateau in m2

eff(t). By contrast, gapless spec-
tra extending down to λ = 0 yield algebraic decay and prevent
the formation of a plateau. Strong suppression of low-lying modes
without a strict gap can produce rapid decay of T (t) without a clean
exponential regime, illustrating intermediate infrared behaviour.

5. Discussion and outlook

We have defined a gauge-invariant, continuum diffusion
framework for extracting spectral information from Eucli-
dean Yang–Mills backgrounds in general dimension d. The
central observable is the intensive heat-trace density TA(t)
(or, complementarily, the relative trace RA(t)), from which
we define an effective spectral scale m2

eff(t) by a diffusion-
time logarithmic derivative. When the thermodynamic limit
exists and is taken before the large-t limit, a nonzero plateau
m2

∞ > 0 provides a clean and robust infrared spectral scale
in the diffusion channel probed by the covariant Laplacian.

Several structural points are worth emphasizing:

The construction is manifestly gauge invariant, since it
is based on traces of covariant operators.

When a positive spectral-density representation holds
in the thermodynamic limit, m2

eff(t) is monotone no-
nincreasing in t and admits the variance identity (20),
providing strong constraints on possible behaviours.

Finite-volume plateaus are inevitable but can be diag-
nosed and removed by enforcing the order of li-
mits (23).

Relation to physical mass scales. The diffusion scale m2
∞

is a spectral diagnostic of ∆A in a chosen representation and
is not, by itself, a statement about a specific gauge-invariant
particle mass (e.g. a glueball pole). Bridging from diffusion
spectra to correlator spectra requires additional input (choice
of gauge-invariant operator channels, Osterwalder–Schrader
reconstruction, and comparison of decay rates). Nevertheless,
the diffusion scale provides a clean continuum quantity that
can be compared across ensembles, representations, and de-
formations, and can serve as a disciplined starting point for
such comparisons.

Spectral scales versus physical masses. It is worth
emphasizing that the existence of a nonzero diffusion sca-
le m2

∞ does not necessarily imply the presence of a corres-
ponding physical particle mass. From a purely spectral pers-
pective, an exponential suppression of the heat–trace density
at large diffusion time may arise from the collective beha-
viour of the low–lying spectrum of ∆A, even in the absen-
ce of an isolated pole in any gauge–invariant two–point fun-
ction. In such situations, the quantity m2

∞ should be inter-
preted strictly as a gauge–invariant infrared spectral scale as-
sociated with covariant diffusion, rather than as the mass of
a physical excitation. Establishing a direct relation between
diffusion scales and particle masses requires additional dyna-
mical input, such as the analysis of specific gauge–invariant
correlator channels and their long–distance decay properties.

Extensions. Natural extensions include: (i) studying other
covariant operators (adjoint Laplacian, Dirac-type operators,
or Faddeev–Popov operators in suitable formulations), (ii)
analyzing background ensembles (rather than fixed back-
grounds) and defining disorder-averaged trace densities,
(iii) comparing continuum predictions with lattice-measured
heat-trace observables as a consistency check, while keeping
the definition itself non-discrete.

What would constitute decisive evidence. Within this fra-
mework, decisive evidence for a genuine diffusion infra-
red scale is a stable nonzero plateau in m2

eff(t) after taking
L→ ∞, together with robustness under changes of boundary
conditions and (when available) cross-checks against decay
rates of suitable gauge-invariant correlators.
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The Caputo-Fabrizio (CF) and Atangana-Baleanu (AB) derivatives were proposed as alternatives to the usual Caputo and Riemann-Liouville
fractional derivatives. An advantage of CF and AB derivatives is that they are defined in terms of non-singular kernels, such as the exponential
function and the Mittag-Leffler function, respectively. However, the use and application of fractional derivatives with non-singular kernels
has resulted in many models in terms of fractional differential equations that do not comply with the principle of dimensional homogeneity
and therefore their solutions are not entirely satisfactory. In this work, we propose New Derivatives of the Caputo-Fabrizio (NDCF) and
Atangana-Baleanu (NDAB) types, derive their Laplace transforms and apply them to the solution of an RC circuit as an illustrative example.
Furthermore, we confirm that the price to pay for attempting to avoid the singularity of the Caputo derivative is that the initial condition is
not satisfied for kernels without singularities. The initial condition depends on the order of the fractional derivative γ and only reduces to
the initial condition when γ = 1. To provide a more realistic response, a shift in the dynamic variable was introduced, yielding physical
solutions consistent with the dimensionality, the initial condition, and the steady state.

Keywords: Caputo fractional derivative; Caputo-Fabrizio derivative; Atangana-Baleanu derivative; RC circuit.
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1. Introduction

Fractional calculus (FC), which might be considered a ge-
neralization of ordinary calculus, deals with derivatives and
integrals of non-integer order [1-3]. Although fractional de-
rivatives and integrals appeared almost at the same time as
ordinary derivatives, it was not until about 40 years ago that
they gained wide acceptance in the scientific community, par-
ticularly in applied sciences. Solutions obtained from fractio-
nal differential equations have been shown to fit experimen-

tal data better [4-10]. Despite the efforts to have a physical
and geometrical interpretation of fractional derivatives and
integrals, today there is no fully accepted answer to this is-
sue [11, 12]. A further aspect that requires attention and is
overlooked in many works is the dimensional homogeneity
of equations, particularly when physical processes are mo-
deled. It is very common to find, in the literature, equations
that do not comply with the principle of homogeneity, which
states that the dimensions of each of the terms of a dimensio-
nal equation on both sides should be the same [13, 14]. The
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standard procedure for converting an integer-order model in-
to its corresponding fractional-order model consists of repla-
cing the classical differential operator(s) with those of non-
integer order. This method, however, unbalances the units in
the equations. One possibility to overcome this difficulty is
to change the ordinary derivative d/dt by the fractional one
1/σ1−γdγ/dtγ , introducing a parameter, commonly denoted
as σ, first introduced in Refs. [15-17]. The units of this pa-
rameter depend on the variable to which the derivative is ap-
plied (time or space). Thus, if we are dealing with a dynamic
process, where time derivative is required, σ must have units
of time [T ]. The above strategy has yielded dimensionally
consistent results in models of different processes in the fields
of electric circuits, physics, biology and engineering, among
others [18-25]. Because the fractional Riemann-Liouville and
Caputo derivatives have a weak singularity at t = τ , in re-
cent times the Caputo-Fabrizio derivative (CFD) [26] and the
Atangana-Baleanu derivative (ABD) [27], were proposed as
alternatives to solve this problem. However, it has been ob-
served that, by starting from a dimensionally consistent frac-
tional differential equation the resulting solutions are not di-
mensionally consistent [6, 28, 29]. This does not occur when
applying the fractional Caputo derivative, in this case, dimen-
sionally consistent solutions are obtained [6, 29]. The gro-
wing interest in these non-singular operators motivates a dee-
per examination of their properties, including the issue of di-
mensional consistency addressed in the present work.

2. Basic concepts

Definition 1: Given the function f ∈ Cm[a, b] and γ a
positive real parameter, let n ∈ N be such that γ ∈ (n−1, n),
then the Caputo fractional derivative of f of order γ and
n = 1, is defined by the integral [1],

CDγf(t) =
1

Γ(1− γ)

∫ t

0

f ′(τ)

(t− τ)γ
dτ, (1)

where, f ′ = df/dτ , and, Γ(x) =
∫∞
0
e−ttx−1dt, are the or-

dinary derivative and the Gamma function, respectively.
Definition 2: The Caputo-Fabrizio derivaitive is obtained
from (1) by replacing the power law kernel (t − τ)−γ with
the exponential function exp(−[γ/(1−γ)]t) and 1/Γ(1− γ)
with M(γ)/[1− γ], then, we have [26],

CFD
γ
f(t) =

M(γ)

1− γ

∫ t

0

f ′(τ) exp

(
−γ(t− τ)

1− γ

)
dτ, (2)

where M(γ) is a normalization function, such that, M(0) =
M(1) = 1. The above is to ensure that, when γ → 1, the
Caputo-Fabrizio derivative should be reduced to a first-order
ordinary derivative.
Definition 3: The Atangana-Baleanu (AB) derivative is de-
fined in terms of a Mittag-Leffler function as a kernel, such
as [27],

ABD
γ
f(t) =

B(γ)

1− γ

∫ t

0

f ′(τ)Eγ

[
− γ(t− τ)γ

1− γ

]
dτ, (3)

where B(γ) has the same properties as in the CF case, and
Eγ(·), is the one-parameter Mittag-Leffler function, defined
in Ref. [1],

Eγ(z) =

∞∑
n=0

zn

Γ(γn+ 1)
. (4)

The advantage of the CF and AB derivatives is that, we do
not have to deal with singular kernels at t = τ , as is the case
of (1).
Definition 4: The Laplace transform of a function f(t) :
[0,∞) → R is the function F (s), defined by

F (s) = L[f(t)] =

∫ ∞

0

f(t)e−stdt. (5)

The Laplace transform in the case of the Caputo, CF and AB
derivatives, are, respectively:

L[CDγf(t)] = sγF (s)− sγ−1f(0), (6)

L[CFDγf(t)] =
sF (s)− f(0)

s+ γ(1− s)
, (7)

L[ABDγf(t)] =
1

1− γ

sγF (s)− sγ−1f(0)

sγ + γ
1−γ

, (8)

where f(0) represents the initial condition at t = 0, and we
have taken M(γ) = B(γ) = 1. In this work, we will only
analyze the case where the order of the derivative satisfies
the inequality 0 < γ ≤ 1. It is clear that γ is a dimensionless
quantity.

3. Dimensional analysis of fractional derivati-
ves

First, note that an ordinary derivative has the physical
units [df

dt

]
=
[ f
T

]
. (9)

If f represents position and is measured in length [L] and t
has units of time [T ], then (9) represents the velocity of an
object at a given point. Every ordinary or partial differential
equation that represents a physical system must comply with
the principle of dimensional homogeneity [13, 14].

On the other hand, the Caputo fractional derivative, as de-
fined in Eq. (1), has the following physical units, [28, 30],[

CDγf(t)]
]
=
[ 1

T γ
× f

T
× T

]
=
[ f
T γ

]
=⇒[ f

T γ

]
=
[ f
T γ

]
. (10)

This expression complies with the principle of dimensio-
nal homogeneity [13, 14]. If f represents position and t re-
presents time, then the fractional derivative would represent
"fractional"velocity. But, what would the physical interpre-
tation be? This question still lacks a satisfactory and univer-
sal answer. On the other hand, the Caputo-Fabrizio, Eq. (2),
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and Atangana-Baleanu, Eq. (3), derivatives do not satisfy the
principle of dimensional homogeneity, because the kernels;
exponential function and Mittag-Leffler function do not have
well-defined dimensions [28].

It is clear that we cannot use the definition of a fractio-
nal derivative in an ordinary differential equation simply by
changing the ordinary derivative to a fractional derivative,
since, as we have seen, they have different units. One way
to go from an ordinary derivative to a fractional derivative
was first presented in [15-17], as follows

df

dt
̸= dγf

dtγ
=⇒ df

dt
=

1

σ1−γ

dγf

dtγ
=⇒[ f

T

]
=
[ 1

T 1−γ
· f

T γ

]
=
[ f
T

]
, (11)

provided that σ has units of time [T ]. As can be seen in (11),
the principle of dimensional homogeneity [13,14] is fulfilled.
In (11), the right-hand side corresponds to a fractional deri-
vative which can be any of the known ones, such as Capu-
to, Caputo-Fabrizio, Atangana-Baleanu, conformable deriva-
tive [31], etc.

Taking into account the expressions (11) and (1), we have

df

dt
=

1

σ1−γ
CDγf(t)

=
1

σ1−γ

1

Γ(1− γ)

∫ t

0

f ′(τ)

(t− τ)γ
dτ. (12)

It is easy to see that the expression (12), has the following
dimensionality,[ f

T

]
=
[ 1

T 1−γ
× f

T
× 1

T γ
× T

]
=
[ f
T

]
. (13)

This method of converting an ordinary derivative into a frac-
tional derivative, using the Caputo derivative, has been used
in different physical systems, resulting in a more general so-
lution that is homogeneously consistent with the physical
units of the system [15-17]. As we can see, starting from an
ordinary derivative of time or space, by means of the trans-
formation (11), we can obtain dimensionally homogeneous
fractional differential equations, and therefore their solutions
will be consistent with the physical units.

4. A new derivative of the Caputo-Fabrizio ty-
pe

For the relation (12) to hold, in the case of the Caputo-
Fabrizio derivative, we define a New Derivative of the
Caputo-Fabrizio type (NDCF),

NDCFDf(t) =
1

(1− γ)

1

σ

∫ t

0

df

dτ

× exp
[
− γ

1− γ

( t− τ

σ

)]
dτ. (14)

Unlike the Caputo-Fabrizio derivative, in this expression the
exponential is dimensionless. The dimensionality of this new

derivative is the same as in (13), that is, it is seen as an ordi-
nary derivative (9). Its corresponding Laplace transform has
the form

L{NDCFD(t)} =
1

σ(1− γ)s+ γ

(
sF (s)− f(0)

)
. (15)

Due to the dimensionality of the new derivative (14), the di-
rect transformation of an ordinary differential equation into
a fractional differential equation can be performed, thanks to
its construction. To verify this, let us look at a simple exam-
ple, such as the RC electrical circuit.

The ordinary differential equation that describes the beha-
vior of an RC circuit with a constant source V0, is given by

RC
dv

dt
+ v(t) = V0, v(0) = 0. (16)

Now, we change the derivative in (16) by the NDCF (14),
then, the corresponding new differential equation is given by

NDCFDv(t) +
1

RC
v(t) =

1

RC
V0. (17)

Applying the Laplace transform (15),

L[NDCFDv(t)] +
1

RC
L[v(t)] = V0

RC
L[1],

v(0) = 0, (18)

we get,

1

σ(1− γ)s+ γ
sV (s) +

1

RC
V (s) =

V0
RC

1

s
. (19)

Factoring out V (s)

V (s) =
V0
s

σ(1− γ)s+ γ

[RC + σ(1− γ)]s+ γ
. (20)

Now, applying the inverse Laplace transform, we get

v(t; γ)NDCF = V0

[
1− RC

RC + σ(1− γ)

× exp
(
− γ

RC + σ(1− γ)
t
)]
. (21)

The solution (21) is dimensionally consistent, since σ has
units of time. However, when t→ 0, we have

v(0; γ)NDCF =
[ σ(1− γ)

RC + σ(1− γ)

]
V0 ̸= 0. (22)

In other words, the initial condition is not satisfied. Initial
condition is satisfied only when γ = 1. However, when
t → ∞, from (21), we have V (t → ∞) = V0. This fact
had already been observed in Refs. [6,29], however, it differs
a little from this work, since the dimensionality of the CF de-
rivative was not defined. That is, the definition (2) was used
there. It can easily be verified that, when γ = 1 the expres-
sion (21) reduces to the well-known solution.
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5. A new derivative of the Atangana-Baleanu
type

Because the Atangana-Baleanu derivative is a generaliza-
tion of the Caputo-Fabrizio derivative, then we can define a
New Derivative of the Atangana-Baleanu type (NDAB), as
follows,

NDABDf(t) =
1

(1− γ)

1

σ

∫ t

0

df

dτ

× Eγ

[
− γ

1− γ

( t− τ

σ

)γ]
dτ. (23)

Its dimensionality is the same as in (13). Therefore, the La-
place transform in this case, is

L{NDABDf(t)} =
1

σ(1− γ)sγ + γσ1−γ

×
(
sγF (s)− sγ−1f(0)

)
. (24)

Now, applying the Laplace transform (24) to the same RC
electrical circuit (16), we have

1

asγ + b
sγV (s) +

1

RC
V (s) =

V0
RC

1

s
, (25)

where a = σ(1 − γ) and b = γσ1−γ . Solving for V (s), we
have

V (s) =
V0a
(
sγ + b

a

)
(RC + a)s

(
sγ + b

RC+a

) . (26)

Taking the inverse Laplace transform, we can write the solu-
tion as follows

FIGURE 1. This graph represents the initial condition (22), for cer-
tain values of γ, with the following physical parameter values:
R = 1000,Ω; C = 1× e−3,F; σ = 1, s; V0 = 5, volts.

v(t; γ)NDAB = V0

[
1− RC

RC + σ(1− γ)

× Eγ

(
− γσ1−γ

RC + σ(1− γ)
tγ
)]
. (27)

It was expected that in this case the initial condition would
not be satisfied, when t = 0, as in the case of the Caputo-
Fabrizio derivative (22). From Eq. (22) and Fig. 1, we can
see that the initial condition is also a function of γ. We can
see that, when γ = 1, the expression (27) reduces to the or-
dinary solution.

v(t) = V0

[
1− exp

(
− t

RC

)]
. (28)

6. Applying the Caputo fractional derivative

To analyze and compare the different derivatives, we will
solve the same RC circuit problem using Caputo’s derivative
(1) and its corresponding Laplace transform (6), we have

dγv

dtγ
+
σ1−γ

RC
v(t) =

σ1−γ

RC
V0. (29)

Applying the Laplace transform and its inverse, we finally
obtain the solution

v(t, γ)C = V0

[
1− Eγ

(
− σ1−γ

RC
tγ
)]
. (30)

In this case the conditions, v(0, γ)C = 0, v(∞; γ)C = V0 are
satisfied.

7. Discussion

So far, starting from the transformation (11), the new deri-
vatives NDCF (14) and NDAB (23) have been defined, which
are dimensionally consistent and also preserve the dimensio-
nality of the ordinary time derivative. Their corresponding
Laplace transforms, (15) and (24) were also obtained and ap-
plied to a simple example, the RC circuit with a constant
source, yielding the solutions (21), (27) and for the Capu-
to fractional derivative (30), which are dimensionally consis-
tent, unlike those obtained in Ref. [6, 29]. However, only the
Caputo derivative satisfies the conditions v(0; γ) = 0 and
v(∞, γ) = V0, as can be seen in Fig. 2.

Figure 2 clearly shows that the initial condition only holds
in the case of Caputo’s derivative; in the other two cases, a
jump occurs. Furthermore, from Fig. 2, we can observe that
the NDCF has a behavior similar to that of the ordinary in-
teger derivative, which implies that this derivative does not
contribute anything new to the description of the system, in
total agreement with [32]. In particular, the decay pattern fo-
llows an exponential trend, indicating that the memory intro-
duced by the NDCF is effectively finite and rapidly attenua-
ted, and the behavior of the system is more like that of an
integer-order RC circuit. Unlike the NDCF, the NDAB uses
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FIGURE 2. This graph represents the different solutions given by
the equations (21), (27) and (30), respectively. Here, R = 1Ohm,
C = 1F, σ = 1 s and V0 = 5V.

the Mittag-Leffler kernel, specifically designed to overcome
the short-memory limitations of exponential kernels. The log-
log representation in Fig. 3, makes this distinction explicit:
while NDCF curves bend downward due to exponential de-
cay, both Caputo and NDAB maintain nearly linear behavior
in the asymptotic region, revealing algebraic relaxation. This
confirms that NDAB preserves genuine long-memory effects
comparable to those of Caputo.

Let us define a shifted physical variable as

ṽ(t) = v(t)− v(0). (31)

Then, using the NDCF operator, the initial value problem
(16) is described by

NDCFD[v(t)− v(0)] +
1

RC
[v(t)− v(0)] =

V0
RC

. (32)

Taking into account the initial condition v(0) = 0, we get

NDCFD[v(t)] +
1

RC
v(t) =

V0
RC

. (33)

This equation is the same as in (17), therefore the solution is
given by (21) with the initial condition (22). Now, taking the
relation (31), we have

FIGURE 3. Log-log comparison of the asymptotic residual 1 −
V/V0 for the fractional RC circuit γ = 0,6. The NDCF model
exhibits exponential decay, indicating a short memory.

ṽ(t; γ)NDCF = V0

[
1− RC

RC + σ(1− γ)

× exp
(
− γ

RC + σ(1− γ)
t
)]

×−
[ σ(1− γ)

RC + σ(1− γ)

]
V0 =

RC

RC + σ(1− γ)

×
[
1− exp

(
− γ

RC+σ(1− γ)
t
)]
V0. (34)

In this case, when t = 0, we have

ṽ(0, γ)NDCF = 0, (35)

and the initial condition holds. But, in the limit t → ∞, we
get

ĺım
t→∞

ṽ(∞, γ)NDCF =
RC

RC + σ(1− γ)
V0. (36)

If we choose

NNDCF =
RC + σ(1− γ)

RC
, (37)

as the normalization parameter, then the physical voltage
ṽphys(t; γ)NDCF = NNDCF · ṽ(t; γ), will be given by

ṽphys(t; γ)NDCF

= V0

[
1− exp

(
− γ

RC + σ(1− γ)
t
)]
. (38)

In this case, the conditions

ṽphys(0; γ)NDCF = 0,

ṽphys(∞; γ)NDCF = V0. (39)

are hold, and, when γ = 1 the solution (38) becomes (28). In
the case of the NDAB, the system is described by

NDABD[v(t)− v(0)] +
1

RC
[v(t)− v(0)] =

V0
RC

. (40)

Following the similar procedure, we get the solution

ṽphys(t; γ)NDAB

= V0

[
1− Eγ

(
− γσ1−γ

RC + σ(1− γ)
tγ
)]
. (41)

The solution (41) satisfies the conditions

ṽphys(0; γ)NDAB = 0,

ṽphys(∞; γ)NDAB = V0. (42)

and, in the case γ = 1 it becomes (28).
Even after enforcing structural normalization to guaran-

tee physical consistency (39) and (42), the intrinsic asymp-
totic nature of each operator remains unchanged, Fig. 4.
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FIGURE 4. Time-domain response v(t)/V0 of the fractional RC
circuit corresponding to solutions (30), (38) and (41). After struc-
tural normalization, the solutions (38) and (41) satisfy the physical
initial condition, ṽphys(0; γ) = 0, as can be seen in the first graph,
and in the second it can be seen that it converges to the steady-state
value ṽphys(∞; γ) = V0. In the second graph, a logarithmic sca-
le is used on the horizontal axis to clearly illustrate convergence
toward the steady state.

NDCF modifies the effective time scale but does not alter the
exponential character of the relaxation. In contrast, Caputo
and NDAB maintain heavy-tailed decay, which is the defi-
ning structural property of fractional-order systems.

In summary, while Caputo is suitable for modeling sys-
tems with persistent memory, NDAB refines this behavior th-
rough a non-singular Mittag-Leffler kernel, NDCF behaves as
a short-memory approximation. From a dynamical perspecti-
ve, only Caputo and NDAB generate true nonlocal fractional
behavior in the RC circuit, whereas Caputo-Fabrizio reduces
effectively to a time-rescaled integer-order model.

8. Conclusions

In this work, starting from the transformation (11), the
New Derivatives of the Caputo-Fabrizio type NDCF (14) and
of Atangana-Baleanu NDAB (23) were defined, as well as
their corresponding Laplace transforms. Because these new
derivatives have units of

[
f/T

]
, just like an ordinary deriva-

tive, they can be used directly in physical problems without
altering their physical units. This was verified in the RC sys-

tem, where the solutions are dimensionally consistent; howe-
ver, the initial condition results as a function of the fractional
order of the derivative. From a physical point of view, the
above is incorrect, since the capacitor was initially dischar-
ged. To obtain a more physically realistic response, a shift
was made in the dynamic variable (31) and the physical so-
lutions are obtained. The solutions (38) and (41) are now di-
mensionally consistent and the initial conditions are maintai-
ned at t→ 0, as well as the steady state, when t→ ∞.

We hope that these New Derivatives of the Caputo-
Fabrizio and Atangana-Baleanu type, will find applications
in various physical problems, where dimensionality is impor-
tant.

Appendix A

In this appendix we will explicitly obtain the Laplace
transform of the Atangana-Baleanu derivative (23). Expres-
sion (23) can be written as a convolution

NDABDf(t) =
1

σ(1− γ)

·
[
f ′(t) ∗ Eγ

(
− γ

(1− γ)σγ
tγ
)]
. (A.1)

Then, applying the Laplace transform, we have

L{NDABDf(t)} =
1

σ(1− γ)
L[f ′(t)]

· L
[
Eγ

(
− γ

(1− γ)σγ
tγ
)]
. (A.2)

Taking into account the formulas

L
[
Eγ(−atγ)

]
=

sγ−1

sγ + a
,

L[f ′(t)] = sF (s)− f(0). (A.3)

We get

L{NDABDf(t)} =
1

σ(1− γ)

[
sF (s)− f(0)

]
· sγ−1

sγ + γ
(1−γ)σγ

=
1

σ(1− γ)sγ + γσ1−γ

×
(
sγF (s)− sγ−1f(0)

)
, (A.4)

which is the expression (24). The process for obtaining the
Laplace transform of the NDCF (15) is similar to that shown
here.

Appendix B

In this appendix we will explicitly obtain the Laplace
transform of the Atangana-Baleanu derivative (23). Expres-
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sion (23) can be written as a convolution

NDABDf(t) =
1

σ(1− γ)

·
[
f ′(t) ∗ Eγ

(
− γ

(1− γ)σγ
tγ
)]
. (B.1)

Then, applying the Laplace transform, we have

L{NDABDf(t)} =
1

σ(1− γ)
L[f ′(t)]

· L
[
Eγ

(
− γ

(1− γ)σγ
tγ
)]
. (B.2)

Taking into account the formulas

L
[
Eγ(−atγ)

]
=

sγ−1

sγ + a
,

L[f ′(t)] = sF (s)− f(0). (B.3)

We get

L{NDABDf(t)} =
1

σ(1− γ)

[
sF (s)− f(0)

]
· sγ−1

sγ + γ
(1−γ)σγ

=
1

σ(1− γ)sγ + γσ1−γ

×
(
sγF (s)− sγ−1f(0)

)
, (B.4)

which is the expression (24). The process for obtaining the
Laplace transform of the NDCF (15) is similar to that shown
here.
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We study the granular structure that emerges in a Fuzzy Dark Matter (FDM) halo formed through kinetic relaxation. After the system reaches
a virialized core-halo structure, we separate the density field into a smooth spherical component and a residual density that contains the
interference pattern characteristic of FDM halos. The power spectrum of this residual field shows a well defined dominant scale, different
from the characteristic scale of the total density and of the smooth core-halo model. We compare this granular scale with a local de Broglie
wave-lenght calculated from the velocity field obtained from the density current of the system. We find that both scales remain of the same
order of magnitude, with the granular scale systematically smaller than the de Broglie wavelength. The radial behavior of the de Broglie
wavelength also reveals a non-uniform internal structure, it decreases from the core and reaches its minimum near the transition between the
solitonic core and the outer halo. These results provide a quantitative connection between density fluctuations, the local velocity field, and
the core-halo morphology of FDM halos.

Keywords: Self-gravitating systems; dark matter; Bose condensates.

DOI: https://doi.org/10.31349/RevMexFis.72.060703

1. Introduction

Fuzzy Dark Matter (FDM), consisting of ultra-light bo-
sonic particles, provides an alternative to the standard cold
dark matter paradigm in which quantum wave effects beco-
me relevant on astrophysical scales. In this framework, dark
matter is described by a coherent wavefunction obeying the
Schrödinger-Poisson system, leading to a phenomenology
different from that of classical particle dynamics. The wa-
ve nature of the field introduces a characteristic length sca-
le set by the de Broglie wavelength, suppressing small-scale
structure formation and giving rise to cored density profiles
in gravitationally bound structures. These features have mo-
tivated the study of FDM as a possible solution to small-scale
tensions in ΛCDM, with implications ranging from dwarf ga-
laxy structure to large-scale cosmological observables [1-7].

One of the most important results from numerical simu-
lations is the emergence of core–halo structures, in which a
central solitonic core is embedded within an extended halo.
The core corresponds to a self-gravitating, coherent configu-
ration supported by quantum pressure corresponding to the
ground state solution of equilibrium configurations, while the
outer halo is characterized by a superposition of excited mo-
des. This outer region exhibits a complex and time-dependent
interference pattern, giving rise to a granular structure as seen

in structure formation simulations [8-12] as well as at local
scale collapse [13].

These granules are a distinctive signature of the wave na-
ture of FDM and are commonly associated with the de Bro-
glie wavelength of the system, suggesting a direct link bet-
ween the velocity field and the spatial scale of density fluc-
tuations. However, this association is typically qualitative.
In particular, the spatial variation of the relevant wavelength
within halos, and its precise relation to the core-halo structu-
re, can be explored in detail.

Recent work has emphasized the dynamical impact of
these fluctuations, showing that the time-dependent interfe-
rence pattern can induce stochastic and chaotic motion of test
particles within FDM halos [14,15]. This highlights the fact
that the small-scale structure is not merely a visual feature,
but has direct consequences for the dynamics of baryonic tra-
cers and the evolution of embedded systems. At the same ti-
me, a systematic characterization of the spectral properties
of these fluctuations is still lacking, especially in a form that
directly connects to physical length scales.

This gap is particularly relevant in the context of poten-
tial observational signatures. Fluctuations at sub-galactic sca-
les may affect stellar streams, induce dynamical heating (e.g.
[16]), and leave imprints on the phase-space structure of ga-
laxies [15]. Establishing a quantitative connection between
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the fluctuation spectrum and observable effects is therefore
important for testing FDM at local scale scenarios.

In this work we analyze the small-scale structure of FDM
halos through the power spectrum of density fluctuations. The
density field is decomposed into a smooth core-halo compo-
nent and a residual field that isolates the interference pattern.
From this residual, we compute the power spectrum both glo-
bally and within radial shells, allowing us to extract a charac-
teristic scale as a function of radius.

This procedure defines a position-dependent wavelength,
which we interpret as a local de Broglie scale. Our central re-
sult is that this scale is not uniform across the halo. Instead,
it exhibits a non-monotonic radial dependence, with a well-
defined minimum that coincides with the transition between
the solitonic core and the outer halo.

This analysis also provides a perspective on the internal
structure of FDM halos. It shows the radial dependence of
the de Broglie wavelength from the core to the outskirts of
the configuration. We establish a direct connection between
spectral properties, velocity fields, and the core-halo morpho-
logy, which may open the possibility of linking small-scale
fluctuations to observable signatures in galactic systems.

The paper is organized as follows. In Sec. 2 we describe
the spectral analysis of a structure and in Sec. 3 we describe
the local de Broglie wavelength. Finally, in Sec. 4 we draw
some conclusions.

2. Analysis of one structure

2.1. The system of equations

The FDM dynamics is modeled as a coherent bosonic
field described by a macroscopic wavefunction Ψ, which
plays the role of an order parameter. The system evolves un-
der its own gravitational potential V , generated by the density
distribution of the bosonic gas itself, so that the dynamics
of Ψ is governed by the coupled Schrödinger-Poisson (SP)
equations

iℏ
∂Ψ

∂t
= − ℏ2

2mB
∇2Ψ+mBVΨ, (1)

∇2V = 4πG (ρ− ρ̄) , (2)

where the mass density is given by ρ = mB |Ψ|2, and ρ̄ de-
notes the spatial average over the computational domain. We
solve and analyze this system on a uniformly discretized th-
ree dimensional domain described in Cartesian coordinates,
and use adimensional code units defined by the transforma-
tions t = t0t̃, x⃗ = x0 ˜⃗x, V = V0Ṽ ,Ψ = Ψ0Ψ̃ and ρ = ρ0ρ̃,
which leaves the SP system in dimensionless code units that
only depend on the length scale parameter x0, for a given bo-
son mass mB . A useful choice of scaling parameters is based
on the boson mass mB = m22 × 10−22 eV/c2 and a charac-
teristic length scale x0 = kpc/λ, where λ is a free parameter.

From these, the following scale factors are derived:

t0 =
mBx

2
0

ℏ
≈ 50,96× 10−3

(m22

λ2

)
Gyr, (3)

V0 =

(
ℏ

mBx0

)2

≈ 368,6

(
λ

m22

)2

(km/s)2, (4)

ρ0 =
ℏ2

4πGm2
Bx

4
0

≈ 6,820× 106
(
λ4

m2
22

)
M⊙

kpc3
. (5)

Other useful physical quantities are the velocity and mass,
whose scale factors are:

v0 =
ℏ

mBx0
≈ 19,20

(
λ

m22

)
km/s, (6)

M0 =
ℏ2

4πGm2
Bx0

≈ 6,820× 106
(

λ

m2
22

)
M⊙, (7)

that will proof useful for the physical description of the halo
during the analysis below.

2.2. The workhorse core-halo structure

We are interested in the analysis of a galactic type of
structure made of FDM, and there are various methods to
produce a core-halo structure of FDM. One is based on the
multi-merger of ground state solutions of the SP system of
equations described in Ref. [17], that relaxes towards a viria-
lized configuration as shown in Refs. [13,18-20]. A second
method involves the construction of nearly stationary multi-
mode solutions to the SP system that in solid-angle average
provide radial density profiles that serve to model realistic
LSB galaxies as illustrated in Ref. [21]. A third method, the
one we use for the analysis in this paper, is based on the co-
llapse of FDM through kinetic relaxation [22-28], that was
later used to study the collapse of FDM together with a black
hole [29] and with an ideal gas [28], where it was shown that
the cooling of the FDM structure via kinetic relaxation is uni-
versal.

The kinetic relaxation eventually leads to the collapse
of overdensities that in turn promote bosonic gas condensa-
tion. The systematic study of this collapse process is unders-
tood from local simulations defined in Refs. [22,24], whe-
re various distributions in the momentum domain are propo-
sed. In our analysis, we use a Gaussian distribution Ψ(p⃗) =
Ae−p2/2eiS in the momentum space, with S a random pha-
se in the range [0, 2π] at each point of the momentum space,
with A a normalization factor.

The randomness of this method offers a rich variety
of possibilities to produce structures. Nevertheless, for our
study, instead of using a bundle of simulations, we use a sin-
gle representative workhorse simulation that has become a
standard setup for studies of the kinetic relaxation process.
This is one of the simulations designed in Ref. [24], specifi-
cally on a box of side L = 18, with resolution ∆x = L/128
and total FDM mass in the numerical domain M = 1005,3
as in Ref. [24], all in code units as defined above. Moreover,
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the simulation lasts 250 dimensionless code units, sufficient
for the bosonic gas to collapse and relax.

As an example in physical units, using a boson mass
mB = 10−23eV, and initial average FDM density ρ̄ ∼
λ4 1,18 × 108M⊙/kpc3, the integrated FDM mass in the
numerical domain is M = λ 6,86 × 1011M⊙, the nume-
rical resolution and domain size for this boson mass are
∆x ∼ 140λpc and L = 18 kpc/λ, respectively. Each ti-
me unit translates into 5,1/λ2 Myr, and the evolution time of
250 time units translates into 1,27/λ2 Gyr. Finally, the dis-
tribution in the momentum space uses a width of σ = 1, so
that at one sigma radius p = 1, the associated velocity is
∼ 192λkm s−1 for this value of mB , which, for the purposes
of dark matter, lies within a cold regime.

The solution of the SP system is carried out using our
code CAFE-FDM described in Ref. [30], with the following
combination of numerical methods. The evolution uses the
Method of Lines with a fourth order Runge-Kutta integra-
tor, spatial discrete Fourier transform discretization of the
right hand side of Schödinger equation, and periodic boun-
dary conditions on Ψ; the Poisson equation is solved using a
Fast-Fourier-Transform based method over each intermedia-
te step of the Runge-Kutta integrator. The evolution time-step
uses the Courant-type condition ∆t/∆x2 < 1/6π, as recom-
mended in Ref. [24], that guarantees stability.

The evolution of these initial data using the SP system
(1)-(2) leads to virialized configurations that approach a vi-
rialized core-halo structure [24,29]. The central region forms
a solitonic core whose density profile, when averaged in spa-
ce and time, closely matches the ground-state solution of the
SP system obtained under isolated boundary conditions [17].
Surrounding this core, the outer halo is typically approxima-
ted with a Navarro-Frenk-White (NFW) profile, from struc-
ture formation simulations [8,9], as well as in local collapse
[13,31].

In order to monitor the virialization, we compute the ki-
netic and potential energy observables inside a sphere of ra-
dius rt, where rt denotes the transition radius between the
solitonic core and the outer halo:

Kt = −1

2

∫
R≤rt

Ψ∗∇2Ψ d3x, (8)

Wt =
1

2

∫
R≤rt

V |Ψ|2 d3x. (9)

For a virialized configuration, ideally these quantities combi-
ne to satisfy the relation 2Kt +Wt = 0. We therefore define

ηt :=
|2Kt +Wt|

|Wt|
, (10)

as the relative deviation from the ideal virial condition, nor-
malized by the magnitude of the potential energy inside a
sphere of radius rt. The central structure is considered viria-
lized when ηt falls below a chosen tolerance threshold ηthr,
which is set here to ηthr = 0,02. The Fig. 1a) shows the evo-
lution of ηt and identifies the first time at which ηt < ηthr.
This defines the transition time ttr ≃ 0,153Gyr/λ2. For
later times, ηt remains close to the threshold and oscillates
around it. This diagnostic quantity shows that ttr marks the
beginning of a relaxed core-halo stage and provides a suita-
ble reference time for the subsequent analysis. The Fig. 1b)
shows the density distribution on the xy plane at time ttr,
where a condensed central core is already present. The core
is not a smooth, spherically symmetric distribution, but a re-
gion where the density is high in angular average, whereas the
surroundings composing the halo are lower density, however
dominated by smaller granules, with higher kinetic energy
and actually -although not seen in a snapshot- evolve in time
moving around.

FIGURE 1. Virialization diagnostic and density structure at the transition time. a) Evolution of the virial deviation parameter ηt = |2Kt +
Wt|/|Wt| calculated inside the transition radius rt. The horizontal dashed line marks the adopted threshold ηthr = 0,02, and the vertical
dash-dotted line indicates the first crossing time ttr ≃ 0,153Gyr/λ2. b) Density on the xy plane at ttr.
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2.3. Centering the core for analysis

The result of the workhorse simulation defined above, is
the space-time dependent complex wave function Ψ, from
which the density is obtained as ρ = |Ψ|2. A first step in
the core-halo fitting is the identification of the halo center.
Rather than using a simple maximum or center-of-mass over
the full numerical domain, we construct a density-weighted
centroid. In practice, this is implemented by selecting grid
points above a given density threshold and calculating

xc =

∑
ρ(x)x∑
ρ(x)

. (11)

This method provides a useful estimate of the core center. All
radius dependent quantities are then calculated with respect
to this center.

2.4. Spherical averaging and density model

To separate large-scale structure from fluctuations, we
construct a spherically averaged density profile. This is do-
ne by binning the density field in radial shells, where a solid
angle average is calculated as

ρmodel(r) = ⟨ρ⟩Ω =
1

4π

∫
Ω

ρ dΩ, (12)

at a given time during the evolution, taken over all grid points
within a shell centered at radius r measured from the cen-
ter location Eq. (11), where Ω := [0, π] × [0, 2π] denotes
the solid angle over which the averaging is performed. The
resulting angularly averaged density profile defines a radial
density and a gravitational potential ⟨V ⟩ through the Poisson
equation (2) that depends only on r.

Once the structure has collapsed and virialized, this ave-
raged density profile is characterized by a central solitonic
core surrounded by an outer region that decays like an NFW-
like halo (see e.g. [31]). In the Fig. 1b) we show a slice of

a snapshot of the already virialized workhorse structure with
this core-halo distribution.

In the angular average, the solitonic core is modeled using
the radius dependent profile [8]

ρcore(r) = ρc

[
1 + 0,091

(
r

rc

)2
]−8

, (13)

that mimics the ground state stationary solution of the SP sys-
tem [17]. This density model was proposed in Ref. 8, as the
result of structure formation simulations. In this formula, ρc
is the central density of the core whereas rc is the core ra-
dius, the radius at which the density is half the peak density.
On the other hand, the outer region defined after a transition
radius rt, that is, for r > rt, the distribution can be described
in solid-angle average by the NFW profile

ρNFW(r) =
ρs

r
rs

(
1 + r

rs

)2 . (14)

Adding these two components, the resulting angularly ave-
raged density can be described by profile ρmodel(r) =
ρcore(r)Θ(rt−r)+ρNFW(r)Θ(r−rt), where Θ is the Heavisi-
de step function and rt denotes the transition radius between
the core and the halo.

In this way, ρmodel(r) captures the global core-halo struc-
ture, including the solitonic inner region and the extended
halo. The profile is then interpolated back onto the full
grid to construct a three-dimensional density ρmodel(x) =
ρmodel(r(x)). This technical step is important since it defi-
nes a smooth background that can be removed if desired in
order to study the fluctuations.

In Fig. 2a) we show the radial density profile along r,
where the transition radius rt between the core and the NFW
profile is indicated, as well as the radius rmáx at which we
perform an accurate fitting, trying to avoid the effect of the

FIGURE 2. a) Density profile along r at time ttr with the values of the fitting parameters rs = 3,529 kpc/λ, rt = 0,660 kpc/λ, ρc =

1,31× 1012M⊙λ
4/kpc3 and ρs = 1,03× 109M⊙λ

4/kpc3. b) Model density ρmodel(r) mapped back to the Cartesian domain.
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periodic boundary, which can be noticed from this radius on.
At the same figure we show the smooth version ρmodel(r)
embedded back into the 3D domain. The quality of the fit is
evaluated over the fitting region 0 < r ≤ rmáx.

The value rmáx is estimated from the smoothed radial
profile by identifying the point where the outer profile be-
gins to flatten, which indicates that the boundary effects start
to become relevant. The parameters of the model are then
obtained through a least squares fit over the interval of con-
fidence, leaving three free parameters, the core radius rc,
NFW scale rs and transition radius rt, at time ttr the best
fit values are rs = 3,529 kpc/λ, rt = 0,660 kpc/λ, ρc =
1,31 × 1012M⊙λ

4/kpc3 and ρs = 1,03 × 109M⊙λ
4/kpc3.

The fitted core-halo profile ρmodel uses a least squares algo-
rithm, and reproduces the density profile with a normalized
RMS deviation of ∼ 5%, which improves when a smaller
rmax is used.

It is worth mentioning that, even after virialization, the
structure continues to evolve, never reaches a stationary sta-
te, and the granules in the halo never smooth out. This implies
that granule positions and sizes evolve in time, therefore the
fitted profile ρmodel also changes in time, and structures must
be analyzed at various time slices to capture an average beha-
vior of the structure in time as well.

2.5. Residual density and spectral analisys

We define the residual field as the difference between the
full density and the spherical density model

ρres(x) = ρ(x)− ρmodel(x), (15)

which isolates the fluctuations associated with interference
patterns developed during the evolution.

Using a Fast Fourier Transform F , to ρ, ρmodel and ρres,
we calculate the power spectrum defined as

P (k) =

∣∣∣∣F [α− ᾱ

ᾱ

]∣∣∣∣2 , (16)

where α represents the three densities ρ, ρmodel, ρres, and ᾱ
is the average of α in the numerical domain. We then calcula-
te the dimensionless isotropic spectrum of these densities in
spherical shells in Fourier space

∆2(k) =
k3

2π2
P (|k|). (17)

The resulting spectra are shown in Fig. 3 for the total den-
sity ρ, the model density ρmodel and the granules ρres for 30
snapshots taken after the structure is virialized, between ttr
and the final time. First notice that the dynamics of the FDM
changes with time for all three densities, including the model
density. However that the granular envelope has a more va-
riable spectrum since it is more dynamic due to the dominant
kinetic energy contribution in that region.

In order to clearly distinguish a difference between the
peak frequencies of the whole structure with respect to that

FIGURE 3. Dimensionless power spectrum ∆2(k) computed for
ρ, ρmodel and ρres. Each line corresponds to a different snapshot
during the evolution in a lapse time when the configuration is al-
ready virialized. Notice that the evolution actually produces a time
dependent spectrum more noticeable in ρres, associated to the gra-
nular structure.

of the granular fluctuations, we show in Fig. 4 a linear sca-
le plot of the mean of the spectra. For the density ρ, as well
as for the model density ρmodel, there are similar peaks at
|⃗k| ∼ 0,7, whereas for the granules this dominant peak ap-
pears at |⃗k| ∼ 0,95, which indicates preferred scales in the
three fluctuation fields. This confirms the expected result that
small fluctuations prefer a higher |⃗k|, and our analysis quan-
tifies the difference between the two peaks.

Rev. Mex. Fis. 72 060703



40 F. ROSALES-INFANTE, I. ÁLVAREZ-RIOS, F. S. GUZMÁN, AND A. QUIÑONEZ-GUERRERO

FIGURE 4. Time average across the snapshots, of the dimensionless
power spectra ∆2(k) of the densities ρ, ρmodel and ρres. Unlike the
traditional log-scale spectrum, this one allows one to clearly obser-
ve the peak separation between peak frequencies.

3. Estimating the de Broglie wavelength

The granular structure already implies that the velocity
field across the structure has different directions and magni-
tudes. This suggests that, since λdB is velocity dependent,
then its value depends on the region of the core-halo being
considered. In order to estimate λdB, we evaluate the density
current

jk =
1

2i
(Ψ∗∂kΨ−Ψ∂kΨ

∗) ,

where k = x, y, z, then estimate the magnitude of the velo-
city at each grid point of the numerical domain as

v =
j

ρ
, v =

√
|jx|2 + |jy|2 + |jz|2

ρ
, (18)

which finally is used to estimate a position dependent de Bro-
glie wavelength

λdB(r) =
2π

mbσv(r)
. (19)

Here σv(r) denotes the velocity dispersion computed over
spherical shells at fixed radius

σv(r) =
(〈
v2
〉
Ω
− ⟨v⟩2Ω

)1/2
, (20)

where ⟨·⟩Ω represents the angular average. In order to have an
idea of how the velocity field (18) looks like in the snapshot
we have been working with, in Fig. 5 we show the case for
mB = 10−23eV.

Figure 6 shows the radial dependence of the velocity dis-
persion σv(r) and the corresponding de Broglie wavelength
λdB(r) from the transition time ttr to the final time of the
simulation tf . Since λdB is inversely proportional to σv , re-
gions with smaller velocity dispersion correspond to larger de
Broglie wavelengths. Inside the solitonic core, λdB is various

FIGURE 5. Slice of the velocity field on the xy−plane for mB =

10−23 eV at time ttr, that illustrates how anisotropic the velocity
field is.

FIGURE 6. Radial profile of the velocity dispersion σv(r) and the
associated de Broglie wavelength λdB(r) from ttr to tf . Gray lines
correspond to intermediate snapshots, while colored lines highlight
ttr and tf .

orders of magnitude larger than in the outer halo, indicating
that the core is dominated by long wavelength modes.
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The radial profile of λdB(r) exhibits a nontrivial beha-
vior, it decreases from the center, reaches a minimum at an
intermediate radius, and increases again in the outer halo. Ex-
plicitly, λdB is maximum at the center of the configuration,
within the core, as expected, since it is the region where the
FDM is colder than the halo, since the kinetic energy and
thus the velocity are smaller there than in the halo. At large
radii, where the granules carry high kinetic energy, the ve-
locity is expected to be higher and therefore λdB should be
smaller. This result allows one to quantify the difference in
wavelength between the core and the halo. For the case of
mB = 10−23 eV and the initial conditions used in the mo-
mentum space for our workhorse structure, we find that the
minimum λdB at the interface is of 0,338 kpc/λ, whereas an
average λdB from the transition region to the outskirts of the
halo and averaged also in time is ⟨λdB⟩ = 1,033 kpc/λ.

The dominant peak of the granular spectrum provides a
characteristic length scale, 2π/kgranpeak, which can be directly
compared with the de Broglie wavelength. During the rela-
xed stage, we find ⟨λdB⟩ = 1,033 kpc/λ, while the mean
granular size scale is 0,753 kpc/λ. Their ratio has a mean
value of ≈ 0,714. This shows that the characteristic scale ex-
tracted from the granular spectrum is systematically smaller
than, but comparable to, the de Broglie wavelength. There-
fore, the spectral peak scale and the de Broglie wavelength
are connected at the same order of magnitude, supporting the
interpretation that the observed granules are associated with
de Broglie scale interference.

What is unexpected, is that there is a minimum precisely
at the transition region between the core and the halo. The
straightforward interpretation is that there the velocity should
be higher than in the center and in the outer kinetic envelope.
This is intriguing, although we find a precedent for the need
of a high velocity at the transition sphere in the construction
of core-halo FDM configurations within the Madelung fra-
me [32].

4. Discussion and conclusions

We have presented a quantitative analysis of the small-
scale structure of FDM halos, focusing on both the spectral
properties of density fluctuations and the local velocity field.

From the decomposition of the density into a smooth
core-halo component and a residual field, we showed that
the interference pattern can be isolated and characterized th-
rough its power spectrum. The residual spectrum shows a
well-defined peak that is clearly separated from the peak of
the total and model densities, which identifies the characte-
ristic scale of granules.

Independently, we estimated a local de Broglie wave-
length from the velocity field derived from the wavefun-
ction. The resulting radial profiles reveal that λdB is strongly
position-dependent and evolves in time, but consistently
shows a non-monotonic behavior within the core and halo.
In particular, we find that the wavelength reaches a minimum
at an intermediate radius, close to the transition between the
solitonic core and the outer halo.

These results add to the picture of the internal structure
of FDM halos, where the core-halo boundary plays a cen-
tral dynamical role. The identification of a preferred scale for
fluctuations, together with its radial dependence, opens the
possibility of connecting the granular structure to observable
effects in real galaxies, such as dynamical heating or pertur-
bations of stellar tracers.

Future work should extend this analysis to different halo
masses, environments, and initial conditions, as well as ex-
plore the impact of these fluctuations on baryonic matter.
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Magnesium oxide (MgO) nanoparticles were synthesized using a co-precipitation method and then calcined at 450 ◦C, 650 ◦C, and 700 ◦C to
study the effects of different calcination temperatures on the structure and microstructure. The phase composition of the synthesized samples
was studied using X-ray diffraction (XRD), which showed that all samples were composed of single-phase cubic MgO, and no secondary pha-
ses were detected. The Williamson-Hall (W–H) analysis using Lorentzian and Gaussian peak-profile functions was employed to investigate
the effects of calcination temperature on the crystallite size and lattice microstrain. The results demonstrated that the calcination temperature
significantly affected the MgO nanoparticles. With increasing temperature, the microstrain decreased, the crystallite size increased, and the
thermal stability and ordering of the lattice improved. The study also revealed that increasing the calcination temperature led to a significant
increase in the unit-cell volume and lattice ordering. When comparing the Lorentzian and Gaussian profiles, it was observed that both profi-
les produced very similar effects on the crystallite size; however, their effects on strain were different. Therefore, it was concluded that the
calcination temperature used during the synthesis of MgO nanoparticles has a direct effect on the crystallite size, defect concentration, and
the structural quality of the final product.
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1. Introduction

Magnesium oxide (MgO) nanoparticles have great po-
tential for multiple applications due to their unique charac-
teristics arising from their diverse physicochemical proper-
ties. Some applications of MgO nanomaterials include ca-
talysis, optoelectronics, energy storage systems, refractory
materials, antibacterial coatings, and biomedical engineering
[1-3]. Compared with bulk materials, nanoscale MgO has a
higher surface-to-volume ratio, a denser concentration of sur-
face active sites, and defect-mediated functional properties.
MgO nanoparticles exhibit enhanced catalytic, dielectric, and
optical properties [4,5]. The microstructural characteristics of
oxide nanoparticles are affected by the synthesis methods and
heat treatments employed. The condensation and calcination
of the oxide precursor are particularly important, as they can
significantly alter the final microstructure of the nanoparticles
by changing the concentration and morphology of surface de-
fects [6-8]. Other factors also influence the microstructure of
MgO nanoparticles, such as calcination temperature, which
can affect the migration and diffusion of atoms and thereby
reduce defects. Previous studies have shown that as the cal-
cination temperature increases, crystallinity improves while
both defect density and microstrain decrease until an optimal
temperature is reached [9,10]. Beyond this point, higher cal-
cination temperatures may lead to particle agglomeration and

a reduction in active surface area, thereby decreasing particle
efficiency [11].

MgO nanoparticles are useful for studying microstructu-
ral changes at elevated temperatures because of their simpli-
city and stability. MgO crystal structures contain defects that
exhibit distinct behavioral features [12,13]. Therefore, pre-
cise measurements of the microstructural features of MgO
nanostructures are essential to understanding the relationship
among processing, structure, and material properties [14,15].
This is particularly important for parameters such as crys-
tallite size, dislocation density, internal stress, and micros-
train.Among the various techniques used to investigate na-
nocrystalline materials, X-ray Diffraction (XRD) is one of
the most prominent. Traditionally, the Scherrer equation has
been used to estimate crystallite size from the broadening
of XRD peaks, often neglecting the contribution of internal
strain [16,17]. In contrast, the Williamson-Hall (W-H) equa-
tion allows peak broadening to be decomposed into size and
strain contributions [18]. The W–H method can be further
improved through the use of Lorentzian or Gaussian peak-
profile functions, which help distinguish the two broadening
mechanisms. Furthermore, the W–H approach can be applied
to describe defect behavior and structural relaxation in oxide
materials [19-22].

Recently, extensive research has focused on the influen-
ce of calcination temperature on the properties of nanosca-
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le oxides, particularly Mg-based ferrites [23,24]. Mansouri
and co-workers reported that chromium substitution in mag-
nesium ferrites caused lattice distortion and defect enginee-
ring, thereby affecting both structural and optical proper-
ties of Mg–Co ferrite nanoparticles [25]. Zarai and collea-
gues observed that thermal treatment of Mg0,6Co0,4FeAlO4

spinel ferrites enhanced crystallinity and optoelectronic pro-
perties while reducing the optical band gap [26]. Similarly,
Chebbi and co-workers investigated the influence of chro-
mium substitution and thermal treatment on the structural,
optical, and electrical properties of Mg–Co ferrite nanopar-
ticles [27]. Jdey and colleagues demonstrated that dielectric
properties of Mg-based ferrites improved with enhanced latti-
ce ordering, reduced microstrain, and higher calcination tem-
peratures [17,28,29]. Numerous studies have also shown that
thermal treatment of nanoscale oxides promotes hierarchical
grain growth, reduction of lattice imperfections and structu-
ral defects, stress relaxation, and improved crystallinity qua-
lity and stability [30,31]. However, only a limited number of
studies have focused specifically on MgO nanoparticles, and
even fewer have investigated the relationship between calci-
nation temperature, crystallite growth, lattice strain, and de-
fect density [32]. Moreover, detailed Williamson-Hall analy-
ses using both Lorentzian and Gaussian peak fitting methods
remain scarce in studies concerning thermally treated MgO
nanoparticles [25]. Understanding these parameters is essen-
tial for improving the application of MgO nanostructures in
catalytic, optical, dielectric, and biomedical fields [17,33].

The present study investigates the effects of calcination
temperature on the structure and microstructure of MgO na-
noparticles synthesized using the co-precipitation method.
MgO nanoparticles were prepared and calcined at different
temperatures to evaluate the impact of calcination tempe-
rature on nanoparticle microstructure. The crystallite size
and stress of the calcined MgO nanoparticles were analyzed
using X-ray Diffraction (XRD), while Williamson-Hall (W–
H) modeling methods were employed to estimate micros-
train and dislocation density. Both Lorentzian and Gaussian
peak-profile fitting methods were utilized in the W–H analy-
sis. Additionally, the study evaluates the effects of synthe-
sis methods on the thermal and microstructural properties of
MgO nanoparticles prepared via co-precipitation. The Loren-
tzian and Gaussian methods were also used to explain peak-
profile positioning and estimate crystallite size and micros-
train. Finally, the study provides insights into microstructural
stabilization and defect evolution in MgO nanomaterials.

2. Experimental details

2.1. Chemicals and materials

All chemicals used were of analytical grade, as this gua-
rantees high purity MgO nanoparticle synthesis. Magnesium
sulfate heptahydrate (MgSO4·7H2O, ≥99 %, Sigma-Aldrich)
was used as the magnesium source for nanoparticle synthesis
because of its convenient solubility. MgSO4·7H2O was selec-

ted because Mg2+ ions precipitate completely under alkaline
conditions.As the precipitating agent, Ammonium Hydroxi-
de (NH4OH, analytical grade, Sigma-Aldrich) was employed
to control the pH and facilitate the formation of magnesium
hydroxide precipitates. Distilled water was used throughout
the synthesis process in order to minimize side reactions and
ionic contamination. The observed changes in the structural
and microstructural properties of the MgO nanoparticles we-
re attributed solely to the effects of calcination. This was en-
sured by taking utmost care to avoid the presence of precursor
impurities during the synthesis process.

2.2. Synthesis of MgO Nanoparticles by co-precipitation
method

The synthesis of MgO nanoparticles was carried out using
a simple and effective controlled co-precipitation route. This
method was selected because it offers low synthesis cost,
high purity of the final product, and excellent control over
the size and morphology of the nanoparticles. Magnesium
sulfate heptahydrate (MgSO4 · 7H2O, Sigma Aldrich, 99 %)
was used as the magnesium source. A measured quantity of
MgSO4 · 7H2O was dissolved in 100 mL of freshly disti-
lled water to prepare a 0.5 M magnesium precursor solution.
The solution was stirred continuously at 700 rpm and hea-
ted to 80–90 ◦C for 24 h to ensure complete dissolution of
the precursor salts. This process enabled uniform ion distri-
bution within the solution and promoted homogeneous nu-
cleation.To form magnesium hydroxide (Mg(OH)2), ammo-
nium hydroxide (NH4OH, analytical grade, Sigma Aldrich)
was used as the precipitation agent and added dropwise:

MgSO4 + 2NH4OH → Mg(OH)2 + (NH4)2SO4

NH4OH was used because it creates a controlled alkaline
environment and sublimates during calcination, thereby kee-
ping the final MgO product free from impurities. During the
experiments, the reaction medium was maintained at an alka-
line pH of approximately 10–11 to ensure complete precipita-
tion of all Mg2+ ions as Mg(OH)2 and to achieve a homoge-
neous particle-size distribution.The homogeneous white sus-
pension obtained was centrifuged at 6000 rpm for 10 min,
and the resulting precipitate was washed several times with
distilled water to remove sulfate and ammonium ions. The
Mg(OH)2 precipitate was then dried at 100 ◦C for 12 h. This
drying process was carried out to remove moisture and prepa-
re the sample for subsequent calcination. The Mg(OH)2 pow-
der was calcined at different temperatures to obtain various
morphologies and structural characteristics. Prior to calcina-
tion, the powder was finely ground to reduce agglomeration
and promote a more homogeneous distribution of particles.

2.3. Calcination at different temperatures

The researchers divided the dried Mg(OH)2 powder into
three batches, which were then placed in high-purity alumina
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FIGURE 1. Schematic for the preparation steps followed for all
samples preparation

crucibles to prevent contamination during thermal treatment.
Each sample was then placed in a programmable muffle fur-
nace to convert Mg(OH)2 into MgO under an open-air at-
mosphere:

Mg(OH)2 → MgO+H2O. (1)

The calcination process was carried out at temperatures of
450 ◦C, 650 ◦C, and 700 ◦C using a controlled heating rate of
5 ◦C min−1. An isothermal holding time of 24 h was main-
tained to ensure complete phase transformation and crysta-
llization. The selected calcination temperatures were chosen
to investigate the temperature-dependent structural evolution
of MgO nanoparticles. The lower calcination temperature of
450 ◦C was used to examine the initial stage of crystalliza-
tion, which generally results in smaller crystallite sizes and
higher defect density. The higher calcination temperatures of
650 ◦C and 700 ◦C were selected to promote grain growth,
lattice relaxation, reduction of structural defects, and impro-
ved lattice ordering. These temperatures also lie within the
range reported in the literature where significant microstruc-
tural changes in MgO nanoparticles are commonly obser-
ved.After calcination, the furnace was allowed to cool natu-
rally to room temperature in order to minimize thermal shock
and prevent particle cracking. The obtained MgO powder
samples were then gently ground to break weak agglomerates
and stored in sealed glass containers to avoid moisture absor-
ption.The samples were labeled as MgO-450, MgO-650, and
MgO-700, respectively, and were further characterized using
the Williamson-Hall (W-H) method to investigate their struc-
tural and microstructural properties.

2.4. X-Ray diffraction (XRD) characterization

To evaluate the impact of calcination temperature on
MgO nanoparticles, X-ray Diffraction (XRD) analysis was
performed. The analysis was carried out using a Philips
X’Pert PRO X-ray diffractometer equipped with a Cu Kα
radiation source. The X-ray source operated at 40 kV and
40 mA. Prior to analysis, the instrument accuracy was veri-
fied and calibrated using a commercial silicon standard.The
XRD scans were recorded over an angular range of 10◦ to
80◦ with a step size of 0,02◦, a counting time of 1 s per step,
and a scanning rate of 2◦ min−1. The obtained diffraction

patterns were indexed, and the Joint Committee on Powder
Diffraction Standards (JCPDS) database was used to iden-
tify the periclase phase of MgO and confirm the complete re-
moval of secondary phases from the calcined Mg(OH)2 pro-
ducts.The diffraction peak broadening was analyzed using
Line Profile Analysis (LPA) with combined Lorentzian and
Gaussian peak-profile fitting approaches. LPA was employed
because it provides reliable estimations of crystallite size and
microstrain-induced broadening effects within the samples.
Line profile analysis and peak broadening techniques are wi-
dely applied in the microstructural characterization of nanos-
tructured materials.

2.5. Williamson-Hall method

The Williamson-Hall (W-H) method is used to evaluate
the broadening of X-ray diffraction peaks caused by finite
crystallite size and lattice microstrain. Assuming the strain is
uniform and anisotropic, the total peak broadening (β) can be
expressed using the Williamson-Hall equation as follows:

β cos θ =
kλ

D
+ 4ϵ sin θ, (2)

where β is the full width at half maximum (FWHM) of the
diffraction peak after instrumental correction, k is the shape
factor (k = 0,94), λ is the X-ray wavelength, D is the crys-
tallite size, ϵ is the uniform elastic microstrain of the crys-
tal, and θ is the Bragg diffraction angle. In this equation,
kλ/D represents size broadening, whereas 4ϵ sin θ corres-
ponds to strain broadening.In the Williamson-Hall analysis,
the FWHM values of the most intense diffraction peaks co-
rresponding to different crystallographic planes were extrac-
ted from the corrected XRD patterns after removing instru-
mental broadening. The quantities β cos θ and 4 sin θ were
linearly fitted to separate the contributions of crystallite size
and lattice strain. The crystallite size was determined from
the intercept of the fitted line, while the lattice microstrain
was obtained from the slope.This method enables the quanti-
tative determination of crystallite size and lattice imperfec-
tions in MgO nanoparticles synthesized at different calci-
nation temperatures and further characterized using thermal
analysis [34].

3. Results and discussion

3.1. XRD analysis

The X-ray diffraction (XRD) patterns of MgO nanopar-
ticles calcined at 450 ◦C, 650 ◦C, and 700 ◦C (Fig. 2) re-
veal significant structural evolution with increasing calcina-
tion temperature. The diffraction peaks observed at appro-
ximately 2θ ≈ 36,9◦, 42,8◦, and 62,1◦ correspond to the
(111), (200), and (220) crystallographic planes of cubic pe-
riclase MgO, respectively. These results are consistent with
JCPDS/PDF card No. 45–0946 and previously reported MgO
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diffraction studies [25,35,36]. The absence of secondary im-
purity peaks confirms the formation of phase-pure MgO
nanoparticles.

FIGURE 2. XRD patterns of MgO nanoparticles at different calci-
nation temperatures (JCPDS No. 45-0946).

Similar calcination-temperature-dependent structural beha-
vior has also been reported for MgO-based nanomaterials and
spinel ferrite systems [25,26,28,37]. At a calcination tempe-
rature of 450 ◦C, the diffraction peaks are relatively broad
with lower intensity, indicating smaller crystallite size, lo-
wer crystallinity, and higher lattice microstrain. Peak broa-
dening is generally associated with lattice distortion, structu-
ral defects, and incomplete crystallization resulting from in-
sufficient thermal energy during heat treatment [35,36]. The
restricted atomic mobility at lower temperatures suppresses
crystallite growth and enhances internal lattice strain. Si-
milar observations have been reported for Mg-based ferrite
systems [24,25]. With increasing calcination temperature to
650 ◦C and 700 ◦C, the diffraction peaks become sharper and
more intense, indicating improved crystallinity and enhanced
structural ordering. The increased thermal energy promotes
atomic diffusion, lattice relaxation, and grain growth, the-
reby reducing defect density and lattice strain [28,36]. Grain
growth occurs through the coalescence of smaller crystallites
into larger grains in order to minimize the total grain boun-
dary energy. Similar improvements in structural ordering and
crystallinity at elevated temperatures were also reported by
Zarai et al. [26], Jdey et al. [38], and Harrabi et al. [37]
for Mg-based spinel ferrite systems. Unlike previous studies
mainly focused on structural, optical, and dielectric enhance-
ments, the present work systematically correlates crystallite
growth, lattice strain reduction, and lattice expansion with
calcination temperature using Williamson-Hall analysis. A
gradual shift of the diffraction peaks toward lower 2θ values
was observed with increasing calcination temperature. Ac-
cording to Bragg’s law,

nλ = 2d sin θ, (3)

the decrease in 2θ values indicates an increase in interplanar
spacing (d-spacing), suggesting lattice expansion within the
cubic MgO structure. The crystallographic parameters sum-

TABLE I. Crystallographic parameters of MgO nanoparticles at
varying calcination temperatures, derived from XRD analysis of
the (200) reflection, including diffraction angle (2θ), interplanar
spacing (d), lattice parameter (a), and unit cell volume (V ).

Parameters 450 ◦C 650 ◦C 700 ◦C

2θ(200) (deg.) 42.8854 42.8063 42.7273

d-spacing, d (Å) 2.1071 2.1108 2.1146

Lattice parameter, a (Å) 4.2142 4.2216 4.2291

Unit cell volume, V (Å3) 74.8431 75.2390 75.6387

marized in Table I further confirm this trend, where the lattice
parameter increased from 4.214 Å to 4.229 Å, while the unit
cell volume increased from 74.84 Å3 to 75.64 Å3 as the cal-
cination temperature increased from 450 ◦C to 700 ◦C. The
observed lattice expansion may be attributed to thermally in-
duced defect relaxation and structural reorganization within
the MgO lattice [28,36,39].

With increasing calcination temperature, the (200) dif-
fraction peak shifted toward lower 2θ values, indicating lat-
tice expansion in cubic MgO. The data presented in Ta-
ble I show that the interplanar spacing (d-spacing) increased
from 2.1071 Å to 2.1146 Å. A slight increase in the latti-
ce parameter and unit-cell volume was also observed, sug-
gesting reduced lattice distortion and improved structural or-
dering.These changes in the crystallographic parameters are
consistent with findings reported in the literature. Previous
studies have shown that higher calcination temperatures en-
hance the structural stability of MgO nanoparticles and im-
prove lattice uniformity due to defect reduction and lattice
relaxation [37,40-45].

FIGURE 3. XRD patterns of MgO nanoparticles calcined at 450-
700◦C, showing a (200) peak shift to lower 2θ from lattice expan-
sion and strain relaxation (FCC MgO, JCPDS 45-0946).
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FIGURE 4. Systematic shift of the (200) diffraction peak toward
lower angles and corresponding linear increase of the lattice para-
meter with calcination temperature, confirming thermally induced
expansion of the MgO cubic lattice.

3.2. Lattice parameters

The lattice parameter was determined using the cubic re-
lation

a = d
√
(h2 + k2 + l2), (4)

in Fig. 4 show that X-ray diffraction (XRD) on MgO nano-
particles calcined at 450 ◦C, 650 ◦C, and 700 ◦C suggested
the high crystallinity single-phase FCC structure (JCPDS 45-
0946) formation [46]. With the increase in calcination tem-
perature, the (200) diffraction peak shifted towards lower 2θ
values which indicated that the lattice of cubic MgO was ex-
panded. As noted, the d-spacing increased from 2.1071 Å
to 2.1146 Å. Similarly, the lattice parameter increased from
4.2142 Å to 4.2291 Å, and the unit-cell volume was noted to
increase from 74.843 Å3 to 75.639 Å3 and calcination tempe-
rature increased. This increase in the temperature showed that
the lattice was less and less distorted and more and more or-
dered. This is in agreement with other studies that noted that

as the temperature of calcined MgO nanoparticles was increa-
sed, the MgO nanoparticles remained thermally stable, and
that the uniformity and stability of the MgO nanoparticles’
lattice were improved [37,39,44,47]. Most of these studies
focused on the fabrication of MgO and the improvement of
the MgO’s functional properties, as well as the degree of crys-
tallinity of the MgO; however, little consideration was made
to the relationship of the lattice parameters and the micros-
tructural behavior of the MgO. The current study for MgO
suggested a temperature-dependent XRD analysis of crysta-
llographic parameters, a comparative analysis for MgO, and
provided MgO lattice behavior.

From Table I and Fig. 4, the diffraction angle (2θ) co-
rresponding to the (200) plane decreased systematically from
42,08◦ at 450 ◦C to 41,67◦ at 700 ◦C, while the correspon-
ding lattice parameter increased from 4,187 to 4,192 , indi-
cating lattice expansion with increasing calcination tempera-
ture. The relationship is given by:

2θ(200) = −0,000565T + 43,145. (4)

Similarly, the corresponding linear increase in the lattice
parameter with temperature follows:

a(T ) = 5,952× 10−5T + 4,18744,

450◦C ≤ T ≤ 700◦C. (5)

The decrease in 2θ values and expansion of the lattice pa-
rameter are indicative of the thermal relaxation of the MgO
lattice and thermal expansion of the crystal structure. This
behavior is associated with the reduction of lattice defects
and distortion at elevated calcination temperatures [41]. The
linear relationship between lattice parameter and calcination
temperature indicates that thermal treatment induces predic-
table changes in lattice dimensions in accordance with Ve-
gard’s law. This phenomenon has also been observed in MgO
nanocrystals, where increasing calcination temperature resul-
ted in improved crystallinity, reduced lattice defects and dis-
tortion, and lattice expansion [48,49].

3.3. Nelson–Riley method

The Nelson–Riley extrapolation method was employed to
determine the accurate lattice parameter by minimizing syste-
matic errors associated with X-ray diffraction measurements.
The Nelson–Riley function is expressed as

f(θ) =
1

2

(
cos2 θ

sin θ
+

cos2 θ

θ

)
, (6)

where θ is the Bragg angle expressed in radians according
to the method proposed by Nelson and Riley [50]. The true
lattice parameter was obtained by linear extrapolation of the
apparent lattice parameter to f(θ) = 0, thereby minimizing
systematic errors arising from specimen displacement, sam-
ple transparency, and instrumental effects.
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FIGURE 5. Nelson-Riley plot for MgO nanoparticles calcined at 450◦C, 650 ◦C, and 700 ◦C.

The corresponding Nelson–Riley plots for MgO nano-
particles calcined at 450, 650, and 700◦C are presented in
Figs. 5a) – 5c). The extrapolated lattice parameter increased
from 4.2314 Å at 450◦C to 4.2352 Å at 700◦C, indicating
lattice strain relaxation, improved crystallinity, and enhanced
crystal ordering. The excellent linearity observed for all three
temperatures confirms the consistency of the diffraction data
and the applicability of the Nelson–Riley method for accurate
lattice parameter determination.

The gradual increase in the extrapolated lattice parameter
with increasing calcination temperature is attributed to the
reduction of lattice imperfections, relaxation of residual mi-
crostrain, and thermally assisted grain growth. As the calci-
nation temperature increases, atomic diffusion becomes more
effective, allowing Mg2+ and O2− ions to occupy energeti-
cally favorable lattice positions, thereby reducing defect con-
centration and improving long-range structural ordering.

Furthermore, the intercept values obtained from the li-
near fits are in close agreement with the lattice expansion
trend observed from the XRD analysis, providing indepen-
dent confirmation of the structural evolution induced by cal-
cination. The consistent increase in lattice parameter also
supports the crystallite size enhancement and strain relaxa-
tion obtained from the Williamson–Hall analysis, indicating
that higher calcination temperatures promote the formation
of well-crystallized MgO nanoparticles with improved struc-
tural stability [22,36].

3.4. Microstructural parameters analysis

Crystallite size and microstrain are critical factors in de-
termining the microstructural and physical properties of ma-
terials. X-ray diffraction (XRD) line profile analysis is among
the most reliable methods for estimating crystallite size and
the non-uniform lattice strain arising from atomic displace-
ments relative to ideal lattice positions [51]. The broade-
ning of diffraction peaks corresponding to a given (hkl) re-
flection is mainly attributed to finite crystallite size and lat-
tice strain induced during partial crystallization. For sam-
ples exhibiting multiple diffraction peaks, as in the present
study, the Williamson-Hall (W-H) method is considered the
most appropriate approach [52]. The integral breadth (area-

normalized peak width) of each diffraction peak was deter-
mined experimentally. The observed peak broadening (B)
contains contributions from instrumental effects (b), crystalli-
te size, and microstrain.To obtain physically meaningful mi-
crostructural parameters, instrumental broadening must first
be corrected using a standard crystalline reference sample.

Instrumental Broadening Correction:

Depending on the assumed peak profile, two different co-
rrection approaches are used:

(1) Gaussian peak profile (strain-dominated broade-
ning):

β =
√
B2 − b2. (7a)

This quadratic subtraction is valid when peak shapes
follow a Gaussian distribution, where broadening con-
tributions are statistically independent.

(2) Lorentzian (Cauchy) peak profile (size-dominated
broadening):

β = B − b. (7b)

This linear subtraction is appropriate when peak broade-
ning follows a Lorentzian shape, typically associated with
finite crystallite size effects. Here, β represents the correc-
ted integral breadth after removing instrumental contribution.
After instrumental correction, the total physical broadening
can be expressed as the sum of size and strain contributions:

βhkl = βsize + βstrain + βinst. (8)

After correction:

βcorr =

{√
B2 − b2, (Gaussian assumption),

B − b, (Lorentzian assumption).
(9)

For further analysis using the Williamson-Hall method, the
corrected broadening is separated into size and strain compo-
nents:
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βcorr = βsize + βstrain, (10)

or, in squared form for Gaussian-type analysis:

β2
corr = β2

size + β2
strain. (11)

3.5. Williamson-Hall equation

The Williamson-Hall (W-H) method separates size-
and strain-induced broadening by plotting peak broadening
against diffraction angle. It relates total broadening (β) to
crystallite size (D) and microstrain (ε) [53]:

β =
kλ

D cos θ
+ 4ε tan θ, (12)

β cos θ =
kλ

D
+ 4ε sin θ. (13)

For Gaussian approximation, the squared form is:

FIGURE 6. Williamson–Hall plots of MgO nanoparticles calcined
at 450, 650, and 700◦C: a) Lorentzian W–H plots of β cos θ ver-
sus 4 sin θ, and b) Gaussian squared-form W–H plots of (β cos θ)2

versus 16 sin2 θ, showing the effect of calcination temperature on
crystallite size and lattice microstrain.

β2 cos2 θ =

(
kλ

D

)2

+ 16ε2 sin2 θ, (14)

where β is the full width at half maximum (FWHM) after
instrumental correction (in radians), θ is the Bragg diffrac-
tion angle, k is the shape factor (k = 0,94), λ is the X-ray
wavelength, D is the crystallite size, and ε is the microstrain.
The Williamson-Hall (W-H) analysis was conducted to inves-
tigate the effect of calcination temperature on the crystallite
size and lattice strain of MgO nanoparticles synthesized at
450 ◦C, 650 ◦C, and 700 ◦C (Fig. 6). The plots of β cos θ
versus 4 sin θ and (β cos θ)2 versus 16 sin2 θ revealed that
increasing calcination temperature resulted in larger crysta-
llite size and lower lattice microstrain. At 450 ◦C, the W-H
plots exhibited a higher slope and smaller intercept, indica-
ting significant lattice strain and smaller crystallite size due
to incomplete crystallization, lattice distortion, and defect-
rich grain boundaries [53]. Limited atomic diffusion at lower
calcination temperatures restricts crystallite growth and pro-
motes structural disorder. With increasing calcination tempe-
rature to 650 ◦C and 700 ◦C, the slope of the W-H plots de-
creased while the intercept increased, confirming progressi-
ve strain relaxation and crystallite growth. Enhanced thermal
diffusion at elevated temperatures promotes atomic rearran-
gement within the MgO lattice, reducing defect density and
improving structural ordering. Similar behavior has been re-
ported for Mg-based nanomaterials [26,54]. At 700 ◦C, the
W-H analysis showed the lowest microstrain and the largest
crystallite size, indicating improved lattice stability and en-
hanced long-range atomic ordering. These results demons-
trate that calcination temperature plays a critical role in con-
trolling the microstructural evolution and structural quality of
MgO nanoparticles.

The Williamson-Hall (W-H) analysis shows that both
Lorentzian and Gaussian fittings indicate that crystallite si-
ze and lattice microstrain depend on calcination temperatu-
re (Fig. 7). For samples calcined at 450 ◦C, the crystalli-
te sizes were 5.9 nm (Lorentzian) and 6.5 nm (Gaussian).
Correspondingly, the microstrain values were recorded as
3,7 × 10−3 and 0,91 × 10−3. The relatively high crystalli-
te size and large microstrain indicate incomplete crystalliza-
tion and lattice distortion due to a high defect density, pri-
marily caused by insufficient atomic diffusion during den-
sification.The microstrain and crystallite size were observed
to change with calcination temperature. At 650 ◦C, the va-
lues were 2,82 × 10−3 (microstrain, Lorentzian) and 7.5 nm
(crystallite size), while for Gaussian fitting the corresponding
values were 0,71 × 10−3 and 8.3 nm. Similar temperature-
dependent grain growth and strain reduction have also been
reported by Chebbi et al. for Mg-based ferrite nanomate-
rials. Contrarily, most studies focus primarily on crystallinity
improvement, whereas the present study correlates crystalli-
te growth and W-H microstrain using both Lorentzian and
Gaussian fittings of the W-H model. At 700 ◦C, the crystal-
lite sizes increased to approximately 10.0 nm (Lorentzian)
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FIGURE 7. Williamson-Hall analysis of MgO nanoparticles sho-
wing a) average crystallite size versus calcination temperature and
b) microstrain change with calcination temperature based on Lo-
rentzian and Gaussian profile fittings.

and 11.0 nm (Gaussian), while the microstrain values sig-
nificantly decreased to 2,1372 × 10−3 and 0,5343 × 10−4,
respectively. The increase in crystallite size and reduction in
strain confirm thermally induced grain coalescence, reduced
defect concentration, and improved atomic ordering. Similar
phenomena have also been reported by Pathak et al. for na-
nomaterials [55]. Overall, the W-H analysis shows that the
observed trend is consistent with increased crystallinity and
structural stability of MgO nanoparticles, accompanied by in-
ternal stress reduction and improved lattice ordering.

3.6. Intrinsic surface stress

Intrinsic surface stress reflects the influence of lattice dis-
tortion and surface effects on the structural stability of MgO
nanoparticles. Following the reported methodology, the in-
trinsic surface stress was estimated using [56]

FIGURE 8. Variation of intrinsic surface stress of MgO nanoparti-
cles as a function of calcination temperature.

σ =
Y

2γ

(
a0 − a

a0

)
, (16)

where σ is the intrinsic surface stress, Y is the Young’s mo-
dulus, γ is the Poisson’s ratio, a0 is the strain-free lattice pa-
rameter of bulk MgO, and a is the measured lattice parameter.
The term (a0−a)/a0 represents the relative lattice distortion.
Since Y is expressed in GPa, while γ and (a0 − a)/a0 are
dimensionless, the calculated intrinsic surface stress is also
expressed in GPa. Negative values of α indicate compressive
surface stress, whereas positive values correspond to tensile
surface stress.

Figure 8 illustrates the variation of intrinsic surface stress
with calcination temperature. The intrinsic surface stress be-
comes progressively more negative with increasing calcina-
tion temperature, indicating an increase in the magnitude of
compressive surface stress. At 450 ◦C, the intrinsic surface
stress is approximately −2,30 GPa, which is associated with
incomplete crystallization, limited atomic diffusion, and a re-
latively high concentration of lattice defects. Increasing the
calcination temperature to 650 ◦C results in a larger com-
pressive stress of approximately −15,0 GPa due to improved
lattice ordering and defect reduction. At 700 ◦C, the intrinsic
surface stress reaches approximately −19,8 GPa, indicating
enhanced grain densification, improved atomic packing, and
greater structural stability. The progressive increase in com-
pressive intrinsic surface stress demonstrates that calcination
promotes lattice stabilization and improves the crystallinity
of MgO nanoparticles [57].

The crystallographic Young’s modulus was estimated
from the intrinsic surface stress and the average microstrain
using

E(hkl) =
σ

⟨ε⟩
, (15)

where σ is the intrinsic surface stress calculated using
Eq. (16), and ⟨ε⟩ is the average microstrain obtained from the
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FIGURE 9. Variation of crystallographic Young’s modulus of MgO
nanoparticles obtained from Lorentzian and Gaussian Williamson–
Hall analyses.

Williamson–Hall analysis [36]. The calculated values of
E(hkl) for each calcination temperature are presented in
Fig. 9. These values provide information about the elastic res-
ponse of the crystallographic planes.

Figure 9 shows the variation of Young’s modulus with
calcination temperature for both Lorentzian and Gaussian
distributions. In both fitting methods, Young’s modulus in-
creases with increasing calcination temperature, indicating
an enhancement in the elastic stiffness of the MgO nano-
particles. The Lorentzian values increase from 0.0631 to
0.9191 GPa, whereas the Gaussian values increase from
0.2523 to 3.6766 GPa as the calcination temperature increa-
ses from 450 to 700 ◦C. The higher values obtained from the
Gaussian fitting indicate greater sensitivity to microstructural
evolution. The increase in Young’s modulus is consistent with
the improvement in crystallinity, reduction of lattice defects,
and enhanced atomic ordering produced by high-temperature
calcination [58].

Table II summarizes the Williamson–Hall parameters of
MgO nanoparticles. Increasing the calcination temperature
results in a gradual increase in crystallite size and a corres-
ponding decrease in lattice microstrain and dislocation den-
sity for both Lorentzian and Gaussian analyses. The reduc-
tion in microstrain and defect density indicates progressive
lattice relaxation and improved structural ordering. These mi-
crostructural changes are accompanied by an increase in

TABLE II. Williamson–Hall parameters of MgO nanoparticles at
different calcination temperatures.

Temp. DL DG εL εG δ

(◦C) (nm) (nm) (×10−3) (×10−3) (×1014 m−2)

450 5.8266 6.4741 3.6433 0.9108 22.256

650 7.5357 8.3730 2.8218 0.7054 13.305

700 9.9681 11.0757 2.1372 0.5343 7.605

the magnitude of compressive intrinsic surface stress and
an increase in Young’s modulus, confirming that high-
temperature calcination enhances the structural stability and
elastic response of MgO nanoparticles [36,38].

3.7. Lattice strain estimation

Strain is the change in dimensions of a sample compa-
red to its original length and can be either constant or irre-
gular. Isotropic expansion or contraction of a unit cell, shif-
ting XRD peaks without broadening, is due to uniform strain.
Non-uniform strain, which is caused by defects, deforma-
tion, and incomplete crystallization, shifts atoms in an irregu-
lar manner and causes broadening of XRD peaks [59]. This
strain is often expressed as:

Lattice Strain =
∆a

a0
. (16)

Here, ∆a represents the deviation of the lattice parameter
from the strain-free reference state a0, which is taken as the
equilibrium lattice parameter in the absence of applied stress
or thermal strain. Lattice strain is associated with variations

FIGURE 10. Variation of lattice strain (∆a/a0) with calcination
temperature for MgO nanoparticles.Evolution of the lattice para-
meter deviation (∆a) with calcination temperature.
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in the lattice parameter ratio (∆a/a0). Figure 10 shows that
the lattice strain of MgO nanoparticles decreases progres-
sively with increasing calcination temperature. The higher
strain observed at 450 ◦C is attributed to incomplete crystalli-
zation, smaller crystallite size, and structural disorder due to
lattice defects. Limited thermal energy at lower temperatures
restricts atomic diffusion and lattice rearrangement, resulting
in increased internal strain. At higher calcination temperatu-
res (650 ◦C and 700 ◦C), enhanced thermal diffusion pro-
motes crystallite growth and lattice relaxation, leading to re-
duced microstrain and improved structural ordering [60,61].
The Williamson-Hall analysis further indicates that increa-
sing calcination temperature causes a slight increase in latti-
ce deformation parameter (∆a), suggesting thermally indu-
ced lattice expansion and structural stabilization of the cubic
MgO phase, as shown in Fig. 10. These results confirm that
elevated calcination temperatures reduce lattice defects and
improve the structural stability of MgO nanoparticles.

3.8. Dislocation density

Dislocation density refers to the total length of dislocation
lines per unit volume and is an important parameter for defi-
ning structural imperfections in nanocrystalline materials. A
high dislocation density indicates significant internal strain,
lattice distortion, and low crystallinity. A reduced dislocation
density indicates improved crystallinity, better structural or-
dering, and reduced lattice defects. The dislocation density
(ρ) can be calculated from the Williamson-Smallman rela-
tion:

ρ =
15 ε

aD
, (17)

where ε represents the microstrain obtained from
Williamson-Hall analysis, a denotes the lattice parameter,
andD signifies the crystallite size. The equation incorporates
both strain and crystallite size, thus enabling a more precise
estimation of the defect density in strained nanomaterials.

As shown in Fig. 11, dislocation density for MgO nano-
particles decreases with an increase in calcination tempera-
ture and is observed for both Lorentzian and Gaussian dis-
tributions. Dislocation density is highest at 450 ◦C owing
to the small crystallite size, high internal strain, and incom-
plete lattice ordering resulting from low-temperature calcina-
tion [62]. Calcination temperatures of 650 ◦C and 700 ◦C
promote greater atomic ordering and grain growth, which
leads to reduced lattice distortion and consequently a de-
crease in dislocation density, indicating improved structu-
ral and crystalline quality of MgO nanoparticles. This also
confirms enhanced structural stability at higher temperatures.
The Lorentzian profile shows higher dislocation density than
the Gaussian profile, indicating that Lorentzian fitting corres-
ponds to higher strain and more pronounced peak broadening
compared to Gaussian fitting. A similar decrease in disloca-
tion density and lattice defects with increasing calcination
temperature has been reported for Cr-substituted Mg-Co

FIGURE 11. Variation of dislocation density (ρ) with calcination
temperature for MgO nanoparticles, calculated using Lorentzian
and Gaussian profiles via the Williamson-Smallman method.

ferrites by Chebbi et al. [25]. This was attributed to grain
growth, strain relaxation, and improved structural ordering at
higher temperatures. Jdey et al. [28] reported similar beha-
vior in Mg0,6Cu0,4FeCrO4 ferrites, while Harrabi et al. [37]
demonstrated improved lattice stability and enhanced grain
boundary coherence in Mg-Co-Cu ferrites at elevated calci-
nation temperatures.Most of these studies focused on subs-
tituted ferrite systems with complex magnetic, electrical,
and cation distribution effects, making interpretation of pu-
re strain-driven systems more challenging. In contrast, the
present work focuses on structurally simple cubic MgO na-
noparticles, analyzing thermally induced defect evolution
using comparative Lorentzian and Gaussian Williamson-Hall
analysis [63]. The study demonstrates that increasing calcina-
tion temperature reduces lattice defects, enhances structural
ordering, and improves the microstructural stability of MgO
nanoparticles. The comparative analysis shows that present
MgO nanoparticles and previously reported Mg-based ferri-
te systems have a lot in common. In those systems, higher
calcination temperatures resulted in larger crystallite sizes,
smaller lattice strains, and fewer defects due to thermally ac-
tivated diffusion. Unlike ferrite materials that have complex
structures and magnetic and cation distribution, our study fo-
cuses on MgO cubic nanoparticles, which have simpler struc-
tures. Our research also compares Lorentzian and Gaussian
Williamson-Hall methods to evaluate thermally induced size-
strain evolution.

4. Conclusion

This paper investigates the synthesis and post-synthesis
characterization of MgO nanoparticles. MgO nanoparticles
were synthesized via the co-precipitation method, followed
by a post-synthesis morphology control procedure. The struc-
tural and microstructural changes of the calcined samples we-
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re analyzed using X-ray diffraction (XRD), confirming the
formation of a cubic single-phase MgO structure.Peak broa-
dening observed in the XRD patterns indicates the presence
of nanoscale crystallites, which were quantitatively analyzed
using the Williamson-Hall (W-H) method. The W-H analy-
sis reveals that calcination temperature significantly influen-
ces crystallite size and leads to a reduction in lattice micros-
train, dislocation density, and structural defects through en-
hanced grain growth and strain relaxation mechanisms.Post-
calcination XRD analysis at room temperature reveals that
the crystallite size increases from 5–6 nm at 450 ◦C to 10–
11 nm at 700 ◦C. Improved atomic ordering at elevated tem-
peratures is further evidenced by shifts in XRD peak posi-

tions, indicating an increase in lattice parameter and unit-cell
volume. Further analysis using Lorentzian and Gaussian peak
fitting confirms these structural changes and supports the ob-
served enhancement in crystallographic ordering. This study
establishes a clear relationship between calcination tempera-
ture and crystallite size, defect concentration, and structural
stability of MgO nanoparticles.The Williamson-Hall method
is highlighted as a powerful tool for evaluating microstruc-
tural transformations in MgO nanomaterials. Overall, the re-
sults demonstrate that controlled calcination is an effective
approach for tailoring the crystallite size, lattice strain, defect
concentration, and structural stability of MgO nanoparticles
for advanced functional applications.
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Using density functional theory in conjunction with the FP-LAPW method under the generalized gradient approximation, specifically em-
ploying the Perdew 2008 functional GGA-PBEsol, spin-polarized density functional theory computations were conducted to investigate the
structural, electronic, and magnetic properties of the quaternary chalcogenide CuMnInSe3 crystal. Both experimental findings and the calcu-
lated equilibrium structural parameters exhibit strong concordance. Through an analysis of the spin-polarized band structures and density of
states, the half-metallic nature of the studied compound was predicted, characterized by a total magnetic moment of 6µB per unit cell and
an energy gap of 0.644 eV. Furthermore, it was observed that the electronic structure is more accurately represented when incorporating the
electronic exchange-correlation via the Tran–Blaha modified Becke–Johnson (TB-mBJ) potential, which was employed to precisely compu-
te the band gap of the compound, resulting in an indirect band gap (X–Γ) of 1.546 eV. Optical properties were predicted by analyzing the
spectra of the real and imaginary components of the permittivity, the reflectivity function, and the absorption coefficient. These calculations
suggest that this material has potential as an effective ultraviolet sensor.
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1. Introduction

CuMnInSe3 is an emerging multifunctional semiconduc-
tor combining semiconducting and magnetic properties. It be-
longs to the I–II–III–VI3 family of chalcogenides, materials
well known for their adjustable band gaps, significant spin–
orbit coupling, and varied magnetic behavior, which make
them promising candidates for spintronics, nonlinear optics,
and optoelectronic technologies [1, 2].

The crystal structure of CuMnInSe3 has been experimen-
tally characterized through X-ray powder diffraction analy-
sis [3, 4]. The compound crystallizes in a tetragonal pha-
se that is closely related to the chalcopyrite structure of
CuInSe2. In this structure, the symmetry is reduced from
the I 4̄2d space group to the closely related P 4̄2c space
group, which is isostructural with CuFeInSe3 and belongs
to the sphalerite-derived structural family [5]. Specifically,
CuMnInSe3 adopts a chalcopyrite-type tetragonal structure
(space group No. 112) with lattice parameters a = 5,7907 Å,
c = 11,648 Å, and V = 390,58 Å3. These values are very
similar to those reported for CuInSe2 (a = 5,781(1) Å and
c = 11,642(3) Å) [6, 7].

Even though CuMnInSe3 has received considerably less
attention than its parent compound CuInSe2, it represents
a valuable system for studying diluted magnetic semicon-
ductors and holds potential for future technological applica-

tions [8]. While some structural data are available, its electro-
nic and magnetic characteristics are still not well established.
This gap provides the basis for the present theoretical study,
which seeks to investigate the impact of Mn incorporation on
structural stability, electronic behavior, and magnetic proper-
ties, in order to better understand its multifunctional character
and possible applications.

The paper is organized as follows: Section 2 presents
the computational details. The findings and their subsequent
analysis are presented in Sec. 3. Finally, Sec. 4 summarizes
the main conclusions of this study.

2. Computational details

The present study was performed using first-principles
calculations within the framework of density functional
theory (DFT), as incorporated in the WIEN2k computatio-
nal package [9]. The calculations relied on the full-potential
linearized augmented plane wave (FP-LAPW) method [10],
which constitutes the foundation of the present ab initio
analysis. The structural properties were thoroughly investi-
gated using the generalized gradient approximation for so-
lids (GGA-PBEsol) [11] to describe exchange–correlation ef-
fects, as this functional is recognized for its enhanced accu-
racy in solid-state systems.

To achieve a more accurate description of the electro-
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nic structure, the Tran–Blaha modified Becke–Johnson (TB-
mBJ) potential [12] was employed in addition to the GGA-
PBEsol functional. Implemented within the WIEN2k fra-
mework, the TB-mBJ potential has been shown to signifi-
cantly improve the prediction of band gaps in semiconductors
and insulators compared with conventional GGA functionals
such as PBE or PBEsol, particularly for materials containing
localized d- and f -electrons [13]. Consequently, this poten-
tial was adopted to obtain a more reliable estimation of the
band-gap energy by reducing the well-known underestima-
tion associated with standard GGA approaches, and to provi-
de a more accurate description of the electronic band struc-
ture and density of states of CuMnInSe3, which contains a
transition metal with partially occupied 3d states.

In this approach, the crystal unit cell is divided into non-
overlapping muffin-tin (MT) spheres and an interstitial region
separating them. The muffin-tin radii (RMT) for Cu, Mn, In,
and Se atoms were set to 2.11, 2.11, 1.99, and 2.00 bohr,
respectively. The basic functions were partitioned into co-
re and valence states, using an energy cutoff of −6,0 Ry
to differentiate between the two regions. The Kohn–Sham
equations were solved self-consistently. The core states we-
re treated assuming a spherically symmetric charge density
confined within the MT spheres, where only the spherical
component of the potential was considered. For the valen-
ce states, the potential was expanded in spherical harmonics
inside the spheres up to lmax = 10. In the interstitial re-
gion, the wave functions were represented by plane waves.
Brillouin zone integrations [14] were performed using 63 k-
points in the irreducible Brillouin zone (IBZ), generated from
a 12×12×6 Monkhorst–Pack grid. Self-consistency was con-
sidered achieved when the total energy convergence reached
a threshold smaller than 10−5 eV.

3. Results and discussion

3.1. Analysis of structural properties

The CuMnInSe3 compound adopts a tetragonal crystal
structure belonging to the space group P 4̄2c (No. 112) with
two formula units per unit cell (Z = 2) [3, 4]. The unit cell
of the investigated material is illustrated in Fig. 1.

The total energy as a function of unit-cell volume
was computed for the non-magnetic (NM), antiferromag-
netic (AFM), and ferromagnetic (FM) configurations of

CuMnInSe3. The resulting energy–volume data were fitted

FIGURE 1. Representation of the CuMnInSe3 chalcogenide crystal
structure.

to the third-order Birch–Murnaghan equation of state [15],
as presented in Fig. 2, to extract the equilibrium structural
parameters comprising the equilibrium volume (V0), the bulk
modulus (B), and the pressure derivative (B′) of the bulk mo-
dulus.

A comparison of the total energies shows that the AFM
configuration is more stable than the NM state, whereas the
FM configuration possesses the lowest total energy among
the considered magnetic arrangements. These results indicate
that the ferromagnetic configuration corresponds to the mag-
netic ground state of the compound. The stabilization of this
magnetic state mainly originates from the exchange interac-
tions associated with the Mn 3d electrons. Furthermore, the
lattice parameters obtained for the FM ground state show ex-
cellent agreement with the available experimental data.

The optimized structural parameters, including the rela-
xed atomic positions, equilibrium lattice constants (a, c, and
c/a), equilibrium unit-cell volume (V0), bulk modulus (B),
and pressure derivative (B′), are listed in Table I. The relati-
ve deviations between the calculated and experimental lattice
constants are less than 1.90 % and 3.50 % for a and c, res-
pectively, confirming the structural stability of the tetragonal
phase. These values are also comparable to those of the pa-
rent chalcopyrite compound CuInSe2 [7], indicating that Mn
incorporation does not significantly affect the unit-cell volu-
me.

TABLE I. Equilibrium structural parameters: lattice constants a (Å) and c (Å), ratio c/a, equilibrium volume per formula unit V0 (Å3), bulk
modulus B (GPa), pressure derivative B′, and relaxed atomic positions for CuMnInSe3.

a c c/a V0 B B′ Atom Site x/a y/b

CuMnInSe3 5.68 11.24 1.98 362.629 56.375 5.475 Cu 2c 0 1/2
5,7907a 11,648a 2,01a 390,58a – – Mn 2e 0 0

In 2b 1/2 0
Se 8n 0.2509 (0,227a) 0.2553 (0,255a)

aRef. [3]
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FIGURE 2. Total energy as a function of the unit-cell volume for CuMnInSe3 calculated for different magnetic configurations: non-magnetic
(NM), antiferromagnetic (AFM), and ferromagnetic (FM).

To the best of our knowledge, this work provides the first
reported estimates of the bulk modulus (B = 56,375 GPa)
and its pressure derivative (B′ = 5,475) for CuMnInSe3. The
relatively moderate value of B indicates that the material is
mechanically soft and exhibits appreciable compressibility,
while B′ reflects the variation of compressibility under ap-
plied pressure.

3.2. Electronic structure and magnetic behavior

The electronic and magnetic characteristics of
CuMnInSe3 were analyzed using spin-polarized calculations.
The electronic properties of a crystalline material can be as-
sessed through its band structure and density of states (DOS),
which together provide detailed insight into its electronic
behavior.

Spin-polarized total DOS and band structures were com-
puted using the FP-LAPW method within the GGA-PBEsol
and TB-mBJ frameworks, at the optimized equilibrium geo-
metry. The band structures were plotted along the high-
symmetry directions of the first Brillouin zone of the tetrag-

FIGURE 3. Electronic band structure of CuMnInSe3 chalcogenide
calculated by GGA-PBEsol.

FIGURE 4. Electronic band structure of CuMnInSe3 chalcogenide
calculated by TB-mBJ.

onal lattice, separately for majority (spin-up) and minority
(spin-down) channels, as shown in Figs. 3 and 4. The asym-
metric distribution of spin-up and spin-down states confirms
that CuMnInSe3 is not paramagnetic. In the majority-spin
channel, several bands cross the Fermi level, resulting in a
high DOS and indicating metallic behavior. In contrast, the
minority-spin channel exhibits a clear energy gap around
the Fermi level, characteristic of semiconducting behavior.
This combination confirms the half-metallic character of
CuMnInSe3.

The spin-resolved partial DOS, illustrated in Fig. 5,
further clarifies the elemental contributions near the Fermi
level. The 3d states of Cu and Mn dominate the top of the va-
lence band for both spin channels, highlighting their crucial
role in shaping the electronic properties of CuMnInSe3. Con-
versely, the 3p states of Cu and Se contribute very little in this
energy range. In the conduction band, the spin-down 3d states
of Mn overwhelmingly dominate, with minimal participation
from other atomic orbitals.
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FIGURE 5. Calculated partial and total density of states of CuMnInSe3 chalcogenide obtained by TB-mBJ.

TABLE II. Band gap energy Eg (eV), total and partial magnetic moments (µB) for CuMnInSe3 chalcogenide.

Eg (eV) µTot µCu µMn µIn µSe

GGA-PBEsol 0.644 6.0025 −0,1407 3.18152 0.03756 −0,03756

TB-mBJ 1.546 6.002 −0,2707 3.11252 0.01756 −0,14756

The calculated band gap is indirect, with the valence band
maximum located at the M point and the conduction band
minimum at the Γ point. While the overall band-structure
features obtained from GGA-PBEsol and TB-mBJ functio-
nals are similar, the predicted band-gap values differ signifi-
cantly, emphasizing the importance of the TB-mBJ potential
for accurate band-gap estimation in systems con-
taining transition-metal 3d states. Both Cu (3d10) and Mn
(3d5) atoms have partially filled d-orbitals, which are prone
to self-interaction errors in standard DFT. The Tran–Blaha
TB-mBJ potential addresses this issue by introducing a semi-
local approximation to the exchange potential, better repro-
ducing the derivative discontinuity of the total energy with
respect to electron number [12, 16]. For CuMnInSe3, the
GGA-PBEsol functional predicts a minority-spin band gap of
0.644 eV, while the inclusion of the mBJ correction increases
it to 1.546 eV, bringing it closer to the range observed in re-
lated chalcopyrite compounds. The total magnetic moment
remains nearly constant at ∼ 6µB per unit cell, confirming
the robustness of the magnetic configuration.

The energy-dependent spin polarization at the Fermi le-
vel P (EF ) provides important information about the electro-
nic behavior of a material. For half-metallic systems, P (EF )
reaches unity (100 %) [17, 18]. It is defined as

P (EF ) =
ρ↑(EF )− ρ↓(EF )

ρ↑(EF ) + ρ↓(EF )
, (1)

where ρ↑(EF ) and ρ↓(EF ) are the total densities of states for
spin-up and spin-down electrons at the Fermi level, respecti-
vely.

The electrons at the Fermi level are completely spin-
polarized (100 %), since ρ↓(EF ) = 0, as illustrated in Fig. 5,
confirming that CuMnInSe3 exhibits half-metallic behavior.

The total magnetic moment (in µB) is defined as the dif-
ference between the number of occupied spin-up and spin-
down states [18]. The atomic magnetic moments of Cu, Mn,

In, and Se, along with the total integer magnetic moment
µtot of CuMnInSe3, were calculated using both the TB-
mBJ and GGA-PBEsol methods and are summarized in Ta-
ble II. Our results yield a total spin magnetic moment of 6µB

per unit cell from both computational approaches, satisfying
the requirement for half-metallic materials [17]. Specifically,
the Mn atom exhibits a magnetic moment of approximately
3,182µB within GGA-PBEsol and 3,113µB using the TB-
mBJ approach. In contrast, Cu and Se atoms display small
negative magnetic moments, while In atoms contribute only
a very weak magnetic moment.

3.3. Optical properties and analysis

The optical properties of a solid describe the response of a
material to incident electromagnetic radiation, leading to po-
larization effects and the excitation of conduction electrons.
The interaction between photons and the electronic structu-
re results in energy loss and charge polarization, constituting
the optical response of the system. This can be described by
the complex dielectric function

εαβ(ω) = εαβ1 (ω) + i εαβ2 (ω), α, β = x, y, z. (2)

The crystal symmetry of the compound implies the follo-
wing relations for the dielectric tensor components:

εxxi (ω) = εyyi (ω) ≡ ε
∥
i (ω), εzzi (ω) ≡ ε⊥i (ω). (3)

TABLE III. Energy ranges for the real part εxx(zz)1 of the dielectric
function.

ε1 < 0 (eV) ε1 > 0 (eV) ε1 = 0 (eV)

E ∥ xx 0.48-0.942, > 8,50 0.942-8.50 0.48, 0.942, 8.50

E ∥ zz 0.60-1.15, > 8,50 1.15-8.50 0.48, 0.942, 8.50
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FIGURE 6. Variation of the optical parameters as a function of absorption energy for CuMnInSe3 chalcogenide.

The calculated optical spectra are not identical along the
xx and zz directions, indicating optical anisotropy in the
compound. Figure 6 shows the variation of the optical pa-
rameters as a function of photon energy.

The real part εxx(zz)1 (ω) takes large positive values at low
photon energies, reflecting strong electronic polarizability.
As the photon energy increases, it gradually decreases. Ne-
gative values of εxx(zz)1 indicate that electromagnetic waves
cannot propagate inside the material in this energy region, re-

sulting in strong reflection and absorption. The photon ener-
gies at which εxx(zz)1 crosses zero correspond to plasma reso-
nance frequencies. The energy ranges for the sign of the real
part are summarized in Table III.

The imaginary part εxx(zz)2 (ω) describes absorption pro-
cesses arising from interband electronic transitions. In the
low-energy region (below ≈ 0,85 eV), the finite value of
ε
xx(zz)
2 indicates the presence of free carriers, characteristic

of metallic-like behavior. At higher photon energies, several

Rev. Mex. Fis. 72 061002



STRUCTURAL, ELECTRONIC, MAGNETIC, AND OPTICAL PROPERTIES OF CUMNINSE3 CHALCOGENIDE COMPOUND 61

TABLE IV. Refractive index values nxx(zz)(0) and energies at
which nxx(zz) = 1.

nxx(0) nzz(0) E(nxx = 1) (eV) E(nzz = 1) (eV)

1.26 1.59 1.42, 3.45 1.42, 2.75, 3.45, 5.63

pronounced peaks appear due to enhanced interband
transitions. The main peaks are located at approximately 1.92
(2.84) eV, 4.08 (4.26) eV, 5.43 (6.89) eV, and 8.33 (8.02) eV
for the xx and zz polarizations, respectively, corresponding
to electronic transitions mainly in the visible and ultraviolet
energy regions.

The most prominent peaks in the electronic energy loss
spectrum occur in the ultraviolet region. The main peaks of
Lxx(ω) and Lzz(ω) appear at 12.76 eV and 12.79 eV, respec-
tively. Owing to the metallic nature of the compound, the re-
flectivity at zero frequency is relatively high, with Rxx(0) =
62% and Rzz(0) = 68% in the infrared region. In the vi-
sible range, the reflectivity reaches about 25 % and 28 % at
photon energies of 4.14 eV and 2.91 eV for the xx and zz
directions, respectively. A strong reflection of approximately
65 % at 13.54 eV in the ultraviolet region further confirms the
metallic behavior and the absence of optical transparency.

The extinction coefficient K(ω) decreases significantly
with increasing photon energy in the visible region and above
5.00 eV, whereas the refractive indices nxx and nzz increa-
se and reach their maximum values at 0.29 eV and 0.45 eV,
respectively (Table IV).

Consistent with this metallic behavior, the absorption
coefficient starts at very low photon energies and increases
rapidly across the visible and ultraviolet regions. The absor-
ption spectrum reaches saturation around 8.47 eV, coinciding
with the maximum in the optical conductivity spectrum. Ove-
rall, the calculated dielectric function, energy-loss spectrum,
reflectivity, refractive indices, extinction coefficient, and ab-
sorption coefficient consistently indicate a metallic charac-
ter, anisotropic optical response, and strong ultraviolet absor-
ption of the compound.

4. Conclusion

The structural, electronic, optical, and magnetic pro-
perties of the novel half-metal chalcogenide quaternary
compound CuMnInSe3 have been investigated using first-
principles calculations. The computed structural parameters
were found to be in good agreement with available experi-
mental data. The half-metallic nature of the material was con-
firmed through analysis of the spin-polarized band structu-
res: the majority-spin channel shows metallic behavior while
the minority-spin channel exhibits a semiconducting indirect
band gap of 0.644 eV and 1.546 eV within the GGA-PBEsol
and TB-mBJ approximations, respectively. A total magnetic
moment of 6µB was obtained from both computational ap-
proaches. Additionally, strong absorption in the visible and
ultraviolet regions was observed, suggesting that the com-
pound could serve as an effective UV sensor or far-ultraviolet
photo-detector.
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Numerous everyday goods, including fabrics, electrical appliances, vehicles, and airplanes, are currently undergoing extensive testing and
inspection for their flammability features. The results of the study showed that adding 10 % by weight of nano-kaolin achieved the best flame
resistance performance, recording the highest limiting oxygen index (LOI) and lowest rate of burn (RB) compared to pure epoxy, indicating
the formation of an effective insulating char layer. By lowering the total fire risk associated with the use of highly flammable raw materials in
goods such as textiles, apparel, composites, and plastics, flame retardants perform a critical protective role in preserving lives and property.
In this study, kaolin and epoxy were used to prepare a nanocomposite flame retardant. The used kaolin was tested by X-ray diffraction and
(AFM) tests. The results showed that the powders possess multi-phases (presence of quartz and goethite phases alongside kaolinite) and also
have a mean grain size of (38 nm) according to AFM results showing a homogeneous distribution of particles and root mean square (RMS)
of (12.25). Also, the energy-dispersive spectroscopy analysis (EDX) showed that the presence of the essential elements (Al, Si, O) plus trace
amounts of Fe and Ti of these powders was accurate and clear. The nanocomposites were prepared by mixing the kaolin nanopowder with the
epoxy resin by weight percentages of (2, 4, 6, 8 and 10 %). To determine the efficiency of these additives in flame retardants and to increase
the combustion resistance of epoxy resin, different methods of measurement were used according to ASTM, average time of burning, average
extent of burning, rate of burning, limiting oxygen index, maximum flame height and residue percentage succeeding combustion. Based flame
retardant are commercially successful and they are more environmentally friendly as compared to halogenated and non-halogenated inorganic
or organic types and they are being applied suitably with a crossinker and/or binder copolymer that makes the FRs more resistant to common
weathering conditions and exposures. They also produce less or no obnoxious gases while burning.

Keywords: Flame Retardant; flammability properties; kaolin; limiting oxygen index; rate of burning.
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1. Introduction

Flammable materials, such as polymers, that are used in a
variety of aspects of human life pose a significant fire hazard.
Flame retardants help to mitigate this risk while also assisting
in the achievement of reasonable amounts of fire prevention
[1,2]. There are advantages and disadvantages to each of the-
se substances that have been in use for a long time [3]. It is
dependent on a variety of factors as to how effective they are
at attempting to reduce the flammability of various materials
[4]. It can be said that these factors are material type, the ap-
plication and the environment, which is the main container
for these materials and applications [5,6]. The second fac-
tor is the compatibility/compliance of a flame retardant with
a particular substance, as well as, the third factor is metho-
dologies for processing [7,8]. When burned, some flame re-
tardants produce toxic gases in space, and others can cau-
se the premature degradation of some materials [9,10]. The
hydrolysis of the product may be caused by some of them,
which are hygroscopic [2]. When it comes to being effective,
some fire retardants must be used in large quantities, which

results in deterioration of mechanical properties as well as
a decrease in interfacial adhesion between different compo-
nents of the composite [11,12].

Nanoclays are receiving a lot of attention these days for
their ability to act as fire-resistant added chemicals. Inor-
ganic clay-based nanomaterials with the ability to integrate
with a wide range of materials belong to this category [13].
Many minerals, such as hectorite, montmorillonite (MMT),
kaolinite, halloysite, and bentonite, form silicate and perhaps
aluminum-silicate constructions [14].

Nanoclays, with the exception of traditional flame re-
tardants, are environmentally friendly, highly effective, and,
most importantly, could indeed convey unique characteristics
to a material [15]. The use of nanoclays in resins, such as
MMT, has been shown to reduce flammability while also im-
proving strength properties [16]. Tiny particles also make it
harder for carbon chains to move around, which changes the
nanocomposites’ volume, surface, and characteristics [5].

Among nanoclays used to make UPRs, MMT is among
the most commonly used ones. They are very big. It has a big
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surface area and a lot of space between the longest and

FIGURE 1. A scheme of dispersion states of the clay in the polymer
matrix [6].

the smallest parts [8]. This improves the fire retardancy of the
material, but only if the material is spread out well. A decrea-
se in the specific surface area, on the other hand, may result
in a reduction in the flame retardant attributes. It’s possible
to have the clay in one of three different dispersion states:
phase-separation, intercalation, or exfoliation. As a result of
its larger specific surface area, the last option is preferred.
Figure 1 depicts all of the forms.

Since nanoclays have such a large surface area, they can
decrease the amount of admixture by as much as a few per-
cent. The mechanism of action is based on the formation of
a char layer, which prevents heat transfer. In Ref. [7], it was
shown that capturing free radicals is a common phenomenon
for inorganic nanoclays. After being exposed to high tempe-
ratures, nanocomposites that included silicates or silica re-
tain their structural integrity, and the decomposition of orga-
nic components takes place within the material, cutting the
level of soot issued [8]. The accumulation of a carbonaceous-
silicate char layer on the surface of the material results in the
insulation of the material and the retardation of mass loss. By
enhancing char formation and decreasing heat release, nano
flame retardants have been found to reduce flammability as it
was shown in Ref. [9].

The physical preparation method seems to be more pro-
ductive if silicate layers of nanoclays are properly interca-
lated or exfoliated in the matrix. A labyrinth effect occurs
when volatile species released during combustion are unable
to diffuse freely because of the tortuous path formed by these
layers [16,17].

2. Experimental

This part discusses the practical steps involved in prepa-
ring the materials used in flame retardant specimens’ prepa-
ration, functionalization of kaolinite and preparation of the
kaolin/epoxy resin nanocomposites.

2.1. Materials

Imported from the Sikadur-52 company in the United
States, epoxy resin and hardener type (amine). For cu-
ring, this study used a 2:1 ratio of epoxy and hardener.

The raw kaolinite was obtained from white stone produ-
ced and processed in the western desert mining division/Al-
Rutbah/Al-Anbar governorate/ Iraq, with the chemical for-
mula of Al2Si2O5(OH)4.

Functionalization of kaolinite: The kaolin nanopowder
was prepared from its raw stones, which were crashed and
grinded to obtain powders with a final fineness of fewer than
20 µm and used for size reduction, mixing and triturating.
The kaolin nanoparticle was prepared by mixing (30 g) of
ultra-fine powder with (300 mL) of ethanol, (100 mL) of
distilled water and (10 mL) of HCl with a concentration of
(36.5 %). After stirring for 14 hours, the mixture was filtered
and washed several times by using distilled water to get rid of
the effects of HCl. The importance of using HCl lies in acti-
vating the kaolin surface and removing carbonate impurities,
thereby increasing its compatibility with epoxy resin. The so-
lution containing the mixture was tested using the pH meter
to confirm its equivalence then filtered, dried in air at room
temperature and calcinated at 800 ◦C for 4 hours. To convert
it into the chemically active form metacacoline. To remove
the impurities which present in the powder. AFM, XRD and
EDX tests were performed to prove the particle size of pre-
pared powder on the nanoscale.

Pre-processing of the kaolin/epoxy resin nanocompo-
sites: Hand lay-up molding was used to prepare the nano-
composites, to ensure effective dispersion and prevent agglo-
meration at high concentrations, intensive mechanical mixing
was used to increase the penetration of polymer chains bet-
ween the nanolayers. Molded cases in the form of sheets with
sizes of 13 × 13 × 0.4 cm3. All samples were given sufficient
time to harden (24 hours) to ensure that the chemical reaction
in the presence of nanoparticles was complete. These epoxy
resin sheets were made for each percentage weight of flame
retardant substance (kaolin) nanopowder (0, 2, 4, 6, 8, and
10) wt. percent, respectively. Depending on the method of
test, the samples were laser cut and obtained charming ends.
The samples were chosen as 130 ± 5 mm for the limiting
oxygen index (LOI) length, the height of flame (HF) length
is equal to 125 ± 5 mm, and with the rate of burning (RB)
length matches the LOI length. That is, the width of LOI was
6.5 ± 0.5 mm with a width of 10 ± 0.1 mm for the HF, while
RB with set to 12.5 ± 0.5 mm. Furthermore, their thickness
was equal to 3.0 ± 0.1 mm, as shown in Figure (2). It should
be noted that the diagram shown in Fig. 2 represents an illus-
trative model of the mechanism of chemical interaction and
bonding, where the step of ‘silane grafting’ in the diagram re-
flects the principle of surface activation achieved in this study
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FIGURE 2. Diagram of pre-processing of the kaolin/epoxy resin
nanocomposites.

FIGURE 3. The surface topography of kaolin nanopowder.

by activating kaolin with hydrochloric acid (HCl) and calci-
ning at 800 ◦C, which created strong and highly compatible
bonds between the nanoparticles and the epoxy matrix.

Characterization: The acidity and alkalinity of the so-
lution containing kaolin powder were measured individually
by using the pH meter type (pH starer 2000). The surface to-
pography of the prepared nanopowder was studied by using
a German-made compact AFM. The crystalline structure of
the prepared powder was identified by using X-ray diffrac-
tion type (Shimadzu XRD-6000) with the target (Cu) and wa-
velength (1.5406 Å). The chemical composition of the prepa-
red powder was studied using a scanning electron microscope
test, model (AIS 2300, USA). In order to determine the flam-
mability of polymers, the limiting oxygen index (LOI), was
used (ASTM: D-2863). It is necessary to monitor the RB, the
average time of burning (ATB) and the average extent of bur-
ning (AEB) in accordance with (ASTM: D-635). While HF
and the quantity of weight loss in the polymer are carried out
in compliance with the scheme (ASTM: D-3014).

3. Result and discussion

3.1. PH meter test

The acidity and alkalinity for the solution of the nano-
powder were measured, where kaolin solution has neutral
PH.

3.2. Atomic force microscopy test

Surface morphology of prepared kaolin nanopowder ima-
ge is illustrated in Fig. 3, where the particles appear with clear
nanoscale dimensions and an average size of 38 nanometres,
with peak heights reaching approximately 72.8 nanometres,
which enhances the contact surface area between the nano
and polymer.

TABLE I. Values of surface roughness, RMS and mean grain size
of prepared powder.

Sample Surface RMS Mean grain

Roughness (nm) (nm) Size (nm)

Kaolin 12.251 8.5356 38

3.3. X-ray diffraction-test

From Table I, it was observed that the surface roughness
and mean grain size of the preparation due to the large size
of grain causes porosity during the molding, which is con-
sidered a weak area of the sample because it will be a store
of oxygen. From Fig. 4, there are three phases are detected in
the XRD pattern: kaolinite, goethite and quartz with crystalli-
ne phases triclinic, orthorhombic and hexagonal, respectively
[18,19]. The average grain size for synthesized kaolin was
determined by Scherrer’s equation. It was found to be about
(42.7 nm). This result is in full agreement with the results that
were obtained in Table I.

3.4. Energy dispersive X-ray spectroscopy-test

The elemental composition in the reaction mixture of na-
nopowder material was analyzed by detecting X-ray emission
due to the electron beam where the energy distribution of the
X-ray emission was analyzed by (EDX). The EDX spectrum
of raw material and prepared nanopowder and kaolin

TABLE II. XRD data of prepared nano-powder for the strongest
three peaks.

Sample 2θ(◦) d(Å) FWHM(◦)

Kaolin 26.5912 3.34949 0.17050

20.8054 4.26604 0.20240

50.0568 1.82075 0.16990
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FIGURE 4. XRD pattern of kaolin nanopowder.

FIGURE 5. EDX spectrum of kaolin raw powder.

TABLE III. Chemical composition of kaolin raw powder.

Element Weight % Atomic % Series

O 52.52 69.81 K
Mg 0.47 0.41 K
Al 12.64 9.96 K
Ca 0.26 0.14 K
Si 16.43 12.44 K
K 0.63 0.34 K
Ti 1.17 0.52 K
Fe 15.02 5.72 K
Na 0.47 0.44 K
Cl 0.39 0.22 K

shows in Figs. 5 and 6, respectively. The elements that cons-
titute the raw material and prepared nanopowder are given
in atomic and mass percentages in Tables III and IV, res-
pectively. From Fig. 6, the kaolin nanopowder is composed
mainly of Al2O3 and SiO2, elements Al, Si, O , this result
confirms that the kaolin clay is mainly composed of kaolinite
and quartz clay minerals. Trace amounts of iron and titanium
were also detected as natural impurities in the ore structure,
this corresponds to the result of XRD. In the clay powder,
(Al2O3) doesn’t exist in its free form but is bound to the clay
minerals.

3.5. LOI-test (limiting oxygen index)

The limiting oxygen index (LOI) model is the most com-
monly used method for determining the resistance to ignition
and comparative flammability of polymeric materials. It was

determined using the (ASTM: D-2863), and the results were
determined by using the formula [20,21]:

n% =
VO2

VO2
+ VN2

× 100, (1)

where n% stands for LOI, the volumetric speed flow of ni-
trogen in ml/sec is represented by VN2

, while VO2
refers to

the volumetric speed of oxygen in ml/sec.
Table V shows the outcomes that were obtained. That is,

in Table V, it is shown that LOI is increased when the reinfor-
cement ratios of the added kaolin nanopowder to the epoxy
(directly proportional) increase. This is due to the fact that

FIGURE 6. EDX spectrum of kaolin nanopowder.

TABLE IV. Chemical composition of kaolin nanopowder.

Element Weight % Atomic % Series

O 51.95 67.47 K

Al 20.28 15.62 K

Si 19.38 14.34 K

K 0.79 0.42 K

Ti 0.89 0.39 K

Fe 1.75 0.65 K

Nb 4.96 1.11 L

these additives create an inert atmosphere, which diminishes
and hinders the oxygen from getting to the flame zone, which
really is essential to sustaining the ignition’s stability.

As a result of the exposure of (kaolin/Epoxy) nanocom-
posites in the air and at atmospheric pressure, dehydroxyla-
tion occurs by an endothermic process at (550-700◦C) to give
a meta form called irregular metakaolin and a continuous loss
of hydroxyl groups (OH−) at temperatures (700-800◦C), due
to oxolation. Removal of hydroxyl from kaolin leads to a fai-
lure of the material and thus non-resistance to flame [22,23].
Kaolin works by heat absorption mechanism and cools the
surface of the material to 700◦C.

3.6. Burning rate-test

The test was measured using the (ASTM: D-635) man-
ner and intended to use formula (2) and (3), [24,25], ATB in
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minutes and AEB were calculated as follows:

ATB =

∑
(t− 30)

N
, (2)

ABE =

∑
(100−X)

N
. (3)

TABLE V. Results of LOI for the epoxy without and with reinfor-
cement ratio of kaolin nanopowder.

Type of additive LOI vs. Additives %

0 2 4 6 8 10

Neat Epoxy 19.59 - - - - -

Epoxy + Kaolin - 20.23 21.1 21.56 21.95 22.33

TABLE VI. ATB, AEB, RB, SE and NB for epoxy without and with
reinforcement ratios of kaolin nanopowder.

Test Additives %
Original 2 4 6 8 10

ATB 5.35 5.81 6.08 6.9 4.5 3.61
AEB 10.3 10.3 10.3 10.3 4.12 3.88
RB 1.92 2.02 1.91 1.83 1.65 1.34
SE - - - - - -
NB - - - - - -

In the last two expressions, the time in minutes is repre-
sented by t, when self-extinguishing occurs, the length of the
not yet burned portion of the structure is evaluated in cm,
which is represented by X , and N is the number of samples.
A worthy mention here is that according to the (ASTM: D-
635) methodology, RB is measured in cm/min. Moreover, the
self-extinguishing is abbreviated by SE and NB stands for
that after removing the heat source, the specimen’s ignition
does not continue.

The results of RB of epoxy with additive show a large
drop in RB. The RB of epoxy samples was measured without
and with additive in addition to the values of (ATB) and
(AEB) were calculated by using Eqs. (2) and (3), respecti-
vely, as listed in Table VI. The decrease in the R.B is inver-
sely relative to the growth in the reinforcement ratios of the
added additive to the epoxy for the same reason mentioned in
the LOI test.

3.7. HF maximum-test

The burning substantial residual weight percentage was
determined using the strategy defined in (ASTM: D-3014)
and determined by calculating using the equation given
[25,26]:

PWR% =
W1 −W2

W1
× 100. (4)

In which, the weight of the specimen before combustion
in gm is represented by W1, W2 stands for the weight of resi-
dual material succeeding the combustion also in gm, further-
more, PWR % is the residual percentage weight of the bur-
ning material.

Table VII summarizes the output of the HF measurement
for EP including several kaolin weight proportions. The re-
sults showed that the increasing reinforcement ratios of the

TABLE VII. (HF) with reinforcement ratios of kaolin.

Test H vs. percentage additives
Non 2 4 6 8 10

W1(gm) 4.56 4.76 4.85 5.23 5.31 5.36
W2(gm) 1.37 0.8 0.86 1.28 1.4 1.47
PWR % 69.95 83.19 82.26 75.52 73.63 72.57
HF(cm) 12.3 11.3 8.8 7.43 5.44 4.52

TABLE VIII. ATB, AEB, RB, SE and NB for EP.

Test Additives %
Non 2 4 6 8 10

ATB 5.35 6.71 7.3 3.22 2.52 2.25
AEB 10.3 10.3 10.3 4.1 1.8 1.4
RB 1.92 1.73 1.69 1.2 0.57 0.49
SE - - - Yes Yes Yes
NB - - - - - -

added additive lead to the decrease of (HF) (inversely pro-
portional) and an increase in the effectiveness and retardancy
(directly proportional) for the same reason mentioned in the
LOI test.

4. Conclusions

The nanocomposites of functionalized kaolin/epoxy re-
sin were synthesized using synthesized kaolin as padding.
The used method was successful in preparing nanopowder
for kaolin clay with an average grain size (38 nm). Limi-
ting oxygen index (LOI) was increased and rate of burning
(R.B) and maximum flame height (HF) were decreased for
epoxy resin by increasing the reinforcement ratios of additi-
ve. They demonstrated that surface functionalization of kao-
lin is a straightforward but effective technique for producing
elevated clay mineral-polymer nanocomposites.
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Poly(3,4-ethylenedioxythiophene)-polystyrenesulfonate (PEDOT: PSS) with secondary doping has been widely researched as a hole transport
layer in solar cells because secondary doping can provide conformational change and improve the properties of PEDOT: PSS. PEDOT: PSS
is doped with graphene oxide (GO) to form PEDOT: PSS/GO solution, and then, sodium hydroxide is added into the acidic PEDOT: PSS/GO
solution. The novelty of this work relies on the pH effect of PEDOT: PSS/GO, which shows basic condition allows better dispersity of GO
in water. The HRTEM result indicates the formation of PEDOT: GO. Besides, the two-point probe results show that both acidic and basic
PEDOT: PSS/GO is more conductive than PEDOT: PSS and GO alone. This was due to the transformation of benzoid structure to quinoid
structure which has been supported by the lower d-spacings of acidic PEDOT: PSS/GO (3.48 Å) and basic PEDOT: PSS/GO (3.44 Å)
compared to PEDOT: PSS (3.56 Å) in the XRD result. Other than that, the UV-Vis absorbance result shows that the PSS chain absorbance
peak in basic PEDOT: PSS/GO is around 13 % lower than that in acidic PEDOT: GO, indicating better replacement of insulating PSS chain
and more successful formation of PEDOT: GO. In the EDX results, the basic PEDOT: PSS/GO shows higher oxygen content (93.34 %) than
acidic PEDOT: PSS/GO (44.58 %) due to the increase of hydroxyl groups of GO in basic conditions caused by NaOH. Besides, the average
resistance values of the basic PEDOT: PSS/GO and acidic PEDOT: PSS/GO layers are 3.72E+10 Ω and 1.30E+10 Ω, respectively. The Na+

ion in NaOH resulted in the damages of unreacted PEDOT: PSS, making the basic PEDOT: PSS/GO sample more electrically resistant than
the acidic PEDOT: PSS/GO sample. Despite some of the adverse effects of basic PEDOT: GO, it shows the lowest surface roughness (Rq:
2.52 nm) among all potential HTLs investigated, indicating the best deposition on glass and wettability for organic semiconductors (OSCs)
which can be applied as a counter electrode in dye-sensitized solar cell (DSSC) application.

Keywords: Polymer; graphene oxide; acidic; basic; characterization; properties.
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1. Introduction

Organic materials which are low-cost materials have been
greatly utilized as third-generation solar cells such as the dye-
sensitized solar cells and the perovskite solar cells [1]. The
hole transport layer has been an important interlayer in orga-
nic solar cells [2] and perovskite solar cells to perform bet-
ter hole extraction and transportation [3]. According to Yu et
al. (2018), one of the very popular hole transport layers used
in perovskite solar cells is poly(3,4-ethylenedioxythiophene)-
polystyrenesulfonate (PEDOT: PSS) since it can form a
smooth surface on the indium-tin oxide (ITO) electrode [4].
Even so, it has disadvantages like being very acidic which
could cause corrosion on the perovskite layer and ITO elec-
trode, because of that, the stability and the performance of
perovskite solar cells based on PEDOT: PSS hole transport
layer (HTL) can be adversely affected [4]. Other than perovs-
kite solar cells, PEDOT: PSS can work as a hole transport la-
yer for organic solar cells as well [5]. The PSS component in
PEDOT: PSS is held with the PEDOT unit through an ionic
bond and such interaction provides stabilization in aqueous
media [6]. Ozcan et al. (2020) mentioned that the good aspect
of PSS is that it can make PEDOT: PSS dispersive, however,

PSS is insulating, thus, the conductivity of PEDOT: PSS is
adversely affected by the PSS component, even so, it is pos-
sible to increase the conductivity through secondary doping
[6].

One of the very popular types of materials to be combi-
ned or doped with PEDOT: PSS is the carbon material such
as graphene [7,8], graphene oxide (GO) [9,10], and redu-
ced graphene oxide (rGO) [11,12]. Among various graphene-
based materials mentioned, although having conductivity lo-
wer than graphene and rGO, GO has the best wettability to
deposit perovskite solution [13]. It has been reported that the
removal of insulating PSS could increase the conductivity but
the power conversion efficiency still decreases because the
PEDOT-rich surface is unfavorable for the perovskite crystal
growth [14]. The pros of GO for having strong wettability for
perovskite deposition could outweigh its cons of being less
conductive than graphene and rGO. Since acid is a hygros-
copic [15], it can absorb moisture, resulting in poor stability
of solar cells [16]. It has been widely known that the highly
acidic PEDOT: PSS can degrade the perovskite layer in a
perovskite solar cell, as a result, the efficiency and stabi-
lity
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FIGURE 1. Modified synthesis of acidic and basic PEDOT: PSS/GO solutions.

of perovskite solar cells have been greatly reduced [17].
Furthermore, the acidity of PEDOT: PSS can harm the ITO
electrode in organic solar cells as well [18]. So, research rela-
ted to the effect of pH condition on PEDOT: PSS on the per-
formance of perovskite solar cells has been conducted, and
basic PEDOT: PSS hole transport layer has indicated better
performance in terms of efficiency than the acidic PEDOT:
PSS hole transport layer [17] Even so, it has been shown that
basic PEDOT: PSS has lower wettability [17], and that can
adversely affect the deposition of the perovskite solution in
an inverted structure solar cell [19]. Thus, to increase the wet-
tability, the addition of GO is a good choice because GO can
increase the wettability of the composite [19]. Coincidently,
the basic condition can make GO a more dispersive [20]. GO
aggregates in acidic conditions and dissolves better in basic
conditions because carboxyl groups of GO can be protonated
in acidic conditions and that makes it less hydrophilic, thus
forming an aggregation [20]. On the contrary, the carboxyl
groups can be deprotonated in a basic condition which makes
GO a more dispersive [20], due to the electrostatic repulsion
between the deprotonated carboxyl groups [21].

In this study, the pH of basic PEDOT: PSS/GO solution
was tuned by NaOH, and different potential hole transport
materials which are GO, PEDOT: PSS, acidic, and basic PE-
DOT: PSS/GO were compared to study the electrical, struc-
tural, and optical properties. Besides, the pros and cons of
acidic PEDOT: PSS/GO and basic PEDOT: PSS/GO were in-
vestigated.

2. Materials and methods

2.1. Sample Preparation

GO was synthesized with graphite (C0350) from HmbG
Chemicals through a modified Hummer’s method [22].
GO was kept in the solution form without drying in-

to powder form and the solution was diluted to 1.5
L. The conductive grade poly(3,4-ethylenedioxythiophene)-
poly(styrenesulfonate) (PEDOT: PSS) with 1.3 wt % disper-
sion in H2O (483095-500G) was purchased from Sigma Al-
drich. The PEDOT: PSS/GO solution synthesis process was
modified from the method conducted by Yu et al. (2014) [23].
The graphene oxide solution was sonicated for 2 hours. Then,
the sonicated solution was centrifuged at 4500 rpm for 15 mi-
nutes to remove any large GO nanosheets, which means the
centrifuged solution was kept and the very little precipita-
te was removed. Next, the PEDOT: PSS solution was mixed
with the GO solution directly with the volume ratio of 1: 1
and the mixture was left in the fridge (3◦C) to be stabilized
for one day. The original PEDOT: PSS/GO solution was aci-
dic (pH between 2 and 2.5). After that, 0.1 M of NaOH was
carefully added drop by drop with a dropper to the solution
until the solution became basic (pH between 8.5 to 9). The
pH meter was used to determine the pH of the solution inter-
mittently until the desired pH. The acidic and basic PEDOT:
PSS/GO mixture solutions were spin-coated onto the cleaned
glass substrates at 4000 rpm for 45 seconds, then, the layer
was annealed at 145◦C for 15 minutes [23]. GO and PEDOT:
PSS solutions were also deposited with the same procedure
for further investigation.

2.2. Material characterizations

To provide a fundamental baseline for PEDOT: PSS/GO
solutions, Agilent Technologies: Cary Series UV-Vis-NIR
Spectrophotometer was used to obtain the absorbance spectra
of various potential hole transport layer using solution-based
measurement. The wavelength range scanned was between
200 nm and 800 nm using standard cuvette of 10 mm opti-
cal pathlength. High-Resolution Transmission Electron Mi-
croscopy (HRTEM) images were obtained by using JEOL
JEM 2100F Field Emission Transmission Electron Microsco-
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pe (FETEM) operated at an accelerating voltage of 200 kV.
Bruker D8 DISCOVER featured with DAVINCI design was
employed to obtain the X-ray diffraction (XRD) pattern, the
radiation source is Cu-Kα, and 2θ was scanned from 10◦C to
90◦C. For XRD, the samples were drop-cast rather than spin-
coated. The atomic force microscope (Bruker Dimension Ed-
ge) was used to study the surface morphology and roughness
of the potential hole transport layers. The scan range for each
spot was 5 micrometers and the scanning was run at 1 Hz.
The spring constant and resonance frequency for the silicon
cantilever were around 40 N/m and 250-300 kHz respecti-
vely.

A field emission scanning electron microscope (NOVA
NANOSEM 450) was employed to obtain high-resolution
images of deposited potential HTL particles and the elemen-
tal components by the EDX feature. The FESEM images we-
re taken at the voltage of 10 kV with magnification of 10 kX
and 100 kX. The EDX feature was run at 10 kV with a wor-
king distance of 5 mm and the magnification was 10 kX.
KEITHLEY 4200-SCS two-point probe was employed to ob-
tain the current-voltage (I-V) curves of different deposited
potential hole transport layers. The working voltage range
was -10 V to 10 V and the resistance values could be obtained
from 1/gradient of the I-V curves.

3. Results and discussion

3.1. UV-Vis result

As shown in Fig. 2, the absorbance peaks of GO, PEDOT:
PSS, basic PEDOT: PSS/GO, and acidic PEDOT: PSS/GO
in between the regions of 200 nm to 800 nm are 231 nm,
224 nm, 225 nm, and 225 nm respectively. GO has an ab-
sorbance peak at around 231 nm which is very near to the
previously reported result [24]. The absorbance peak around
230 nm is due to the electron transition at the carbon π bonds

FIGURE 2. Absorbance spectra of potential HTL solutions.

[25]. According to Xia et al. (2012), the absorbance peak at
around 224 nm is the absorbance peak of the aromatic ring
of the PSS unit, thus, the decrement of the peak intensity
around that region indicates more replacement of PSS with
GO [26]. Based on this concept, it is seen in Fig. 2 that the
peak intensity of basic PEDOT: PSS/GO at 225 nm is around
13 % lower than that of acidic PEDOT: GO, which shows
more replacement of PSS in the basic PEDOT: PSS/GO so-
lution. The reason can be that GO is more dispersive in basic
conditions than in acidic conditions [20], thus, GO is mo-
re evenly mixed with PEDOT: PSS, so, the replacement of
PSS with GO can be more widely done. The PSS chain de-
tached from the PEDOT unit can be attached to GO through
the hydrophilic-hydrophilic interaction [27]. Another possi-
ble reason behind the lower PSS chain absorbance of basic
PEDOT: PSS/GO is that the Na+ from NaOH can remove
PSS from PEDOT: PSS to form Na+PSS− [28]. The reason
for the red-shift of PSS chain peak from 224 nm in PEDOT:
PSS absorbance spectrum to 225 nm in the acidic and ba-
sic PEDOT: PSS/GO absorbance spectra is possibly due to
the effect of GO, which has a peak at 231 nm rather than
224 nm, thus, slightly red-shifting the peak. However, there
was no peak shown at around 231 nm (GO absorbance peak)
for both acidic and basic PEDOT: PSS/GO but the presence
of a 225 nm peak for the PSS chain is distinct for both ca-
ses, which indicates the dominant presence of unreacted PE-
DOT: PSS in the PEDOT: PSS/GO solutions, although a por-
tion of PEDOT: PSS has been transformed into PEDOT:/GO.
This measurement confirms the interaction and mechanism
between PEDOT: PSS and GO to produce acidic and basic
PEDOT: PSS/GO.

3.2. HRTEM Result

Figure 3 shows the HRTEM images of GO and PEDOT:
PSS/GO at different resolutions. The graphene oxide layer
deposited can be observed in Fig. 3a). There are certain dark
spots found on the GO layer in Fig. 3b) which are the PEDOT
molecules bonded with GO. Figure 3d) shows a clearer image
of PEDOT (dark) on GO (bright), which is similar to the ima-
ge of PEDOT within rGO layers in previous literature [29].
The GO HRTEM image with 10 nm resolution is shown in
Fig. 3e), which roughly indicates the hexagonal lattice struc-
ture of GO. There are also lines representing the crystallites
of PEDOT on the GO layer in Fig. 3f), as indicated in the ye-
llow box. The HRTEM result supports the UV-vis result whe-
re the UV-vis result shows the replacement of the PSS chain
by GO [26] and the HRTEM result indicates the formation of
PEDOT: GO.

The X-ray diffraction pattern has also been obtained as
indicated in Fig. 4. As shown in Fig. 4, the graphene oxide
indicates a peak at 21.325◦C which indicates the interlayer
spacing of 0.416 nm, which is not in correspondence to the
normal GO XRD peak at around 10◦C which represents the
interlayer spacing of around 0.8 nm [30]. However, the UV-
visible result shown in Fig. 2 indicates the GO absorbance
peak at 231 nm which indicates the presence of a graphene
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FIGURE 3. HRTEM images of a) GO (500 nm), b) PEDOT: PSS/GO (500 nm), c) GO (20 nm), d) PEDOT: PSS/GO (20 nm);
e) GO (10 nm); f) PEDOT: PSS/GO (10 nm).

oxide [24], the reason is probably due to the effect of annea-
ling because the UV-vis absorbance spectra are the results of
the hole transport layer (HTL) solutions while the XRD re-
sults are obtained after drop-casting and annealing. With mo-
re oxygen functional groups, the interlayer spacing increases
[31], thus, the lower interlayer spacing obtained shows fe-
wer oxygen functional groups. According to [32], the drying
process increases the GO 2θ peak in XRD, where the GO
powder dried at 140◦C for 30 minutes indicated the 2θ peak
between 19 to 24◦C because of the eradication of intercalated
water and certain oxygen functional groups. Since the annea-
ling temperature in this study is 145◦C, the water and oxygen
content can be reduced, making the interlayer spacing shor-
ter.

As shown in Fig. 4, the XRD peaks for PEDOT: PSS,
acidic PEDOT: GO, and basic PEDOT: PSS/GO are 25◦C,
25.553◦C, and 25.906◦C respectively, indicating the interpla-

nar spacing of 3.56 Å, 3.48 Å and 3.44 Å respectively. The
interplanar spacing at around 3.5 Å is the pi-to-pi stacking
(010) of PEDOT and the decrease in the pi-to-pi stacking dis-
tance can be attributed to the transformation of PEDOT struc-
ture from benzoid to quinoid form [33]. The PEDOT bonds
with GO through pi-to-pi interactions [34] and for more pi-
to-pi interactions to occur [35], the transformation of PE-
DOT structure from benzoid to quinoid occurs [36]. Because
of that, the reduction of interplanar spacing from 3.56 Å to
3.48 Å shows the formation of PEDOT: PSS/GO after GO
replaces the PSS chain. This can be supported by the reduc-
tion of the PSS chain absorbance peak in the UV absorbance
result in Fig. 2 which indicates the replacement of the PSS
chain by GO [26] and the HRTEM result in Fig. 3f) which
indicates the formation of PEDOT: GO. Thus, lower inter-
planar spacing of basic PEDOT: PSS/GO (3.44 Å) than that
of acidic PEDOT: PSS/GO (3.48Å) indicates more trans-
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FIGURE 4. X-ray diffraction pattern for basic PEDOT: GO, acidic
PEDOT: GO, PEDOT: PSS, and GO.

formation of PEDOT structure from benzoid to quinoid and
more PEDOT: PSS/GO formation which corresponds to the
lower PSS chain absorbance peak of basic PEDOT: PSS/GO
in Fig. 2 that indicates more replacement of PSS chain. In
Fig. 4, the GO peak at 21.325 degrees is not observed in
the acidic and basic PEDOT: PSS/GO XRD patterns at all,
this indicates the low presence of GO. Such phenomenon can
be explained by the UV-Vis result in Fig. 2 where the peak
of 225 nm which represents the PSS chain absorbance [26]
in both acidic and basic PEDOT: PSS/GO is obvious whi-
le the GO absorbance peak is unseen. This shows the domi-
nant presence of unreacted PEDOT: PSS even in the PEDOT:
PSS/GO solutions.

Figure 5 shows the surface morphology of the four po-
tential hole transport layers. The Rq (root-mean-square) va-
lues of two random points on each layer were taken and each
average Rq value was calculated. The film thicknesses of
PEDOT: PSS, GO, acidic PEDOT: GO, and basic PEDOT:
PSS/GO are 32.9 nm, 18.6 nm, 45.0 nm and 49.5 nm, res-
pectively. The surface roughness (Rq) of PEDOT: PSS, GO,
acidic PEDOT: GO, and basic PEDOT: PSS/GO are 3.04 nm,
2.65 nm, 2.88 nm, and 2.52 nm, respectively. The low surface
roughness result of PEDOT: PSS (3.04 nm) is consistent with
the smooth surface characteristic of PEDOT: PSS (less than 5
nm) stated by Sun et al. (2015) [44]. According to Luo et al.

(2017), the contact angle of the PEDOT: PSS/GO surface is
smaller than the PEDOT: PSS surface, which shows that GO
is more hydrophilic than the PSS chain unit [19]. That allows
GO and GO-based materials to be deposited more evenly due
to the stronger adhesion on glass. Thus, GO and both acidic
and basic PEDOT: PSS/GO show lower surface roughness
than PEDOT: PSS.

The basic PEDOT: PSS/GO surface with the Rq value of
2.52 nm is smoother than the acidic PEDOT: PSS/GO surfa-
ce with the Rq value of 2.88 nm. That seems to contrast with
the previous result [17], which showed that basic PEDOT:
PSS has a higher contact angle than acidic PEDOT: PSS
and neutral PEDOT: PSS. However, since the result shown
in that literature does not involve GO, it does not take GO
dispersity in basic conditions into account. GO is more dis-
persive in the basic condition [20]. Because of that, GO can
spread in the solution more evenly, providing more possibi-
lity to react with PEDOT: PSS, thus, allowing more forma-
tion of PEDOT: PSS/GO molecules. Since PEDOT: PSS/GO
is more hydrophilic than PEDOT: PSS [19], more PEDOT:
PSS/GO formation allows the solution to be more hydrophi-
lic. Higher hydrophilicity allows better adhesion on glass,
thus, allowing more even deposition, because of that, basic
PEDOT: PSS/GO shows lower surface roughness than acidic
PEDOT: GO. That can be supported by the UV-vis result in
Fig. 2, where the lower PSS chain peak absorbance of ba-
sic PEDOT: PSS/GO solution indicates more removal of PSS
[26] and the XRD result, where the lower pi-to-pi stacking
in basic PEDOT: PSS/GO indicates more benzoid to quinoid
transformation [33] and thus, more PEDOT: PSS/GO forma-
tion [23].

However, there is also another possible reason for basic
PEDOT: PSS/GO to be more dispersive than acidic PEDOT:
GO, which is due to the damage of the epoxide group and
the production of the hydroxyl group after lengthy mixing
with NaOH, resulting in the formation of graphene hydro-
xide [37]. The epoxide group’s contribution to solubility is
smaller than the hydroxyl group due to the lower solubility
of the R-O-R group than the R-OH group [38]. Thus, the in-
crease of hydroxyl groups in GO makes the overall mixture of
basic PEDOT: PSS/GO more dispersive than the mixture of
acidic PEDOT: GO, causing better wettability and adhesion
on glass, resulting in more even deposition and lower surface
roughness. Since a rough surface can lead to interfacial re-
combination which is undesired in the solar cell application
[39], basic PEDOT: PSS/GO with the lowest surface rough-
ness can have the least interfacial recombination.

The elemental evolution of the (HTL) composites was
quantitatively assessed via Energy-Dispersive X-ray (EDX)
spectroscopy. From Fig. 6a), the analysis of pristine GO re-
vealed a balanced atomic distribution of oxygen (49.22 %)
and carbon (50.78 %), whereas pristine PEDOT: PSS showed
in Fig. 6b) exhibited a significantly higher oxygen concen-
tration of 85.1 %. This elevated oxygen content is intrinsic
to the PEDOT: PSS structure, arising from the oxygen-dense
ethylenedioxy groups in the PEDOT backbone and the sul-
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FIGURE 5. Atomic force microscopy results for a) PEDOT: PSS; b) GO; c) acidic PEDOT: GO; d) basic PEDOT: GO.

fonate groups of the PSS chains. Upon the integration of GO
to form the acidic PEDOT: PSS/GO composite as in Fig. 6c),
the carbon content increased markedly to 55.12 % compared
to the 14.21 % observed in pristine PEDOT: PSS. This shift
confirms the successful loading of the carbon-dense GO lat-
tice within the polymer matrix. A profound elemental diver-
gence was observed in the basic PEDOT: PSS/GO sample in
Fig. 6d), which exhibited an anomalous oxygen concentra-
tion of 93.34 % and a depleted carbon fraction of 6.41 %.

This phenomenon is likely driven by two synergistic me-
chanisms. First, the enhanced dispersity of GO under alkaline
conditions promotes more intimate mixing with the PEDOT:
PSS matrix, facilitating the displacement of insulating PSS
chains [20]. While UV-Vis spectroscopy confirmed a 13 %
reduction in PSS absorbance which indicates successful PSS
replacement by GO and Na+ ions [26,28], the magnitude of
the oxygen spike suggests a second, more dominant chemical
transformation. Under basic conditions, the introduction of

NaOH facilitates the ring-opening of the epoxy groups on the
GO basal plane, leading to a proliferation of hydroxyl fun-
ctionalities and the formation of graphene hydroxide species
[37]. This chemical restructuring is further supported by the
sulfur (S) content trends. The atomic percentage of sulfur de-
creased from 0.3 % in the acidic composite to 0.24 % in the
basic variant. This reduction is attributed to the interaction
of Na+ ions with the PSS− polyanion, forming Na+PSS−

complexes that effectively decouple the PSS from the PE-
DOT: PSS/GO system [28,34]. Since the PSS chains typi-
cally maintain stability through hydrogen bonding with the
GO oxygen groups, their displacement by Na+ results in a
localized reduction of the sulfur signature. These elemen-
tal shifts, combined with the observed reduction in XRD d-
spacing from 3.56Å to 3.44Å, underscore a transition from a
coiled benzoid to a planarized quinoid conformation, ultima-
tely governing the optoelectronic performance of the resul-
ting HTL.
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FIGURE 6. FESEM and EDX results at 10kX for a) GO; b) PEDOT: PSS; c) acidic PEDOT: PSS/GO and d) basic PEDOT: GO. Insets are
the FESEM images at 100kX.

FIGURE 7. Two-point probe results for each HTL; a) random region 1; b) random region 2.

3.3. I-V result

Figure 7 shows the I-V curves for each HTL at two ran-
dom regions. The average resistance value for each HTL was
calculated and tabulated as shown in Table I. As shown in
Fig. 7, GO has the lowest curve among all which means it
is the least conductive potential hole transport layer, with the
highest average resistance of 1.55E+11 Ω and lowest bulk
conductivity of 8.58E-09 S/cm as shown in Table I. Due to
the existence of the oxygen functional groups, GO has a low
electrical conductivity [40]. PEDOT is a conjugated polymer

[41] and its conductivity can be contributed to the conjuga-
ted bonds with pi electrons which are delocalized [42]. Af-
ter PEDOT: PSS reacts with GO, GO replaces the insula-
ting PSS to form PEDOT: GO, and PEDOT combines with
GO through the pi-to-pi interaction [34]. During this process,
PEDOT transforms from a benzenoid structure to a quinoid
structure to allow more pi-to-pi interactions [35,36]. This can
be supported by the lower pi-to-pi stacking of basic PEDOT:
PSS/GO (3.44Å) and acidic PEDOT: GO (3.48Å) than that
of PEDOT: PSS

Rev. Mex. Fis. 72 061004



76 M. D. NURHAFIZAH, TAN YOU ZI, AND B. AFZALINA

TABLE I. Average resistance and bulk conductivity for each HTL.

HTL Resistance (Ω) Resistance (Ω) Average Sheet Bulk Conductivity,

material First region Second region Resistance (Ω) Resistance (Ω/sq) σ(S/cm)

Acidic PEDOT: PSS/GO 1.06E+10 1.54E+10 1.30E+10 1.95E+10 1.03E-07

Basic PEDOT: PSS/GO 2.76E+10 4.69E+10 3.72E+10 5.58E+10 3.58E-08

PEDOT: PSS 5.86E+10 6.79E+10 6.33E+10 9.50E+10 2.11E-08

GO 7.39E+10 2.37E+11 1.55E+11 2.33E+10 8.58E-09

(3.56Å) in the XRD result which reflects the transformation
of PEDOT structure from benzoid to quinoid [33]. The in-
crease of pi-to-pi interactions provides more paths for elec-
tron transfer [43], facilitating the electron transport process
[44], thus, making PEDOT: PSS/GO more conductive than
PEDOT: PSS with the values of 3.58E-08 S/cm and 2.11E-08
S/cm respectively. Meanwhile, the acidic PEDOT: PSS/GO
and basic PEDOT: GO showed average resistance values of
1.30E+10 Ω and 3.72E+10 Ω showing lower electrically re-
sistance than PEDOT: PSS, which has an average resistan-
ce value of 6.33E+10 Ω. Basic PEDOT: PSS/GO shows bet-
ter conductivity than acidic PEDOT: GO with the value of
2.11E-08 S/cm and 1.03E-07 S/cm respectively. However, the
results in Fig. 7 show that basic PEDOT: PSS/GO has a lower
I-V curve than acidic PEDOT: GO, thus, it is less conductive
than acidic PEDOT: GO.

Moreover, Table I shows that the basic PEDOT: PSS/GO
has an average resistance value of 3.72E+10 Ω, which is
higher than acidic PEDOT: PSS/GO which has an average
resistance value of 1.30E+10 Ω. The PSS chain is signifi-
cant in stabilizing the PEDOT: PSS molecule, thus, the loss
of PSS which destabilizes PEDOT: PSS can adversely affect
the charge carrier concentration [45]. When NaOH is present,
Na+ reacts with the PSS chain to form Na+PSS− [28], thus,
the PEDOT: PSS which loses the PSS component is destabi-
lized. Although many of the PEDOT: PSS have been trans-
formed into PEDOT: PSS/GO in the basic PEDOT: PSS/GO
solution, there are unreacted PEDOT: PSS molecules that can
contribute to the conductivity as well. In fact, by referring to
the absorbance spectra in Fig. 2, the peak of 225 nm which
represents the PSS chain absorbance [26] in both acidic and
basic PEDOT: PSS/GO is distinct, showing the dominant pre-
sence of unreacted PEDOT: PSS. When NaOH is used as a
base, the NaOH destroys the unreacted PEDOT: PSS molecu-
les, making them destabilized [28]. Thus, although there are
more PEDOT: PSS/GO molecules formed in the basic con-
dition than those formed in the acidic condition, the overall
conductivity contributed by both PEDOT: PSS/GO and un-
reacted PEDOT: PSS is higher in the acidic PEDOT: PSS/GO
layer than that in the basic PEDOT: PSS/GO layer, making
the basic PEDOT: PSS/GO layer more electrically resistant
than the acidic PEDOT: PSS/GO layer.

As compared to commercial ITO electrodes (10–100
Ω/sq); (1.0 x 103 S/cm), the optimized Acidic PEDOT:
PSS/GO film exhibits a highly resistive profile that is 9 or-

ders of magnitude higher in sheet resistance and 12 orders of
magnitude lower in bulk conductivity, a divergence consis-
tent with its role as a charge-selective interface rather than a
bulk current collector. Consequently, this multi-order of mag-
nitude difference does not hinder device performance. While
the underlying ITO layer is engineered exclusively for low-
loss bulk current extraction, these ultra-thin polymer blends
are optimized for energy level alignment, targeted hole ex-
traction, and electron blocking at the active layer boundary.

4. Conclusion

In a nutshell, PEDOT: PSS, as a commonly employed ho-
le transport layer can be doped with carbon materials such
as graphene oxide to improve its performance. The PEDOT:
PSS/GO synthesized from the mixture of PEDOT: PSS and
GO has shown better electrical properties, being more con-
ductive than PEDOT: PSS and GO. However, the acidic PE-
DOT: GO, with a lower average resistance value of 1.30E+10
Ω and conductivity value of 1.03E-07 S/cm is more conducti-
ve than the basic PEDOT: PSS/GO which has higher average
resistance value of 3.72E+10 Ω due to the damage of unreac-
ted PEDOT: PSS caused by NaOH. Based on the UV-Vis ab-
sorbance result, the PSS chain absorbance peak of the basic
PEDOT: PSS/GO is around 13 % less than that of the acidic
PEDOT: GO, indicating more replacement of the PSS chain
and better formation of PEDOT: GO. The XRD result further
supports the UV-vis result. The basic PEDOT: PSS/GO has
lower pi-to-pi stacking (3.44Å) than acidic PEDOT: PSS/GO
(3.48Å) which indicates more benzoid to quinoid transforma-
tion and more PEDOT: PSS/GO formation in basic PEDOT:
GO. The EDX results indicate higher oxygen content in the
basic PEDOT: PSS/GO (93.34 %) than in the acidic PEDOT:
PSS/GO (44.58 %) due to the presence of NaOH which ge-
nerates more hydroxyl groups in GO. Even so, based on the
AFM result, the basic PEDOT: PSS/GO still shows the lo-
west surface roughness (Rq: 2.52 nm) among all potential
HTLs, which can lead to the lowest interfacial recombina-
tion among all. That is due to the better wettability of basic
PEDOT: PSS/GO because of the higher dispersity of GO in
basic condition, thus, making the adhesion on glass better.
Therefore, the potential usage of basic PEDOT: PSS/GO in
the organic semiconductors (OSCs) such as film deposited
onto ITO as counter electrode for dye-sensitized solar cell
(DSSC).
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Undoped and aluminum-doped ZnO (AZO) thin films were prepared by the sol-gel method using spin coating. The films exhibited the
characteristic wurtzite crystal structure of ZnO with a preferential orientation along the c-axis. Surface and cross-sectional morphologies
were analyzed by scanning electron microscopy (SEM), revealing noticeable differences between the doped and undoped films. The optical
transmittance was approximately 77 % in the 450-750 nm range. Electrical resistivity decreased from 1,9×105 Ω·cm (ZnO) to 1,0×102 Ω·cm
(AZO). These results suggest that low-level Al doping enhances the electrical properties while preserving good optical transparency in AZO
thin films. Furthermore, the results highlight the correlation between structural, optical, and electrical properties in ZnO and AZO thin films.
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1. Introduction

Zinc oxide (ZnO) is a II-VI semiconductor with a wi-
de direct band gap of approximately 3.37 eV at room tem-
perature. In addition, it exhibits a high exciton density due
to its large exciton binding energy ( 60 meV). ZnO is al-
so characterized by high optical transparency in the visible
and near-ultraviolet regions, highlighting its strong poten-
tial for optoelectronic applications [1-3]. Furthermore, ZnO
has been extensively investigated for applications in photo-
catalysis [4], piezoelectric devices [5], solar cells [6], and
as a transparent conductive contact [7-8]. The electrical, op-
tical, and morphological properties of ZnO can be tailored
through doping [2,6]. In this material, doping can be achie-
ved by substituting cationic sites Zn2+ with metals or anionic
sites O2− with non-metals [6,9]. In particular, doping with
group III elements, such as Al, Ga, or In, has proven to be
an effective strategy for enhancing the electrical properties of
ZnO. AZO thin films exhibit increased electrical conductivity
while maintaining high optical transmittance, making them
attractive candidates for transparent electronics applications
[1]. Moreover, AZO thin films stand out due to their thermal
stability, low cost, and excellent transparency, which make
them especially suitable for electro-optical applications [10-
11] Various deposition techniques have been employed to fa-
bricate AZO films, including pulsed laser deposition [12-13],
molecular beam epitaxy (MBE) [14], and RF or DC magne-
tron sputtering [15-16]. However, these methods typically re-
quire complex and expensive equipment. On the other hand,
AZO films can be synthesized using the sol-gel method,
which has attracted significant attention due to its simplicity,
low cost, and potential for large-area coating [2,17-18]. Mo-
reover, the structural, optical, and electrical properties of the

resulting films are strongly influenced by several parameters,
such as the substrate, solvent, annealing temperature, doping
concentration, aging time, and precursor molar concentration
[2,19-21]. On the other hand, obtaining AZO films with pre-
ferential orientation along the c-axis prepared by the sol-gel
method is a challenge due to the various processing parame-
ters. AZO films with preferential orientation are of great in-
terest for applications in photovoltaic or optoelectronic devi-
ces [18,22-23]. In this work, ZnO and AZO thin films with
preferential orientation along the c-axis were prepared by a
sol-gel spin-coating route and deposited onto glass substra-
tes. The films were comparatively analyzed in terms of their
structural, morphological, optical, and electrical properties.
This study aims to provide further insight into the effect of
low aluminum concentration on the properties of ZnO thin
films, contributing to a better understanding of how subtle
compositional modifications influence their performance and
potential application in optoelectronic devices.

2. Materials and methods

2.1. Preparation of ZnO and Al-Doped ZnO precursor
sols

Undoped ZnO and aluminum-doped ZnO sols were
synthesized via the sol-gel method. Zinc acetate dihydra-
te (Zn(CH3COO)2·2H2O) was used as the zinc precursor,
absolute ethanol as the solvent, monoethanolamine (MEA)
as the stabilizing agent, and aluminum nitrate nonahydrate
(Al(NO3)3·9H2O) as the dopant source. For the AZO sols,
aluminum was introduced at a nominal concentration of 0.8
at %. A 0.2 M solution was prepared by dissolving 0.02 mol
of zinc acetate in 100 mL of ethanol. While the solution was
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stirred and heated to 80◦C, MEA was added dropwise at a
fixed MEA:Zn molar ratio of 1:1, inducing a transition from
a whitish to a transparent solution. Subsequently, aluminum
nitrate was added, and the mixture was refluxed for 3 h. Fi-
nally, the resulting sol was aged for 48 h prior to thin-film
deposition.

2.2. Thin-film deposition and thermal treatment

Thin films were deposited onto cover glass substrates by
spin coating. Prior to deposition, the substrates were sequen-
tially cleaned with acetone, isopropyl alcohol, and deionized
water, and then dried under a nitrogen stream. Spin coating
was carried out at 2000 rpm for 40 s. After each coating step,
the films were preheated on a hot plate at 100◦C for 10 min
to promote solvent evaporation and remove residual organic
species. This coating-drying cycle was repeated six times to
obtain the desired film thickness. Finally, the films were an-
nealed in a furnace at 500◦C for 2 h with a heating rate of
5◦C/min and then allowed to cool naturally to room tempera-
ture.

The deposition conditions were optimized, and the films
reported here were obtained under these optimized, contro-
lled, and reproducible parameters.

2.3. Film characterization

The crystallinity of the films was analyzed by X-ray dif-
fraction (XRD) using a Panalytical Empyrean diffractometer
operating in parallel-beam geometry with CuKα radiation.
Surface and cross-sectional morphologies were examined by
scanning electron microscopy (SEM) using a Carl Zeiss Su-
pra 40 Gemini microscope. Optical properties were charac-
terized by UV–Vis spectroscopy using a GBC UV–Vis 920
spectrophotometer. Electrical resistance was measured using
the standard four-point probe technique.

3. Results and discussion

3.1. Structural and morphology of the films

Figure 1 shows the X-ray diffraction (XRD) patterns of
undoped ZnO and Al-doped ZnO films grown on cover glass.
The crystalline planes present in the films were identified
using Miller indices (hkl). The diffraction peaks match well
with the JCPDS PDF card No. 00-036-1451, confirming that
the films exhibit the typical wurtzite structure of ZnO, are
polycrystalline, and show a preferential orientation along the
(002) direction. Moreover, no additional crystalline phases,
such as aluminum oxide or other impurities, were detected.

FIGURE 1. XRD patterns of undoped and Al-doped ZnO thin films.

The lattice parameters were calculated from the diffrac-
togram using the following relations [24-26]:

1

d2hkl
=

4

3

(
h2 + hk + k2

a2

)
+
l2

c2
, (1)

dhkl =
λ

2 sin θ
, (2)

where dhkl denotes the interplanar spacing for the (hkl) pla-
nes, and a and c represent the lattice constants. The calcula-
ted lattice parameters for the undoped ZnO and AZO films
are presented in Table I. No significant changes in the lat-
tice parameters are observed after Al incorporation, which
can be attributed to the relatively low aluminum concentra-
tion used in this work. This behavior is consistent with pre-
vious reports on doped ZnO films [2,21]. Moreover, the c/a
ratio is in agreement with the typical value for ZnO, con-
firming the hexagonal wurtzite crystal structure of the films.
The crystallite size was estimated using the Debye-Scherrer
equation [21,27-28], employing the full width at half maxi-
mum (FWHM) of the most intense diffraction peak (see Ta-
ble I). The larger crystallite size observed for the doped film
suggests that Al incorporation may have modified the growth
kinetics, possibly through enhanced atomic mobility, reduced
grain boundary energy, and decreased microstrain and defect
density.

TABLE I. Crystallite size (D), lattice constants (a, c), and c/a ratio
of ZnO and AZO films determined from XRD analysis.

Parameter ZnO AZO

a = b (Å) 3.242 (2) 3.242 (4)

c (Å) 5.191 (1) 5.191 (6)

c/a 1.601 1.601

D (nm) 10.6 (3) 17.0 (7)
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FIGURE 2. Texture coefficients of the (100), (002), and (101) pla-
nes of the AZO thin film.

In order to examine the preferred orientation of the crys-
tal structure, the texture coefficient (TC) was calculated from
the XRD data using the following equation [2,21,27-28]:

TChkl =
I(hkl)/I0(hkl)

1
N

∑
n

(
I(hkl)/I0(hkl)

) , (3)

where I(hkl) is the measured intensity of the (hkl reflection
and I0(hkl) is the corresponding standard intensity and N is
the number of diffraction peaks considered. A TC > 1 indi-
cates preferential growth of the film along the corresponding
crystallographic plane.

In Fig. 2 the texture coefficient (TC) values indicate that
the AZO film exhibits preferential growth along the (002)
crystallographic plane (TC002 = 1,82), consistent with the
XRD diffractogram. This preferential orientation along the c-
axis indicates a higher degree of crystallographic alignment
and may favor the development of more ordered crystalline
domains. This structural feature can contribute to the functio-
nal properties of the AZO film, including its electrical perfor-
mance.

The SEM images of the surface of undoped and
aluminum-doped ZnO thin films are shown in Fig. 3a) and
3b), respectively. The undoped ZnO film exhibits a porous
morphology with a granular structure and an average grain
size of approximately 40 nm. In contrast, the AZO film dis-
plays a denser and more homogeneous surface, consisting of
grains with an average size of about 49 nm, as determined
from the micrograph analysis using ImageJ software.

The cross-sectional SEM images are shown in Figs. 3c) -
3d). Both thin films exhibit a granular structure [29], and the
grains display a preferred growth orientation, as they are not
completely spherical [30-31]. This observation is consistent
with the preferential growth inferred from the XRD analy-
sis. The undoped ZnO film appears less homogeneous, with
higher surface roughness and a less densely packed structu-
re compared to the Al-doped ZnO film, suggesting that the
dopant plays a significant role in influencing the film mor-

FIGURE 3. SEM top-view images of undoped ZnO a) and AZO b),
and cross-sectional images of undoped ZnO c) and AZO d) films
on cover glass substrates.

phology [2,6]. The film thicknesses estimated from the cross-
sectional SEM images were approximately 170 nm for the
undoped ZnO film and 163 nm for the AZO film.

3.2. Optical characterization

Figure 4 shows the transmittance spectra of the undoped
ZnO film, the Al-doped ZnO film, and the glass coverslip
substrate. Two main features can be identified in the spec-
tra. First, the absorption edge of both ZnO films (undoped
and Al-doped) appears around 390 nm, which is associated
with the fundamental band-to-band transition of ZnO. Addi-
tionally, a shoulder with a maximum around 330 nm is ob-
served in the UV region. Second, in the visible region (450–
750 nm), the undoped ZnO film exhibits an average trans-
mittance of approximately 94 %, slightly higher than that of
the glass coverslip substrate (∼92 %). This behavior could be

FIGURE 4. Transmittance spectra of undoped ZnO, AZO thin films
and the cover glass substrate.
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FIGURE 5. Optical band gap energy of undoped ZnO a) and AZO
b) thin films.

be related to the thickness of the ZnO film (≈ 170 nm, esti-
mated from SEM images), which is close to the optical opti-
mum for antireflection conditions, as well as to its morpho-
logy characterized by the presence of voids, which may pro-
mote a partial antireflection effect in the air/film/glass system
[32-33]. In contrast, the Al-doped ZnO film shows a lower
transmittance (77 %) in the visible range (450–750 nm). This
difference may be associated with the more compact and ho-
mogeneous morphology of the AZO film compared with the
undoped ZnO film, as revealed by the SEM images [Fig. 3c)
and 3d)] [33,34-36].

The energy band gap value was determined from trans-
mittance measurements. The optical absorption coefficient
was calculated using the Beer-Bouguer-Lambert law, accor-
ding to the expression α = −(1/d) ln(T ), where d is the
thickness of the film [37-39]. The energy gap of the films
was estimated by using the Tauc relation [40-41], given by:
αhν = A(hν − Eg)1/2, Where hν is the photon energy,
α is the absorption coefficient, Eg is the band gap energy
and A is a constant. Fig. 5 shows that the band gap energy
was determined by extrapolating the straight line of the curve
to the point where (αhν)2 = 0. The obtained values were
3.28 eV and 3.24 eV for the undoped and doped ZnO films,
respectively. The slight reduction in the optical band gap may
be attributed to Al incorporation, which can introduce sha-
llow donor states near the conduction band as well as defect-
or disorder-related states within the band gap [10,41]. These

FIGURE 6. ln(α) versus photon energy for undoped ZnO and AZO
thin films.

effects can lead to band tailing and a shift of the absorption
edge toward lower energies, as will be further discussed in
relation to the Urbach energy analysis. Although Al doping
is often associated with increased carrier concentration and
a Burstein-Moss shift leading to an apparent band gap wi-
dening, the observed behavior suggests that band-gap narro-
wing mechanisms dominate in the present case. This may be
related to the relatively low Al concentration and the presen-
ce of structural disorder or defect states, which can mask the
Burstein-Moss effect.

In semiconductors, the optical absorption below the band-
edge energy exhibits an exponential behavior, known as the
Urbach tail. The energy associated with this tail is referred
to as the Urbach energy (Eu) and provides information about
the degree of disorder present near the band edge. The Urbach
energy can be described by the following relation [42-43]:

α = α0 exp

(
hν

Eu

)
, (4)

where α0 is a constant and hν represents the photon energy.
The value of Eu was obtained from the plot of the natural
logarithm of the absorption coefficient, ln(α), as a function
of the photon energy (hν), as shown in Fig. 6. The linear re-
gion of the curve was fitted, andEu was determined from the
inverse of the slope. The obtained values were 102 meV and
207 meV for the undoped ZnO and Al-doped ZnO thin films,
respectively, suggesting that the incorporation of Al increa-
ses the electronic disorder of the system. These values are in
good agreement with those reported for ZnO and AZO thin
films in the literature [44-45].

3.3. Electric characterization

The electrical resistivity ρ of the thin films was determi-
ned using the relation

ρ =
π

ln 2

V

I
t, (5)
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TABLE II. Main structural, optical, and electrical parameters for
ZnO and AZO thin films.

Parameter ZnO AZO

Crystallite size (nm) 10,6 17,0

Thickness (nm) 170 163

Transmittance ( %) (450-750nm) 94 77

Resistivity (Ω · cm) 1,9× 105 1,0× 102

where π/ ln 2, is the geometrical correction factor for thin
films and t is the film thickness [46]. The resistivity values
obtained were 1,9×105 Ω·cm and 1,0×102 Ω·cm for the un-
doped ZnO and Al-doped ZnO films, respectively. These re-
sults indicate that Al doping reduces the resistivity of the ZnO
film by approximately three orders of magnitude. Similar re-
sistivity values have been reported for AZO thin films deposi-
ted on glass substrates by the sol-gel method [3,23,47]. This
decrease in resistivity suggests that Al incorporation modifies
the electrical properties of ZnO, possibly through donor-like
behavior. A commonly proposed mechanism is the substitu-
tion of Zn2+ by Al3+ ions acting as donor centers [3]. Ho-
wever, in the absence of direct evidence of substitution Al in-
corporation (e.g., Hall-effect measurements or compositional
analysis), this interpretation should be regarded as plausible
rather than definitive. Additionally, the improved crystallinity
and denser morphology of the doped films may also contri-
bute to the enhanced electrical conductivity [39,43].

A summary about the main results is presented in Table II.

4. Conclusions

ZnO and AZO thin films with a nominal Al concentration
of 0.8 at. % were successfully prepared by the sol-gel method

using spin coating. The films exhibit the characteristic wur-
tzite crystal structure of ZnO, are polycrystalline and show
a preferential c-axis orientation, with improved structural or-
dering observed upon Al incorporation.

SEM analysis revealed that the AZO film is more uni-
form, denser, and compact than the undoped ZnO film. The
optical transmittance of the AZO film is approximately 77 %
in the visible range (450-750 nm), being lower than that of
the undoped ZnO film. A slight decrease in the optical band
gap was observed, from 3.28 eV for ZnO to 3.24 eV for AZO.
A significant decrease in electrical resistivity was observed,
1,9× 105 Ω · cm (ZnO) to 1,0× 102 Ω · cm (AZO).

In summary, ZnO and AZO thin films were obtained
using a simple and low-cost method. The results show that
Al doping leads to a significant improvement in the electrical
properties while maintaining good optical transparency. The-
se results provide further insight into the effect of low-level
Al doping on ZnO thin films by correlating their structural,
morphological, optical, and electrical properties and support
their potential use in optoelectronic applications.
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In the present work we are reporting the preparation conditions of GaAs thin films and the technique employed to produce films deposited on
Ge wafers substrate at constant substrate temperature by thermal evaporation method. Also it includes photovoltaic measurements which are
presented by current voltage characteristics, photocurrent, shortcircuit, open - circuit voltage of GaAs/Ge heterojunction, at room temperature
and different annealing temperatures. All the samples were prepared under constant conditions (pressure, substrate temperature and rate
of deposition); the main parameters that control the nature of the film properties are thickness (0.4, 0.7, 1.0 and 1.5 µm) and annealing
temperature (473 and 523 K). The dark current decreases with increasing of thickness; whereas increases slightly with increasing of annealing
temperatures. Under illumination, the photocurrent increases with increasing of annealing temperatures and decreases with increasing of
thickness except at thickness equal to 1.5 µm. There is a linear increasing in the first part of the relation between Isc and Voc with incident
power intensity and then the saturation region appeared. The Isc and Voc decrease with increasing of thickness, while increase with increase
of annealing temperatures.
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1. Introduction

Germanium (Ge) has been one of the most studied mate-
rials as its properties benefit many applications. Ge was the
choice of material used in the first bipolar invented transis-
tor in 1949 by Bardeen, Brattain, and Shockley [1,2]. Due to
its small energy band gap 0.66 eV, Ge is also used in opti-
cal and optoelectronic devices, (such as photodetectors, solar
cells,and waveguides) [3]. In addition, Ge films can be grown
epitaxially on the GaAs heterostructures typically used for fa-
brication of a number of types of electronic devices, such as
photodetectors, diodes and sensors of temperature, magnetic
field and strain [4,5]. Ge and GaAs have almost the same latti-
ce parameter at room temperature [6]. GaAs/Ge epitaxial he-
terostructures have received a great deal of attention as star-
ting materials for the fabrication of space quality solar cells
and their potential application in electronic and optoelectro-
nic devices.

Due to its high mechanical strength, Ge is an optimized
substrate material in terms of its power - to power ratio for
high efficiency GaAs/Ge photovoltaic devices. As large area,
minority carrier devices, III-V/Ge cells are extremely sensiti-
ve to defects [7,8]. GaAs devices fabricated on a Ge substrate
can have higher resistance to thermal burn out than those fa-
bricated on a GaAs substrate, as Ge has thermal conductivity
compared to GaAs [9,10]. The devices on Ge will be mo-
re economical as the cost of Ge wafers is less than that of
GaAs wafers [11,12]. The elimination of antiphase domains

(APDs), which are characteristic of polar-on-non polar epi-
taxy, and suppression of large - scale inter diffusion across
the GaAs/Ge heterointerface remain key challenges for in-
crease yield, reliability, and performance [13,14].

From a commercial perspective, the utilization of ther-
mal evaporation for GaAs/Ge heterojunction fabrication of-
fers a highly cost-effective and scalable alternative to expen-
sive epitaxy techniques like MBE or MOCVD, making it at-
tractive for mass-produced terrestrial and space solar appli-
cations [15]. In the present work we are reporting the pre-
paration conditions of GaAs thin films and the technique
employed to produce films deposited on Ge wafers substra-
te at constant substrate temperature by thermal evaporation
method [16]. Also, it includes photovoltaic measurements
which are presented by current - voltage characteristics, pho-
tocurrent, short - circuit, open - circuit voltage of GaAs/Ge
heterojunction, at room temperature and different annealing
temperatures.

2. Experimental procedure

Two types of substrates were used in this study: glass sli-
des which were used to study the structural, electrical and
optical properties of GaAs films; and p-type Ge wafer subs-
trate with crystal orientation (100), with electrical resistivity
of 55.5 Ω·cm, free carriers concentration 3.3×1013 cm−3 and
thickness of 450 µm. The Ge substrate forms with GaAs film
the heterojunction. To ensure accurate electrical characteri-
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zation of the GaAs layer and avoid parasitic conduction from
the substrate, separate GaAs films were deposited on insu-
lating glass slides under identical conditions for Hall effect
measurements. Flash evaporation technique was used to pre-
pare GaAs films to avoid the segregation problem. This tech-
nique, which involves instantaneous evaporation of the ma-
terial with minimum time of contact with the evaporator, has
been successfully used for growing precisely stoichiometric
films of compounds whose constituents have widely different
vapor pressures.

In this technique, the finely powdered evaporating ma-
terial is allowed to drop grain by grain onto a hot surface
whose temperature is maintained well above the evaporation
temperature of the least volatile constituent of the evaporant.
The preparation of GaAs films with satisfactorily reprodu-
cible properties demands special technological procedures.
Therefore, flash evaporation techniques were chosen in the
present investigation [17,18]. The required weight of GaAs
powder was charged into a funnel structure which was fixed
in the holder and the boat was mounted under the funnel bet-
ween two electrodes in the vacuum chamber. The substrates
were fixed on a spherical holder and placed in position at
height of about 12 cm above the boat.

Before starting the evaporation process, the substrate was
heated to about 433 K. The temperature was monitored by
using a digital thermometer. When the system was pumped
down to a vacuum of 10−5 mbar, an electric current was pas-
sed through the boat gradually to prevent breaking the boat,
when the boat temperature reached the required temperatu-
re the deposition process starts with constant deposition rate.
After these steps the current supply was switched off and the
samples were left in the high vacuum for one day, and then
the air was admitted to the chamber, and the films were taken
out from the coating unit and kept in the vacuum desiccators
until the measurements were made.

All the samples were prepared under constant conditions
(pressure, substrate temperature and rate of deposition); the
main parameters that control the nature of the film proper-
ties are thickness (0.4, 0.7, 1.0 and 1.5 µm) and annealing
temperature (473 and 523 K). There are many methods used
to determine the film thickness. In this part two experimen-
tal methods of thickness measurements were used. Weigh-
ting Method I-V measurements have been done under illumi-
nation for the GaAs/Ge heterojunction which was prepared
with different thicknesses and annealing temperatures at for-
ward and reverse conditions with different intensities (30-105
mW/cm2) by using Halogen lamp type Philips of 120 W. The
current-voltage measurements in the dark were done for the
GaAs/Ge heterojunction by using Keithley digital electrome-
ter 616 and D.C. power supply. The bias voltage was varied
in the range of (0-1 V) in the case of forward and reverse bias.

3. Results and discussions

3.1. Structural properties

The structural properties of the deposited GaAs thin films
were investigated using X-ray diffraction (XRD). As shown
in Fig. 1, the XRD patterns exhibit three distinct peaks at
2θ values of approximately 27.5◦, 45.5◦, and 53.5◦, corres-
ponding to the (111), (220), and (311) planes of the cubic
zincblende structure.

The structural properties of the deposited GaAs thin films
were investigated using X-ray diffraction (XRD). As shown
in Fig. 1, the XRD patterns exhibit three distinct peaks at
2θ values of approximately 27.5◦, 45.5◦, and 53.5◦, corres-
ponding to the (111), (220), and (311) planes of the cubic
zincblende structure.

A significant increase in peak intensity and a reduction
in the Full Width at Half Maximum (FWHM) were observed
as the annealing temperature increased from 303 K to 523 K.
This indicates an enhancement in crystallinity and an increa-
se in grain size, as detailed in Table I. The improved grain
size

FIGURE 1. X-ray diffraction patterns of GaAs thin films (1.0 µm
thickness) deposited on Ge substrates at room temperature (303 K)
and after annealing at different temperatures (473 K and 523 K).

TABLE I. Structural parameters of GaAs thin films at different an-
nealing temperatures.

D(Å) (hkl) a(Å) dexp (Å) 2θ (degree)

GaAs Films at T = 303 K
37.550 111 5.611 3.240 27.5

107.352 220 5.632 1.991 45.5
97.007 311 5.674 1.711 53.5

GaAs Films at Ta = 473 K
54.881 111 5.611 3.240 27.5
48.481 220 5.632 1.991 45.5

103.474 311 5.674 1.711 53.5

GaAs Films at Ta = 523 K
155.211 111 5.611 3.240 27.5
65.345 220 5.632 1.991 45.5

118.908 311 5.674 1.711 53.5
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FIGURE 2. Hall potential (VH ) as a function of current for thin
GaAs films of thickness (1.0 µm) at room temperature and diffe-
rent annealing temperatures (473 K and 523 K).

(reaching 155.2 Å at 523 K) reduces grain boundary scat-
tering and recombination centers, which directly correlates

with the enhanced I-V characteristics of the GaAs/Ge hetero-
junction.

3.2. Hall effect measurements

Hall effect measurements on GaAs films deposited on
glass substrates confirmed n-type conductivity with a nega-
tive Hall coefficient. Figure 2 displays the linear Hall volta-
ge (VH ) and current for the 1.0 µm film, where the increase
in VH with annealing temperature (Ta) indicates a modifica-
tion in free carrier density and mobility. These results provide
experimental evidence for the formation of an n-GaAs/p-Ge
heterojunction when deposited on p-Ge wafers.

3.3. Characteristics for GaAs/Ge Heterojunction under
dark

One of the important parameters of diode measurement is
a current-voltage characteristic which explains the behavior
of the resultant current with the applied forward and reverse
bias voltages. Figure 3 shows I-V characteristics for GaAs/Ge
heterojunction at forward and reverse bias voltages for diffe-
rent thicknesses and annealing temperatures.

FIGURE 3. I-V characteristics for GaAs/Ge heterojunction at forward and reverse bias voltages for different thicknesses and annealing
temperatures.
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In general, the forward dark current is generated due to
the flow of majority carriers and the applied voltage injects
majority carriers which lead to the decrease of the built - in
potential, as well as the width of the depletion layer. As the
majority and minority carrier concentration is higher than the
intrinsic carrier concentration (n2

i < np) which generate the
recombination current at the low voltage region (0-0.3 V).
This is because the excitation of electrons from valence band
(V.B.) to conduction band (C.B.) will recombine them with
the holes which are found at the V.B., and this is observed
by the little increase in recombination current at low voltage
region [15,16]. On the other hand, tunnelling current is pre-
sent at the high voltage region (> 0,3 V). After that there
is a fast exponential increase in the current magnitude with
increasing of the voltage and this is called diffusion current,
which dominates [19].

The reverse bias current also contains two regions. In the
first region of low voltages (< 0,3 V), the current slightly
increases with increasing of the applied voltage, and the ge-
neration current dominates, while at second high voltage re-
gion (> 0,3 V), the diffusion current dominates [20]. Also

we can observe from this figure that the value of the current
decreases with increasing of thickness of GaAs films which
is attributed to evolving defects and dislocations that have an
effect on the mobility of charge carriers. Also these defects
evolutions allow energy levels to be within the energy gap,
these defects are within the depletion region and act as ac-
tive recombination centers, and consequently they decrease
current flow across the junction. This behavior is similar for
all the film thicknesses except at thickness equal to 1.5 µm.
We also observed that the current increases slightly with in-
creasing of annealing temperature because the increasing of
temperatures causes a rearrangement of the interface atoms
and reduce the dangling bond which leads to improvement of
the junction characteristics [21,22].

3.4. Short circuit current and open circuit voltage mea-
surement for GaAs/Ge heterojunction

The variation of Isc as a function of incident power inten-
sity for GaAs/Ge heterojunction at different thicknesses (0.4,
0.7,

FIGURE 4. The variation of Isc as a function of incident power intensity for GaAs/Ge heterojunction at different thicknesses and annealing
temperatures.
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FIGURE 5. The variation of Voc as a function of incident power intensity for GaAs/Ge heterojunction at different thicknesses and annealing
temperatures.

1.0 and 1.5 µm) at R.T and annealing temperatures (473 and
523 K) is shown in Fig. 4.

We can observe from this figure that the Isc increases
with increasing of the incident power intensity. The beha-
vior of Isc is linear at the first portion and this is attributed
to the incident power intensity. In the second portion there is
a tendency to saturation with increasing of the incident power
intensity at a limited range, due to the recombination effect
[23,24]. We can observe that Isc decreases with increasing of
thickness of GaAs films about two times. This is attributed to
the defects which act as capture centers to the generation of
carriers, leading to an increase of the recombination process
and a decrease of the current value. Isc increases with in-
creasing of annealing temperature due to the decrease of the
defects by annealing and the improvement of the structure
[25,26]. The observed enhancement in solar cell parameters
via simple thermal evaporation underscores the potential for
low-cost commercial photovoltaic devices.

The variation of Voc as a function of power light intensity
for GaAs/Ge heterojunction at different thicknesses (0.4, 0.7,
1.0 and 1.5 µm) and at R.T and annealing temperatures (473
and 523 K) is shown in Fig. 5.

Also we can divide this figure into two regions: a linear
region at low illumination intensities, and a tendency for a
saturation region at high illumination intensities. The Voc de-
creases with increasing of thickness due to recombination
processes at traps centers inside the materials or at the sur-
face. The Voc increases with increasing of annealing tempe-
rature due to the reduction of the defects and localized states
and increasing of the mobility.

4. Conclusions

From the obtained results of the present work, we conclu-
de that the mechanism of the forward current coincides with
the recombination- tunneling mechanism. The dark current
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decreases with increasing of thickness; whereas increases
slightly with increasing of annealing temperatures.

Under illumination, the photocurrent increases with in-
creasing of annealing temperatures and decreases with in-
creasing of thickness except at thickness equal to 1.5 µm.
There is a linear increasing in the first part of the relation bet-
ween Isc and Voc with incident power intensity and then the
saturation region appeared. The Isc and Voc decrease with
increasing of thickness, while increase with increase of an-
nealing temperatures. The results demonstrate that thermal
evaporation is a viable, economical method for fabricating
GaAs/Ge solar cells with promising performance, offering
a significant reduction in production costs for large-scale

energy applications.
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The present paper employs first-principles calculations based on density functional theory to investigate the structural, electronic, ferroelec-
tric, and piezoelectric properties of KMgP in the wurtzite LiGaGe-type phase. The thermodynamical, mechanical and dynamical stability
of the compound are confirmed through the formation energy, elastic coefficients and phonon spectrum, respectively. Our results reveal that
wurtzite KMgP is a semiconductor with a direct band gap of 1.25 eV within the local-density approximation. We use the Berry-phase ap-
proach to evaluate the polarization properties inherent to the polar structure of KMgP, yielding a spontaneous polarization of 0.385 C/m2

and Born effective charges near their nominal ionic values. The ferroelectric nature of the material is demonstrated by the characteristic
double-well potential associated with Ising-type polarization reversal. With a high Curie temperature (385.32 K) and low switching energy
barrier (0.0568 eV) and coercive electric field (2.78 MV/cm), we predict that wurtzite KMgP possesses highly reversible polarization, making
it a promising candidate for novel ferroelectric applications. Moreover, we find that KMgP is an anomalous piezoelectric compound with a
negative longitudinal piezoelectric coefficient (modulus) of −0,75 C/m2 (−52,66 pC/N).
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DOI: https://doi.org/10.31349/RevMexFis.72.061008

1. Introduction

Materials that are both piezoelectric and ferroelectric [1]
have revolutionized the landscape of solid-state devices. This
is due to their unique ability to interconvert electric polariza-
tion into mechanical strain on one hand [2,3], and maintain a
switchable polarization on the other hand [4,5]. The electro-
mechanical conversion is indispensable for a broad range of
applications, including transducers [6], energy harvesters [7],
pressure sensors [8] and surface/bulk acoustic wave resona-
tors [9]. Furthermore, the ferroelectric switching is the basis
of non-volatile random-access memories, for which 1 and 0
bits correspond to “up” and “down” polarized states [10,11].

Historically, materials crystallizing in the wurtzite struc-
ture have been key players in the piezoelectric industry. Bi-
nary III-nitrides (such as AlN and GaN) and II-oxides (such
as ZnO), along with their various alloys, are widely em-
ployed owing to their significant piezoelectric response [12-
14]. While these binary compounds are naturally piezoelec-
tric due to their non-centrosymmetric structure, they typically
lack the ability for ferroelectric switching under an applied
electric field. However, recent studies have demonstrated that
some wurtzite crystals can exhibit ferroelectricity [15-19],
and thus sparking an interest in identifying new ferroelectric
wurtzite compounds.

Promising candidates in that respect are new ternary ABC
compounds that crystallize in the wurtzite-like LiGaGe-type
phase. Unlike their binary counterparts, these ternary systems
offer greater chemical flexibility and a polar ground state that

supports both piezoelectricity and ferroelectricity. Bennett et
al. [20] used first-principles calculations to identify 17 com-
pounds in this structural family, including LiBeP, NaMgAs,
NaZnSb and KMgSb. These wurtzite ferroelectrics may be
promising for the development of newhigh-performance sys-
tems for practical piezoelectric and ferroelectric applications.

In this work, we introduce and investigate the new ter-
nary wurtzite compound KMgP. As far as we know, this ma-
terial has never been studied before in the literature, particu-
larly regarding its ferroelectric and piezoelectric behaviour.
We carry out a density-functional theory (DFT) simulation to
predict some physical properties of wurtzite KMgP. We pro-
vide results for the structural optimization via total-energy
calculations and assess the structural stability through for-
mation energy, elastic constants and phonon frequencies.We
further characterize the electronic structure in terms of the
band structure and density of states (DOS). A central focus is
placed on properties related to electric polarization, namely
the spontaneous polarization, Born effective charges and pie-
zoelectric coefficients, all calculated using the Berry-phase
theory.We also investigate the Ising-type ferroelectric swit-
ching by mapping the double potential well, which allows us
to provide critical ferroelectric parameters such as the swit-
ching barrier energy, Curie temperature and the coercive elec-
tric field. The remainder of the paper is structured as follows.
Section 2 details the numerical parameters of the DFT simu-
lation. Section 3 presents our results, subdivided into three
key parts: Sec. 3.1 covers structural optimization, Sec. 3.2
examines structural stability, Sec. 3.3 describes the electro-
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nic structure, and Sec. 3.4 explores the ferroelectric switching
mechanism and polarization-related quantities. Finally, our
findings and concluding remarks are summarized in Sec. 4.

2. Computational details

Ab-initio calculations for wurtzite KMgP are performed
within the framework of DFT [21,22] using the WIEN2k
package [23], based on the full-potential linearized augmen-
ted plane wave plus local orbitals (FP-LAPW+lo) method
[24]. In this approach, the unit cell is divided into non-
overlapping muffin-tin (MT) spheres and an interstitial re-
gion. Inside the MT spheres, the wave functions are expan-
ded in spherical harmonics and radial functions, while plane
waves are used in the interstitial region [24]. The exchange-
correlation effects are treated using the local-density approxi-
mation (LDA) [25]. This choice was adopted to maintain con-
sistency with the seminal first-principles study of LiGaGe-
type ferroelectric semiconductors by Bennett et al. [20], in
which LDA was successfully employed to describe the equili-
brium crystal structures, spontaneous polarization, and ferro-
electric switching of this class of materials. Since the present
work focuses on the ferroelectric and piezoelectric proper-
ties of the LiGaGe-type KMgP compound, the use of the sa-
me exchange-correlation functional enables a direct and mea-
ningful comparison with the reference study.

Regarding the convergence parameters, the maximum an-
gular momentum inside the MT spheres is set to lmáx = 10.
The plane wave cutoffs are chosen as RMTKmáx = 7 and
Gmáx = 12, where RMT , Kmax and Gmax are defined
in Ref. [23]. The core-valence energy separation is fixed at
−6 Ry. The valence electron configurations considered are
K (4s1), Mg (3s2), and P (3s23p3). The radii RMT of MT
spheres of individual elements are chosen as follows: 2.4,
1.9, and 1.85 Bohr for K, Mg, and P, respectively. The Bri-
llouin zone is sampled using 4000 k-points. Total-energy is
considered to be converged when the difference is less than
10−4 Ry and the forces on atoms are below 10−4 Ry/Bohr.
The elastic constants are calculated using the energy-strain
method as implemented in the IRelast code [26]. Phonon fre-
quencies are obtained using the finite-displacement supercell
approach with the Phonopy package [27]. Finally, the polari-
zation properties are evaluated using the BerryPI code [28],
interfaced with WIEN2k, within the framework of the mo-
dern theory of polarization based on the Berry-phase for-
malism. The Berry-phase calculations were performed using
the converged self-consistent electronic structure obtained
with an energy convergence criterion of 10−4 Ry. A dense
10 × 10 × 40 Monkhorst-Pack k-point mesh was employed
to ensure the numerical convergence of the calculated spon-
taneous polarization.

FIGURE 1. Unit cell of KMgP in the non-centrosymmetric polar
wurtzite structure. The violet, orange and gray spheres represent K,
Mg and P atoms, respectively. The Wyckoff positions are: K at 2a
(0, 0, 0), Mg at 2b (1/3, 2/3, u) and P at 2b′ (1/3, 2/3, v). The lattice
axes a, b, and c are indicated on the left.

3. Results and discussion

3.1. Structural optimization

KMgP is experimentally observed to adopt the tetrago-
nal structure (space group P4/nmmorNo. 129) [29]. Here,we
investigate KMgP within the hexagonal wurtzite structure,
also known as the LiGaGe-type phase (space groupP63mc,
No. 186), whose unit cell is shown in Fig. 1. This structu-
re is described by two independent lattice constants a and c
(the lattice angle γ = 120◦). In this case, the equilibrium
structural parameters are determined by minimizing the total
energy with respect to the unit-cell volume and the lattice
constant ratio c/a [30]. The total energy is obtained from
self-consistent solutions of the Kohn-Sham equation [31].
The variations of energy as a function of volume and c/a ratio
are presented in Fig. 2.

The E(V ) data [Fig. 2a)] is fitted using the Murnaghan
equation of state [32]:

E(V ) = E0 +
BV

B′

[
1

B′ − 1

(
V

V0

)B′

+ 1

]

− BV0
B′ − 1′

, (1)

where E0 and V0 denote the equilibrium energy and volume,
respectively, B is the bulk modulus, and B′ is the first deri-
vative of B with respect to pressure.

On the other hand, the E(c/a) data [Fig. 2b)] is fitted to
a fourth-order polynomial of the form:

E
(a
c

)
= k0 + k1

(a
c

)
+ k2

(a
c

)2
+ k3

(a
c

)3
+ k4

(a
c

)4
, (2)

where ki are fitting coefficients. The equilibrium lattice cons-
tants are obtained from the minimum of the total energy,
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FIGURE 2. Total energy of wurtzite KMgP as a function of a) unit-cell volume and b) lattice-constant ratio c/a. In both cases, the energy scale
is referenced to the minimum energy E0. The curve in a) is a fit to the Murnaghan equation, whereas that in b) corresponds to a fourth-order
polynomial fit.

TABLE I. Calculated equilibrium cell volume V , lattice constants a and c, bulk modulusB, its pressure derivativeB′, and internal parameter
u (in units of c) for wurtzite KMgP within the LDA. These values are obtained from total-energy calculations.

KMgP V (3) a (Å) c (Å) B (GPa) B′ u v

879.9547 4.58 7.16 45.5453 4.309 0.307 0.705

corresponding to the optimal volume V0 and lattice-constant
ratio (c/a)0.

For the wurtzite structure, the unit-cell volume is given
by

V0 =

√
3

2
a2c, (3)

from which the lattice constants a and c are determined by:

a =

[
2V0√
3(c/a)0

]1/3
, c = a(c/a)0. (4)

In addition to the lattice parameters, wurtzite KMgP posses-
ses internal structural degrees of freedom associated with the
atomic positions: two internal parameters u and v correspon-
ding to the non-ideal fractional coordinates of the Mg and P
atoms along the c-axis [20-33], which cannot be expressed as
simple rational fractions.

The equilibrium values of the internal parameters are de-
termined by minimizing the forces acting on the atoms, in
accordance with the Hellmann-Feynman theorem [34], i.e.,
by evaluating the gradients of the total energy with respect to
the atomic coordinates. The atomic positions are fully rela-
xed until the forces converge to negligible values. Note that
the K atom occupies the ideal Wyckoff positions (0,0,0) and
therefore is not subjected to relaxation.

The calculated equilibrium volume, lattice constants,
bulk modulus, its pressure derivative, and the internal para-

meters for wurtzite KMgP are summarized in Table I. The-
re is no data to compare our values with, since this work is
the first to report the structural parameters of wurtzite KMgP.
The calculated pressure derivative of the bulk modulus B′

is 4.309, which is consistent with the general trend that this
parameter remains below 5 for most crystalline solids [35].
The internal parameter u(v) is greater (lesser) than the ideal
values 0.25 (0.75).

3.2. Structural stability

Whether or not a material is thermodynamically stable
depends on its formation energy (Ef ). At T = 0 K, it is cal-
culated from total energies as [36]:

Ef = EKMgP −
∑
i

niEi, (5)

where EKMgP is the energy of KMgP in the wurtzite struc-
ture, ni = 2 is the number of K, Mg and P atoms within
KMgP and Ei is the energy per atom of each element in its
ground-state bulk structure (tetragonal for K, hexagonal for
Mg and orthorhombic for P). We find a formation energy of
-1.55 eV per formula unit (f.u.). The negative value indicates
that wurtzite KMgP is thermodynamically stable relative to
its isolated constituent elements and confirms the possibility
of synthesis in the laboratory [36]. We note that KMgP has
been experimentally realized only in the tetragonal phase.

Next, we investigate the mechanical stability. This is
determined by the elastic constants (Cij). Having hexagonal
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FIGURE 3. Phonon spectrum of KMgP in the wurtzite structure.
The horizontal dotted line indicates zero frequency.

symmetry, KMgP has five independent elastic constants. The
determination of Cij relies on evaluating the energy under
appropriate deformations [37]. We implement such defor-
mations using the IRelast code [26]. The calculated elas-
tic constants of wurtzite KMgP are: C11 = 92,88 GPa,
C12 = 32,33 GPa, C13 = 31,42 GPa, C33 = 41,16 GPa
and C44 = 45,31 GPa.

The elastic constants are doubly interesting. On the one
hand, they provide access to several elastic properties that
describe the mechanical behaviour of materials, such as the
bulk modulus and Poisson ratio. On the other hand, they ma-
ke it possible to verify the mechanical stability of the system
via the Born stability criteria. For a hexagonal crystal, these
criteria are [38]:

C11 − C12 > 0,

C33(C11 + C12)− 2C2
13 > 0,

C44 > 0. (6)

According to our numerical data, the elastic constants sa-
tisfy the stability conditions, which implies that the ternary
compound KMgP in the wurtzite structure is mechanically
stable [38], in the sense that it will not collapse under applied
strain.

Finally, we check the dynamical stability. To do so, we
calculate the phonon frequencies from the force constants
via the Phonopy code [27]. The phonon dispersion curves for
wurtziteKMgPare plotted in Fig. 3. The key observation is
the absence of any negative (imaginary) frequencies: all pho-
non modes have positive values of frequency across the entire
Brillouin zone, confirming the dynamical stability of KMgP
crystallizing in the wurtzite LiGaGe-type phase [39]. In this
context, dynamical stability refers to the fact that the crystal
structure is stable against its own atomic vibrations.

FIGURE 4. Band structure of wurtzite KMgP at the level of LDA.
The energy bands are plotted relative to the Fermi levelEF (presen-
ted by the dashed horizontal line). The red double arrow indicates
the band gap Eg .

3.3. Electronic properties

The physical properties of a material are largely governed
by its electronic structure. Therefore, understanding the band
structure and DOS is essential for identifying materials with
potential technological applications.

3.3.1. Band structure

Figure 4 shows the electronic band structure of wurtzite
KMgP calculated along the high-symmetry directions of the
hexagonal Brillouin zone, with the Fermi level set to zero.
As observed in Fig. 4, the valence-band maximum and the
conduction-band minimum are both located at the Γ point,
revealing a direct band gap. This confirms the semiconduc-
ting nature of KMgP. The LDA-predicted band gap is ap-
proximately 1.25 eV. The presence of a direct band gap is
particularly advantageous for optoelectronic applications, as
it enables efficient interband optical transitions. The valence
bands, located below the Fermi level, exhibit moderate dis-
persion, suggesting a mixture of localized and delocalized
electronic states. In contrast, the conduction bands are more
dispersive, indicating relatively low electron effective masses
and potentially high carrier mobility. Furthermore, the varia-
tion in band dispersion along different high-symmetry paths
Γ−M −K−Γ−A−L−H −A highlights the anisotropic
electronic behaviour associated with the hexagonal wurtzite
structure.

3.3.2. Density of states

The total DOS and partial DOS (PDOS) of wurtzite
KMgP are shown in Figs. 5 and 6, respectively. The absence
of elec-
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FIGURE 5. Total and atomic-projected DOS for KMgP in the wur-
tzite structure (within LDA). The dashed area represents the total
DOS of the system. The violet, orange, and grey areas are the K ,
Mg, and P contributions, respectively. As in Fig. 4, the energy is
referenced to the Fermi level dashed black line that passes the zero
energy.

FIGURE 6. Orbital-projected PDOS of wurtzite KMgP. The vertical
dashed line indicates the Fermi level.

tronic states at the Fermi level confirms the semiconduc-
ting nature of our compound, in agreement with the band-
structure results. By inspecting Fig. 6, we observe that the
valence band region (from approximately −4 eV to 0 eV)
is mainly dominated by P-p states, which provides the ma-
jor contribution near the valence-band maximum. Smaller
contributions from K-s and Mg-s states are also observed,
indicating a certain degree of hybridization between P and
the metallic atoms. This hybridization suggests a mixed bon-
ding character with partial covalent features. In the conduc-
tion band region (above the Fermi level), the electronic states
are primarily composed of Mg-s, Mg-p, and P-p states, with

minor contributions from K-p states. This indicates that the
conduction-band minimum is mainly derived from the me-
tal atoms, consistent with the relatively dispersive conduction
bands observed in the band structure. Moreover, the sharp
peaks in the DOS correspond to localized states, while the
broader features indicate more delocalized electronic states.

3.4. Electric polarization

3.4.1. Spontaneous polarization

The spontaneous polarization (PSP) of a crystalline solid
is the value of polarization at equilibrium, i.e. in the absence
of external perturbations such as electric field and mechanical
strain. The theoretical framework to define and compute the
electric polarization is the Berry-phase theory [40,41], which
is based on two fundamental hypotheses [42,43]: (i) the only
physically meaningful values of polarization are polarization
differences between two different states, and (ii) such polari-
zation differences are calculated as a Berry phase of the sys-
tem wavefunction. For the spontaneous polarization, the two
states correspond to a non-centrosymmetric structure and its
high-symmetry counterpart, also referred to as the reference
structure [42,43].

In the specific case of our compound KMgP, the non-
centrosymmetric structure is wurtzite whereas the structure
that serves as a reference is the layered-hexagonal phase [20-
44]. The latter structure can be constructed from the wurtzite
phase by putting the cations and anions on the same atomic
plane (i.e. u = 0,25 and v = 0,75) [20]. Hence the spon-
taneous polarization is calculated as the difference between
the polarization of the wurtzite (LiGaGe-type) and layered-
hexagonal (ZrBeSi-type) structures:

PSP = PWZ − PLH, (7)

where PWZ and PLH refer to the wurtzite and layered-
hexagonal polarization values, respectively, both of which are
evaluated as a Berry phase of the Bloch-like orbitals via the
BerryPI code.

The value of the spontaneous polarization of wurtzite
KMgP is found to be 0.385 C/m2. Note that polarization is
a vector quantity. Due to hexagonal symmetry, the polariza-
tion vector is always along the vertical c-axis. The positive
value of PSP indicates that the spontaneous polarization vec-
tor points to the [0001] direction.

The spontaneous polarization of KMgP is benchmarked
to previously reported LiGaGe-type ferroelectrics. We choo-
se the two related materials KMgSb and NaMgP as compa-
rative case-studies. This allows us to investigate the effect of
chemical substitution on polarization properties. The spon-
taneous polarization is (0.370 C/m2) for KMgSb [45] and
(0.490 C/m2) for NaMgP [20]. Both values are within the
same order of magnitude as the value calculated for KMgP
(0.385 C/m2).
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TABLE II. Born effective charges Z∗ (in unit of e) of individual
ions (K, Mg and P) for wurtzite KMgP with their nominal valuesZ.

K Mg P

Z∗ 0.71 2.1 −2,80

Z 1 2 −3

3.4.2. Born effective charge

The Born effective charge (Z∗) describes the polarization
induced by ionic displacements [45]. Within the Berry-phase
method, the calculation of the Born effective charge is done
by studying the variation of polarization as the different ions
are displaced from their equilibrium positions [46,47]:

Z∗
i =

V

e

∆Pi

∆ri
, (8)

where V is the unit cell volume, e is the electron charge, ∆Pi

is the change in polarization that results from the ionic dis-
placement ∆ri and i runs over each ion (K, Mg and P). In
our study, we introduce for each ion a small displacement
of ±0,1% along the c-axis and calculate the corresponding
polarizations as Berry phases. The results for the Born ef-
fective charges of wurtzite KMgP are gathered in Table II.
The nominal ionic charges Z are also included for the sake
of comparison.

It can be seen that the effective charge of each ion has
the same sign as and is very close to the nominal value (es-
pecially for Mg and P). It is established that the approximate
equivalence of Z∗ and Z is an indicator of a strong ionic cha-
racter of the chemical bonds [47,48], which aligns with the
large value of the spontaneous polarization reported above.
In order to verify the validity of our simulation we check the
acoustic sum rule, which states that the sum of the effective
charge of all ions in the unit cell is zero [49]. Our values of
Z∗ obey this rule to a negligible error (see Table II).

3.4.3. Ferroelectric switching

Acondensed system is ferroelectric if its polarization vec-
tor can be reversed by an external electric field [50]. In what
follows, we demonstrate that KMgP is one of the wurtzite
materials that support ferroelectricity. For this purpose, we
present in Fig. 7 the variation of energy as a function of the
reaction coordinate.We observe a double potentialwell that
characterizes the Ising-type polarization reversal by 180◦.
There exist other ferroelectric switching mechanisms such as
the Bloch- and Néel-types, in which the polarization vector
does not vanish but rather rotates by an angle [51]. The reac-
tion coordinate x describes the shift of the cation Mg and
anion P up and down the c-axis, with x = 1 and x = −1 co-
rresponding to the ferroelectric wurtzite structures with op-
posite polarization (the two minima in Fig. 7) [52]. To study
ferroelectric switching a paraelectric state of well-defined po-
larization is needed. For wurtzite ferroelectrics, a straightfor-

FIGURE 7. Energy per formula unit of wurtzite KMgP as a function
of the reaction coordinate x, which controls ionic displacements
along the c-axis. The origin of energy is taken to be the energy of
the ferroelectric configurationEWZ. The inset shows hexagonal unit
cells corresponding to the polar wurtzite (1), layered-hexagonal (2),
and anti-polar wurtzite (3) structures.

ward choice would be the layered-hexagonal configuration,
for which x = 0 [52] (the saddle point in Fig. 7).

The energy profile allows us to extract important parame-
ters associated with the ferroelectric effect. The height of the
potentialwell is the energy barrier (US) against polarization
switching, which is equal to the energy difference between
the ferroelectric and paraelectric states [53]:

US = ELH − EWZ, (9)

where LH and WZ denote the layered-hexagonal (paraelec-
tric) and wurtzite (ferroelectric) values, respectively. Our pre-
diction of US for KMgP is 0.0568 eV/f.u. This energy ba-
rrier is small enough that an applied electric field can reverse
the polarization vector. For the sake of comparison, the swit-
ching barrier of wurtzite KMgSb and NaMgP is reported to
be 0.093 [45] and 0.20 eV/f.u. [20], respectively. Another fe-
rroelectric parameter is the Curie temperature (TC), defined
as the temperature beyond which the material loses its ferro-
electric behaviour [54]. For typical ferroelectric compounds,
the value of TC can be approximated by:

TC =
US

kB
, (10)

with kB being the Boltzmann constant. Using this formula,
the Curie temperature of wurtziteKMgPis 385.32 K, which is
higher than room temperature (300 K). This is essential for
practical applications, since KMgP-based ferroelectric devi-
ces usually operate under normal conditions of pressure and
temperature. The Curie temperature for KMgSb and NaMgP
were not reported in Refs. [20,45]. However, we can use the
switching barriers and Eq. (9) to predict its value for both sys-
tems: 1078.26 K for KMgSb and 2318.84 KforNaMgP. The
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value of TC can be seen to be much larger for KMgSb and
NaMgP than for KMgP. This is consistent with the trend iden-
tified earlier, since the switching barrier increases in going
from KMgP to KMgSb and NaMgP, and it is obvious from
Eq. (9) that this effect tends to increase the Curie temperatu-
re.

It is important to emphasize that Eq. (9) provides only
a rough qualitative estimate of the Curie temperature. Be-
cause it relies on a local mean-field approximation, it does
not account for spatial thermal fluctuations and long-range
dipole-dipole interactions. For a quantitative and physically
rigorous determination of TC , more sophisticated statistical
mechanics approaches, such as constructing an effective Ha-
miltonian or performing large-scale Monte Carlo simulation
[56], are required. Nevertheless, this simple relation gives a
first approximation for the value of TC for KMgP and similar
wurtzite ferroelectrics.

Finally, we define the coercive electric field (EC) to be
the minimum field required to switch the polarization. Using
the values of PSP and US , the intensity of EC is estimated
via [57]:

EC =
8

3
√
3

US

V PSP
. (11)

We point out that this value represents the ideal intrinsic coer-
cive field derived from assuming a homogeneous switching
mechanism across a defect-free crystal. In real experimental
measurements, polarization reversal typically occurs at sig-
nificantly lower electric fields [57] . This discrepancy is well
known in ferroelectrics and stems from the fact that experi-
mental switching is a heterogeneous process mediated by the
nucleation and motion of domains at defects, impurities and
grain boundaries. This leads to a reduced energy barrier and,
consequently, reduced coercivity compared to the homoge-
nous process.

We find that a coercive field of about 2.78 MV/cm is nee-
ded to reverse the polarization from “up” to “down” and vice
versa. Because this coercive field is moderate, polarization
in wurtzite KMgP is expected to switch before reaching the
dielectric breakdown limit (the threshold where the material
fails as an insulator and its polarization vanishes).

Based on the values of PSP and US given in Refs. [20,45],
the intrinsic coercive field for KMgSb and NaMgP is compu-
ted to be 3.56 and 8.63MV/cm, respectively. Both values are
smaller than that of KMgP. This ordering is consistent with
the values of the switching barrier and spontaneous polariza-
tion for the three materials [see Eq. (10)].

3.4.4. Piezoelectric coefficients

Piezoelectricity is the property of some materials to exhi-
bit an electric polarization (called piezoelectric polarization)
upon the application of a mechanical deformation [56]. Wur-
tzite crystals such as KMgP display this effect since their
symmetry does not allow a centre of inversion [57]. The pie-
zoelectric response of wurtzite materials is quantified by th-
ree independent piezoelectric constants, namely e33, e31 and

e15 [57]. The coefficients e33 and e31 measure the polariza-
tion induced by uniaxial and biaxial strain, respectively. The
coefficient e15, on the other hand, links the polarization to
shear strain. Given the complexity to implement shear defor-
mation,we carry out calculation of e33 and e31. In order to do
so,we investigate the evolution of polarization as small strains
are applied. A finite difference then leads to values of eij as
follows [58]:

e3j =
∆P3

∆ϵj
, (12)

where ∆ϵj = 1% is the applied strain and ∆P3 is the pola-
rization difference (along the c-axis) between the 0.5 % and
−0,5% strained wurtzite structures. The strain index j de-
notes Cartesian axes within the Voigt notation (x = 1 for
e31 and z = 3 for e33). The piezoelectric coefficients of
wurtzite KMgP are calculated to be e33 = −0,75 C/m2 and
e31 = 1,19 C/m2. We see that e33 (e31) is negative (positive),
in sharp contrast with typical wurtzite binaries like AlN, GaN
and ZnO, where the signs are reversed between the two coef-
ficients. e33 is also negative for KMgSb (−0,42 C/m2 [61])
but is positive for NaMgP (0.58 C/m2 [61]).

For the longitudinal piezoelectric constant e33, the ne-
gative sign implies that stretching the crystal along the c-
axis reduces the polarization, or equivalently, the polariza-
tion opposes the applied tensile strain. This unusual piezo-
electric behaviour stems from the combination of low Born
effective charges (see Table II) and small strain sensitivity
of the internal parameters ∂u/∂ϵϵ3 and ∂v/∂ϵ3 [59]. Indeed,
the response of the internal coordinates of KMgP to the ap-
plied strain is extremely low, namely ∂u/∂ϵϵ3 = −0,045 and
∂v/∂ϵϵ3 = 0,018.

The experimental evaluation of the piezoelectric respon-
se usually relies on the piezoelectric moduli dij , rather than
the piezoelectric coefficients eij . The relation between dij
and eij can readily be found from the elastic coefficients Cij

[60]:

d33 =
e33(C11 + C12)− 2e31C13

(C11 + C12)C33 − 2C2
13

,

d31 =
e31C33 − e33C13

(C11 + C12)C33 − 2C2
13

. (13)

We obtain the values d33 = −52,66 pC/N and d31 =
22,72 pC/N. Due to the absence of prior literature on the
piezoelectric coefficients and moduli of this system, a com-
parative analysis of our results is not possible. We can only
compare the present results with previously studied similar
compounds. The value of d33 is −19,15 pC/N for KMgSb
and 7.80 pC/N for NaMgP [61] (there is no data on d31).

4. Conclusion

In this paper, we have conducted a comprehensive first-
principles investigation of the structural, electronic, ferro-
electric and piezoelectric properties of KMgP within the wur-
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tzite LiGaGe-type structure. Our results suggest thatKMg-
Pis a theoretically viable candidate as a functional material
in both ferroelectric and piezoelectric applications. The me-
chanical and dynamical stability of the wurtzite phase was
verified, as the calculated elastic constants satisfy the Born
criteria and the phonon spectrum exhibit no imaginary fre-
quencies. Electronic-structure calculations identify wurtzite
KMgP as a direct-gap semiconductor. DOS analysis revea-
led that the valence band is primarily composed of P orbitals,
while the conduction band is dominated by a mixture of P
and Mg states.

Regarding the ferroelectric behaviour of our compound,
we employed the Berry-phase technique to determine the
spontaneous polarization and the Born effective charges for
each constituent ion. Next, we modelled the ferroelectric
switching via the double-well potential energy profile. The
calculated energy barrier and coercive field indicate that pola-
rization reversal is energetically feasible, confirming the po-

tential forKMgPto be utilized in practical ferroelectric devi-
ces.

Finally, we reported the piezoelectric coefficients and
moduli, and discussed the counterintuitive negative longitudi-
nal piezoelectric constants e33 and d33. Future work will fo-
cus on a more comprehensive investigation of the dielectric
response, electron localization function (ELF), and hybrid-
functional calculations to provide further insight into the
electronic structure, chemical bonding, and ferroelectric pro-
perties of KMgP.
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Las antenas pre-fractales, basadas en geometrías auto-semejantes de tipo Sierpinski y Koch, han emergido como una alternativa atractiva para
el diseño de dispositivos de radiofrecuencia en escenarios donde se requiere miniaturización, operación multibanda y control del diagrama
de radiación. En este trabajo se presenta una revisión enfocada específicamente en aplicaciones médicas, en contraste con revisiones previas
de carácter más general sobre antenas fractales orientadas a comunicaciones inalámbricas. Se integran tres niveles complementarios: i) el uso
de la geometría y de la dimensión fractal para describir estructuras biológicas complejas y analizar imágenes médicas, ii) los fundamentos
electromagnéticos necesarios para entender la radiación y el acoplamiento campo-tejido de antenas pre-fractales, y iii) estudios recientes
que emplean geometrías pre-fractales y metafractales en detección temprana de cáncer de piel y de mama, sensores portátiles flexibles
tipo “tatuaje electrónico” y bobinas para imagen por resonancia magnética multinuclear. Se discuten las ventajas en términos de tamaño,
comportamiento multibanda y adaptabilidad mecánica, así como las principales limitaciones asociadas a la presencia de tejido biológico
(desintonización, pérdidas y restricciones de SAR), la complejidad del modelado y los retos de fabricación. Esta visión unificada pretende
servir como puente entre la física de antenas y la instrumentación biomédica, y como guía para el diseño de nuevas antenas pre-fractales
orientadas a aplicaciones clínicas y preclínicas.

Descriptores: Antenas pre-fractales; geometría fractal; telemetría implantable; detección de cáncer; electrónica flexible; imagen por reso-
nancia magnética.

Pre-fractal antennas based on self-similar geometries such as Sierpinski and Koch have emerged as an attractive alternative for designing
radiofrequency devices in scenarios that demand miniaturization, multiband operation, and control of the radiation pattern. This work presents
a review specifically focused on medical applications, in contrast to previous, more general reviews on fractal antennas aimed at wireless
communication systems. Three complementary levels are integrated: (i) the use of fractal geometry and fractal dimension to describe complex
biological structures and to analyze medical images, (ii) the electromagnetic foundations required to understand radiation and field-tissue
coupling in pre-fractal antennas, and (iii) recent studies that employ pre-fractal and metafractal geometries for early detection of skin and
breast cancer, flexible “electronic tattoo” wearable sensors, and coils for multinuclear magnetic resonance imaging. We discuss the advantages
in terms of size reduction, multiband behavior, and mechanical adaptability, as well as the main limitations associated with the presence of
biological tissue (detuning, additional losses, and SAR constraints), the complexity of modeling, and fabrication challenges. This unified
perspective is intended to bridge antenna physics and biomedical instrumentation and to guide the design of new pre-fractal antennas oriented
towards clinical and preclinical applications.

Keywords: Pre-fractal antennas; fractal geometry; implantable telemetry; cancer detection; flexible electronics; magnetic resonance imaging.
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1. Introducción

Las antenas de radiofrecuencia empleadas en aplicaciones
médicas suelen diseñarse para operar en bandas específicas,
lo que limita su ancho de banda y restringe su uso a un con-
junto reducido de frecuencias [1,2]. Esta situación ha moti-
vado la búsqueda de estructuras capaces de combinar minia-

turización, operación multibanda y buen control de los dia-
gramas de radiación, entre las cuales las geometrías fracta-
les han adquirido un papel destacado en las últimas décadas
[3-10]. Diversos estudios han mostrado que el uso de con-
figuraciones fractales permite reducir el tamaño físico de la
antena y, al mismo tiempo, habilitar resonancias en múlti-
ples bandas, con aplicaciones potenciales en comunicaciones
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inalámbricas y sistemas biomédicos [3-7]. A diferencia de
trabajos previos sobre geometría fractal y su aplicación al di-
seño de antenas orientados principalmente a sistemas de co-
municación inalámbrica [11], el presente trabajo se distingue
en varios aspectos fundamentales. En primer lugar, el enfo-
que está dirigido de manera explícita y exclusiva a aplica-
ciones médicas, integrando tres niveles complementarios que
no se consideran de forma conjunta en la literatura previa: el
uso de la dimensión fractal para describir y analizar estructu-
ras biológicas complejas, los fundamentos electromagnéticos
de la radiación y el acoplamiento campo–tejido, y las apli-
caciones diagnósticas y de monitorización más recientes. En
segundo lugar, se incorporan geometrías metafractales y es-
tudios publicados hasta 2024, incluyendo bobinas fractales
para imagen por resonancia magnética multinuclear, senso-
res flexibles tipo “tatuaje electrónico” y antenas compactas
para detección de cáncer de piel y de mama, aplicaciones no
abordadas en revisiones anteriores [11].

El término fractal fue acuñado por Mandelbrot en 1975
para describir figuras compuestas por partes similares a la for-
ma completa, es decir, estructuras auto-semejantes a distintas
escalas [12-14]. Estas formas se construyen a partir de re-
glas geométricas relativamente simples, pero pueden exhibir
una complejidad muy elevada, con patrones que se repiten de
manera recursiva en múltiples niveles de aumento [12,15]. La
geometría fractal ha revolucionado la forma en que entende-
mos y medimos la complejidad de objetos irregulares, como
el cuerpo humano, al proporcionar una caracterización más
precisa de la irregularidad mediante la dimensión fractal, una
medida numérica que cuantifica el nivel de complejidad más
allá de las dimensiones enteras tradicionales [12,15]. Desde
el punto de vista geométrico, se adopta la dimensión fractal
auto-semejante para describir la complejidad de los patrones
utilizados. Para construcciones ideales, la dimensión fractal
puede escribirse como

D =
log(N)

log(1/r)
, (1)

dondeN es el número de copias auto-semejantes en que pue-
de descomponerse la figura, es decir, cuántas piezas de menor
tamaño reproducen exactamente la forma completa, y r es el
factor de escala lineal entre cada copia y la figura original; un
valor r = 1/2 indica que cada copia tiene la mitad del lado de
la figura completa. La dimensión fractal D cuantifica numé-
ricamente cuán eficientemente la estructura llena el espacio:
valores entre 1 y 2 corresponden a figuras más complejas que
una línea, pero menos densas que una superficie.

Para el triángulo de Sierpinski, por ejemplo, N = 3 y
r = 1/2, lo que da D = log(3)/ log(2) ≈ 1.585 [8]. En
el caso de geometrías de tipo Sierpinski, como la prefor-
ma triangular mostrada esquemáticamente en la Fig. 1, es-
ta formulación permite relacionar, al menos cualitativamente,
el orden de iteración con la aparición de nuevos caminos
de corriente y, en consecuencia, con la aparición de nuevas

FIGURE 1. Construcción esquemática del triángulo de Sierpinski
a partir de un triángulo equilátero inicial (iteración 0), eliminando
recursivamente el subtriángulo central en cada iteración.

frecuencias de resonancia en la respuesta de la antena
[1,5,12,15].

Las características principales de un fractal incluyen la
auto-semejanza, donde una parte de la figura se asemeja a la
forma completa, la dimensión fractal, usualmente fracciona-
ria y asociada con su complejidad, la construcción recursi-
va mediante iteraciones sucesivas, y la presencia de bordes y
contornos altamente irregulares que lo distinguen de las figu-
ras geométricas clásicas [14,15]. Ejemplos como la curva de
Koch ilustran cómo una curva puede situarse entre una línea
y una superficie en términos de complejidad, lo cual se refleja
en valores de dimensión fractal mayores que uno y menores
que dos [15]. En muchos casos, los fractales pueden consi-
derarse de complejidad prácticamente ilimitada, puesto que
surgen nuevos detalles estructurales conforme aumenta la re-
solución de observación [12,15].

En el ámbito médico, la dimensión fractal se ha empleado
para caracterizar de manera más fiel estructuras biológicas in-
trínsecamente complejas, como neuronas, pulmones, intesti-
nos y vasos sanguíneos, así como para analizar imágenes mi-
croscópicas y radiológicas con fines de diagnóstico y clasifi-
cación [16-20]. Esta capacidad de cuantificar la irregularidad
ha dado lugar a nuevas herramientas para la detección y eva-
luación de enfermedades, en particular en oncología, donde el
análisis fractal de masas y contornos celulares se ha utilizado
para distinguir entre tejidos sanos y patológicos y para apo-
yar la clasificación de procesos metastásicos [16,17,19,20].
Un ejemplo representativo es el trabajo de Klein et al., quie-
nes emplearon análisis fractal de imágenes obtenidas median-
te microscopía de contraste de interferencia en reflexión pa-
ra diferenciar células tumorales pancreáticas, mostrando que
la dimensión fractal de los contornos celulares permite dis-
tinguir líneas celulares tumorales con alta precisión. Estos
estudios ilustran cómo la fractalidad actúa como descriptor
de la morfología tisular, consolidándose como herramienta
práctica para el diagnóstico de procesos patológicos comple-
jos [20]. Ejemplos de estas aplicaciones suelen ilustrarse me-
diante imágenes de estructuras biológicas complejas, como
las mostradas en la Fig. 2, donde la organización ramificada
recuerda a los patrones fractales [18-20].

La misma propiedad de auto-semejanza que permite des-
cribir y cuantificar la complejidad de estructuras biológicas
como vasos sanguíneos, pulmones y neuronas resulta intrín-
secamente ventajosa en el diseño de antenas destinadas a
operar en entornos biológicos [16,18]. Por un lado, la geo-
metría pre-fractal permite incrementar la longitud eléctrica
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FIGURE 2. Ejemplos de estructuras biológicas que exhiben patro-
nes ramificados con morfología de tipo fractal: a) árbol bronquial,
b) red vascular, c) arborización dendrítica.

efectiva de la antena sin aumentar proporcionalmente sus di-
mensiones físicas, lo que facilita la miniaturización necesaria
para integrar antenas en dispositivos implantables o portáti-
les [3-7]. Por otro lado, la coexistencia de múltiples escalas
geométricas dentro de una misma estructura favorece la apa-
rición de resonancias en varias bandas de frecuencia de in-
terés diagnóstico o terapéutico [4,5,9,10]. En este sentido, la
fractalidad no es únicamente una herramienta descriptiva de
la morfología biológica, sino también un principio de dise-
ño que permite adaptar las propiedades electromagnéticas de
la antena a los requerimientos específicos del entorno médi-
co. En la práctica, las estructuras fractales ideales no pueden
construirse físicamente, por lo que se recurre a aproximacio-
nes de orden finito denominadas pre-fractales, obtenidas tras
un número limitado n de iteraciones del proceso geométrico
generador [8,15]. Por su parte, los metafractales combinan
geometrías pre-fractales con materiales con propiedades elec-
tromagnéticas especiales (metamateriales), con el objetivo de
optimizar parámetros como la ganancia, el ancho de banda
y la eficiencia en diseños compactos [21]. A lo largo de este
trabajo se emplea el término pre-fractal para referirse a estas
implementaciones físicas de orden finito; no obstante, se con-
serva la terminología original cuando se describen trabajos
de otros autores, quienes en muchos casos utilizan el término
fractal de manera general. En el campo de las antenas, la geo-
metría fractal ha encontrado una aplicación particularmente
relevante en el diseño de antenas miniaturizadas y multiban-
da. La propiedad de auto-semejanza, mediante la cual cada
parte reproduce la forma global a distintas escalas, convierte
a los patrones fractales en una solución natural para desa-
rrollar antenas capaces de operar en múltiples bandas de fre-
cuencia sin incrementar de manera significativa el tamaño del
dispositivo [3-10]. En este contexto, las antenas pre-fractales
constituyen una aproximación práctica a las estructuras frac-
tales ideales, ya que implementan un número finito de itera-
ciones geométricas en configuraciones como el triángulo de
Sierpinski y otras geometrías relacionadas [4,5,9,10,22]. Un
ejemplo representativo de una antena pre-fractal basada en
este tipo de geometría y orientada a aplicaciones médicas se
muestra en la Fig. 3, donde puede apreciarse la evolución de
la estructura con el orden de iteración [4,5,9,10].

Estas propiedades resultan especialmente atractivas en
aplicaciones médicas, donde las antenas deben integrarse en
espacios reducidos, cumplir con restricciones de seguridad
(como los límites de SAR) y mantener un desempeño ade-

FIGURE 3. Antena pre-fractal de tipo Sierpinski: evolución geo-
métrica en las iteraciones 0 (amarillo), 1 (rojo) y 2 (azul), donde
h0, h1 y h2 son las alturas de las ramas dominantes en cada orden
de iteración. El panel derecho muestra la implementación física so-
bre sustrato dieléctrico con alimentación mediante conector SMA,
ilustrando la correspondencia entre cada escala geométrica y su fre-
cuencia de resonancia asociada f0, f1 y f2.

cuado en bandas de interés diagnóstico o terapéutico
[2,21,23-29]. En los últimos años, se han propuesto antenas y
bobinas con geometría fractal o pre-fractal para aplicaciones
que incluyen imagen por resonancia magnética, detección de
cáncer de piel y de mama, telemetría implantable y senso-
res portátiles flexibles, aprovechando la miniaturización, el
comportamiento multibanda y la adaptabilidad mecánica que
proporcionan estos diseños [21,23-25,27-29]. Configuracio-
nes típicas de estas antenas en escenarios biomédicos, por
ejemplo, colocadas sobre fantomas tisulares o integradas en
plataformas flexibles se esquematizan en la Fig. 4, destacan-
do la interacción entre la antena pre-fractal y el entorno bio-
lógico [21,25,27,28].

En el contexto de aplicaciones médicas, algunos de estos
conceptos han sido abordados en un trabajo orientado a un

FIGURE 4. Configuraciones típicas de antenas pre-fractales de ti-
po Sierpinski en escenarios biomédicos, como su colocación sobre
fantomas tisulares y su integración en plataformas flexibles, que
ilustran su interacción con el entorno biológico circundante.
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público principalmente clínico [30]. El presente artículo am-
plía y actualiza de manera sustancial dicha contribución, in-
tegrando una revisión más extensa de la literatura reciente y
una discusión más detallada sobre los fundamentos físicos de
la radiación, la interacción campo-tejido y las implicaciones
biomédicas del uso de antenas pre-fractales en medicina.

2. Metodología

La metodología de este trabajo combina una revisión sistemá-
tica de la literatura con un marco de análisis electromagnético
basado en las ecuaciones de Maxwell y en modelos simpli-
ficados para antenas pre-fractales. El objetivo es integrar, en
una descripción coherente, los aspectos geométricos fracta-
les, los fundamentos de la radiación y los resultados experi-
mentales y numéricos reportados en aplicaciones médicas.

En primer lugar, se realizó una búsqueda focalizada de li-
teratura en libros y artículos especializados sobre geometría
fractal [12-15], aplicaciones médicas de la dimensión fractal
[16-20] y diseño de antenas fractales y pre-fractales para co-
municaciones y uso biomédico [3-10,21,23-25,27-29]. A di-
ferencia de revisiones generales sobre antenas fractales para
telecomunicaciones [11], los trabajos seleccionados en esta
revisión se centran en aplicaciones médicas, criterio que guió
tanto la búsqueda bibliográfica como el análisis presentado
en las secciones siguientes, y reportan: (i) miniaturización de
antenas mediante geometrías fractales, (ii) comportamiento
multibanda o de banda ancha, (iii) integración de antenas en
dispositivos implantables, portátiles o flexibles, y (iv) uso de
bobinas fractales en imagen por resonancia magnética.

En segundo lugar, se revisaron los fundamentos del análi-
sis electromagnético de antenas a partir de las ecuaciones de
Maxwell, tomando como punto de partida la forma diferen-
cial de la ley de Ampère–Maxwell:

∇× B⃗ = µ0J⃗ + µ0ε0
∂E⃗

∂t
, (2)

y de la ley de inducción de Faraday:

∇× E⃗ = −∂B⃗
∂t
. (3)

Aquí, B⃗ es el campo magnético, J⃗ es la densidad de corrien-
te, E⃗ es el campo eléctrico y µ0, ε0 son la permeabilidad
y la permitividad del vacío, respectivamente [22]. Al combi-
nar estas expresiones con la ecuación de Gauss para el campo
eléctrico en un medio lineal y homogéneo, se obtiene la ecua-
ción de onda vectorial general para el campo eléctrico:

∇2E⃗ + k2E⃗ = −jωµJ⃗ +
∇ρ
ε
, (4)

donde k es el número de onda del medio, ω la frecuencia an-
gular, µ la permeabilidad, ρ la densidad volumétrica de carga
libre y ε la permitividad del medio [1,22]. En aplicaciones de
antenas, el medio conductor que forma la estructura radian-
te es macroscópicamente neutro, de modo que ρ = 0 y la

ecuación anterior se reduce a:

∇2E⃗ + k2E⃗ = −jωµJ⃗. (5)

La solución formal de esta ecuación puede escribirse como
una integral de volumen de la densidad de corriente pondera-
da por una función de Green escalar para campos monocro-
máticos en medios homogéneos,

g(r⃗, r⃗ ′) =
ejkR

4πR
, (6)

donde R = |r⃗ − r⃗ ′| es la distancia entre la fuente y el pun-
to de observación [22]. En esta revisión, estas formulaciones
se utilizan de manera conceptual para vincular la distribución
de corriente sobre la geometría pre-fractal con el diagrama de
radiación resultante, tal como se discute en los textos clásicos
de análisis y diseño de antenas [1,22].

A partir del campo eléctrico radiado,la directividad de
las antenas consideradas se describe en términos de la densi-
dad de potencia radiada U(θ, ϕ) y de la referencia isotrópica
Uiso = Prad/(4π), de modo que

D(θ, ϕ) =
U(θ, ϕ)

Uiso
=

4π U(θ, ϕ)

Prad
, (7)

donde Prad es la potencia total radiada [1,22]. En el contexto
de esta revisión, la directividad se utiliza principalmente co-
mo un parámetro para comparar cualitativamente el compor-
tamiento angular de antenas pre-fractales con diseños con-
vencionales reportados en la literatura [3-10].

Como se discutió en la Ec. (1), la dimensión fractal auto-
semejante se utiliza aquí como un descriptor geométrico de
la complejidad de la antena. En geometrías de tipo Sierpins-
ki, como la preforma triangular mostrada esquemáticamen-
te en la Fig. 1, el orden de iteración se asocia con la apari-
ción de nuevos caminos de corriente y, en consecuencia, con
nuevas frecuencias de resonancia en la respuesta de la ante-
na [1,5,12,15].

Desde un punto de vista constructivo, una antena pre-
fractal basada en el triángulo de Sierpinski parte de un trián-
gulo equilátero inicial (iniciador) de lado L0 y altura h0 =√
3L0/2, que se comporta como un monopolo o parche trian-

gular convencional en su modo fundamental, tal como se re-
presenta en la Fig. 3 [4,5]. La primera iteración se obtiene al
dividir el triángulo inicial en cuatro subtriángulos equiláte-
ros congruentes y eliminar el triángulo central; las iteracio-
nes sucesivas repiten este procedimiento sobre cada uno de
los subtriángulos restantes, generando una jerarquía de hue-
cos y brazos conductores de diferentes longitudes efectivas
[4,5,9,10]. En la práctica, las antenas empleadas en aplica-
ciones médicas son pre-fractales de orden finito n, de mo-
do que la estructura conserva una longitud y un área totales
compatibles con las restricciones geométricas del dispositivo
[3-7].

Para un monopolo triangular de Sierpinski alimentado en
la base, la auto-semejanza implica que, además del modo fun-
damental asociado a la altura h0 (frecuencia f0), aparecen re-
sonancias adicionales ligadas a subtriángulos de altura h0/2,
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h0/4, etc., presentes en cada iteración, como se esquemati-
za en la Fig. 1 [4,5,9,10]. De manera aproximada, la relación
entre la altura efectiva heff de cada rama dominante y su fre-
cuencia de resonancia f sigue la dependencia inversa típica
de antenas tipo monopolo o parche,

f ≈ c

4heff
√
εeff

, (8)

donde c es la velocidad de la luz en el vacío y εeff es la per-
mitividad efectiva del medio que rodea a la antena (combi-
nación del sustrato y del entorno dieléctrico, que en aplica-
ciones médicas incluye tejido biológico) [1,22]. En este con-
texto, una rama dominante se refiere al tramo de la geometría
de la antena por el que circula la mayor parte de la corriente
en un modo resonante dado, de modo que su longitud efec-
tiva controla, de manera aproximada, la posición de la co-
rrespondiente frecuencia de resonancia. Así, los subtriángu-
los más pequeños generan resonancias en múltiplos superio-
res de f0, mientras que las ramas de mayor longitud produ-
cen resonancias cercanas o ligeramente desplazadas respecto
a f0 [4,5,9,10]. En consecuencia, al aumentar el orden de ite-
ración n se enriquece el espectro de caminos de corriente y
se obtienen respuestas multibanda o de banda ancha sin nece-
sidad de incrementar la altura total de la antena, lo que resul-
ta especialmente útil en diseños compactos para aplicaciones
biomédicas [3-7].

En los estudios numéricos y experimentales analizados,
los parámetros de desempeño de las antenas -como la res-
puesta en frecuencia, la ganancia, la eficiencia de radiación y
el coeficiente de reflexión S11- se obtienen mediante simula-
ciones de onda completa y, cuando es posible, se validan con
prototipos físicos [3-7,9,10]. En el contexto biomédico se ha-
ce especial énfasis en el uso de fantomas tisulares y modelos
estratificados para evaluar el acoplamiento de impedancias,
las distribuciones de campo en el interior del tejido y las res-
tricciones de la tasa de absorción específica (SAR) [2,21,23-
29].

Además de su descripción geométrica, las antenas pre-
fractales deben caracterizarse en términos de parámetros con-
vencionales de antena, como impedancia de entrada, coefi-
ciente de reflexión, ancho de banda, diagrama de radiación y
ganancia [1,22]. Una métrica simple pero útil es el coeficien-
te de reflexión Γ, que relaciona la impedancia de entrada de
la antena Zin con la impedancia característica de la línea de
alimentación Z0 mediante

Γ =
Zin − Z0

Zin + Z0
, (9)

tal como se discute en los textos estándar de teoría de antenas
y líneas de transmisión [1,22]. A partir de Γ se obtienen la ra-
zón de ondas estacionarias de voltaje (VSWR) y el ancho de
banda operacional, que definen el intervalo de frecuencias en
el cual la antena transfiere potencia de manera eficiente al es-
pacio libre [1]. Por otra parte, parámetros como la ganancia
y la eficiencia de radiación cuantifican qué tan eficazmente
la antena fractal convierte la potencia de entrada en radia-
ción en una dirección dada, lo cual es crítico en aplicaciones

médicas donde deben satisfacerse simultáneamente el presu-
puesto de enlace y las restricciones de seguridad (por ejem-
plo, límites de SAR) [2,22,25]. Por tanto, una caracterización
electromagnética adecuada de las antenas pre-fractales pro-
porciona la base para comparar diferentes diseños, optimizar
su geometría y asegurar que la miniaturización o la operación
multibanda no comprometan el desempeño en las bandas de
interés diagnóstico o terapéutico [1,22].

Con esta metodología, el presente trabajo integra una re-
visión crítica de la literatura, el marco geométrico basado en
la dimensión fractal y las formulaciones electromagnéticas
clásicas, con el fin de ofrecer una visión unificada del papel
de las antenas pre-fractales en aplicaciones relacionadas con
la salud.

3. Estado del arte

El uso de la geometría fractal en medicina se remonta al tra-
bajo pionero de West, quien introdujo el concepto de fisiolo-
gía fractal para describir la organización jerárquica y auto-
semejante de diversos sistemas biológicos, desde las redes
vasculares hasta las estructuras pulmonares [18]. En este en-
foque, la dimensión fractal se interpreta como un descriptor
cuantitativo de la complejidad de los procesos fisiológicos y
morfológicos, lo que abrió la puerta a modelos más realistas
de transporte, intercambio de masa y dinámica de fluidos en
el organismo. En paralelo, se desarrollaron y aplicaron técni-
cas de análisis fractal y multifractal a imágenes biomédicas,
demostrando su utilidad para caracterizar patrones patológi-
cos, por ejemplo en la clasificación de enfermedad ósea me-
tastásica y en la detección y diagnóstico de lesiones mama-
rias [16,17].

En el ámbito de los dispositivos, la idea de explotar pa-
trones fractales o pre-fractales se ha extendido a la electró-
nica flexible y a los sistemas portátiles de monitorización de
la salud. El trabajo de Rogers y colaboradores sobre mate-
riales y mecánica para electrónica estirable mostró cómo el
uso de trazas serpentinas y diseños que se aproximan a es-
tructuras fractales permite fabricar circuitos y sensores que
se adaptan mecánicamente a la piel o a superficies deforma-
bles, manteniendo la integridad eléctrica bajo deformación
[23]. Posteriormente, Fan et al. profundizaron en conceptos
de diseño fractal para electrónica flexible, destacando que es-
tas geometrías minimizan la formación de lazos cerrados y el
acoplamiento indeseado con campos de radiofrecuencia, lo
cual es particularmente ventajoso en entornos de imagen por
resonancia magnética [24]. Estos enfoques han impulsado el
desarrollo de sensores portátiles y plataformas tipo “tatua-
je electrónico” capaces de medir parámetros fisiológicos de
manera continua y mínimamente invasiva, con potencial de
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FIGURE 5. Configuraciones representativas de electrónica flexible
y trazas de tipo fractal empleadas en sensores portátiles y platafor-
mas para monitorización de la salud [21,23,24].

integración en redes de telemedicina y sistemas de monitori-
zación remota [21,23,24].

De forma más específica en oncología, la geometría frac-
tal y sus derivados han resultado relevantes tanto en la eta-
pa diagnóstica como en el diseño de antenas para detección.
Kaur y Kaur diseñaron una antena fractal alimentada por
CPW para detección no invasiva de cáncer de piel, aprove-
chando la capacidad de estas estructuras para rellenar espacio
y operar en regímenes de banda ancha [27].

En este tipo de dispositivos, la física subyacente de la de-
tección depende tanto de las propiedades dieléctricas del teji-
do como, en técnicas de resonancia magnética, de la respues-
ta de los núcleos bajo excitación por RF. En microondas, la
presencia de una lesión modifica la permitividad relativa εr
y la conductividad σ del tejido, lo que altera la impedancia
vista por la antena y, por tanto, el coeficiente de reflexión S11

y la potencia reflejada en determinadas bandas de frecuencia
[27,28,31,32]. Al barrer la frecuencia y registrar los cambios
en S11 o en la señal dispersada, se obtiene un contraste elec-
tromagnético que puede correlacionarse con la presencia de
lesiones. Esta interacción campo–tejido tiene también impli-
caciones de seguridad relevantes: la energía de RF depositada
en el tejido se cuantifica mediante la tasa de absorción espe-
cífica (SAR, en W/kg), y concentraciones locales elevadas
pueden provocar incrementos de temperatura y quemaduras
por radiofrecuencia, por lo que los diseños de antenas des-
tinados a operar en contacto o en proximidad con el cuerpo
deben respetar los límites de SAR establecidos en las nor-
mas de seguridad y evaluarse mediante modelos y fantomas
apropiados [2,25,26,33].

Para detección de cáncer de mama, Lala et al. utilizaron
una antena miniaturizada en la banda ISM de 5.72-5.82 GHz,
basada en la técnica DGS, mostrando que estructuras com-
pactas cuidadosamente adaptadas al tejido mamario pueden
proporcionar un contraste significativo entre tejido sano y tu-
moral [28]. En este caso, la antena se coloca en contacto o en
proximidad a fantomas mamarios que emulan las propieda-
des dieléctricas de los distintos tejidos, y se analizan la dis-

FIGURE 6. Ejemplos de antenas compactas empleadas en la lite-
ratura para la detección de a) cáncer de piel y b) cáncer de mama
mediante técnicas de microondas [27-29].

tribución del campo electromagnético y la tasa de absorción
específica (SAR) en el volumen del fantoma. Más reciente-
mente, Marzouk et al. desarrollaron una antena fractal com-
pacta de ultra-ancho de banda que, además de aplicaciones
en WiMAX y WLAN, fue evaluada como herramienta para
la detección de tumores mamarios mediante fantomas ma-
marios; el contraste en campo y en potencia absorbida entre
regiones sanas y simuladas como tumorales se emplea co-
mo métrica para valorar la capacidad de detección [29]. En
configuraciones tomográficas, arreglos de antenas compactas
alrededor del fantoma permiten reconstruir mapas espaciales
de propiedades dieléctricas que pueden correlacionarse con
la presencia de lesiones.

En imagen por resonancia magnética, la física subyacen-
te es cualitativamente distinta a la detección por microondas:
la respuesta de los núcleos ante un pulso de RF depende no
solo de la frecuencia de Larmor del núcleo (por ejemplo, 1H,
23Na) sino también del microentorno en que se encuentran.
Para núcleos de hidrógeno (1H), los tiempos de relajación T1
y T2 difieren significativamente entre materia gris, materia
blanca y tejido tumoral, generando el contraste intrínseco de
las imágenes de RM [2,25]. Esta variación refleja diferencias
en el contenido de agua, la organización celular y la densidad
de membranas lipídicas en cada tipo de tejido. En este con-
texto, la geometría fractal ha mostrado ventajas específicas en
el diseño de bobinas: Nowikow et al. analizaron bobinas de
radiofrecuencia con geometría de copo de nieve de Koch para
RM de sodio, demostrando que estas estructuras pueden re-
ducir la inductancia mutua entre elementos en fase y mejorar
la uniformidad de campo y la eficiencia [25]. Este tipo de bo-
bina resulta particularmente atractivo para estudios multinu-
cleares, donde las restricciones de espacio y la necesidad de
minimizar artefactos son críticas [2,25,26], y donde el diseño
debe optimizarse además en términos de homogeneidad del
campo B1 y relación señal-ruido para distinguir tejidos con
propiedades de relajación próximas [2,25,26]. Por otro lado,
Sabban presentó una familia de sensores y antenas portáti-
les metafractales para aplicaciones médicas, comunicaciones
5G e IoT, en los que las geometrías fractales se combinan
con metamateriales para optimizar la ganancia, el ancho de
banda y la eficiencia, manteniendo diseños compactos y lige-
ros [21].

La Tabla I resume algunas de las contribuciones más re-
presentativas sobre el uso de geometrías fractales y pre-frac-
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TABLE I. Resumen de trabajos representativos que emplean geometrías fractales o pre-fractales en aplicaciones médicas.

Referencia Geometría/tipo Banda o Aplicación Característica

frecuencia principal clave

West (1990) [18] Modelos fisiológicos – Fisiología fractal, sistemas Introduce el marco de fisiología

fractales biológicos complejos fractal para describir redes y

procesos en el organismo.

Klein et al. Análisis fractal de – Fenotipado de células Uso de la dimensión fractal para

(2013) [20] contornos celulares tumorales pancreáticas distinguir líneas celulares

tumorales con alta precisión.

Rogers et al. Trazas flexibles RF baja-media Electrónica flexible y Diseños deformables que mantienen

(2010) [23] tipo fractal sensores sobre piel continuidad eléctrica y

compatibilidad mecánica.

Fan et al. Conceptos fractales para RF / RMN Electrónica flexible, Geometrías fractales que minimizan

(2014) [24] electrónica estirable compatibilidad con RMN lazos cerrados y el acoplamiento

RF en entornos de imagen.

Nowikow et al. Bobina de RF tipo copo RMN de sodio Imagen por resonancia Bobinas fractales con menor

(2021) [25] de nieve de Koch magnética de sodio inductancia mutua y mejor desempeño

en estudios multinucleares.

Kaur & Kaur Antena fractal Microondas Detección temprana Antena compacta y de banda

(2021) [27] alimentada por CPW de cáncer de piel ancha para diagnóstico

no invasivo.

Lala et al. Antena miniaturizada 5.72-5.82 GHz Detección de Antena miniaturizada

(2023) [28] con DGS (ISM) cáncer de mama optimizada para contraste entre

tejido sano y tumoral.

Marzouk et al. Antena fractal 2.8-9.37 GHz Comunicaciones y Antena UWB compacta

(2023) [29] UWB compacta detección de tumores evaluada con fantomas

mamarios para imagen.

Sabban (2024) [21] Antenas y sensores Varias bandas Dispositivos portátiles Combinación de geometría

metafractales (5G, IoT) médicos, 5G, IoT fractal y metamateriales para alta

eficiencia y ganancia en

dispositivos portátiles.

tales en aplicaciones médicas recientes, destacando la diver-
sidad de configuraciones, bandas de operación y objetivos clí-
nicos.

En conjunto, estos trabajos revelan una tendencia clara
hacia el uso de estructuras pre-fractales y metafractales en el
diseño de antenas y bobinas para diagnóstico, monitorización
y comunicación en entornos médicos, aprovechando su capa-
cidad de miniaturización, operación multibanda y adaptabi-
lidad a configuraciones biológicas complejas [21,23-25,27-
29]. Este cuerpo de evidencia proporciona el contexto nece-
sario para analizar, en las siguientes secciones, las ventajas y
limitaciones de las antenas pre-fractales en aplicaciones espe-
cíficas como la detección de cáncer, la telemetría implantable
y la imagen por resonancia magnética multinuclear.

4. Discusión: ventajas y limitaciones de las an-
tenas pre-fractales en medicina

Los trabajos revisados muestran que las antenas con geome-
trías fractales y pre-fractales ofrecen un conjunto claro de
ventajas frente a diseños convencionales, especialmente en
contextos donde el espacio disponible es limitado y se re-
quiere operación en múltiples bandas de frecuencia [3-10,27-
29]. La auto-semejanza de patrones como los de Sierpinski
o Koch permite incrementar de manera efectiva la longitud
eléctrica de la antena sin un aumento proporcional de sus di-
mensiones físicas, lo que se traduce en una mayor miniaturi-
zación para una frecuencia de operación dada [3-10]. Asimis-
mo, la coexistencia de distintas escalas geométricas dentro
de una misma estructura favorece la aparición de múltiples
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FIGURE 7. Esquema de a) bobina de RF con geometría de copo de
nieve de Koch para RMN de sodio, b) antenas metafractales portá-
tiles orientadas a aplicaciones médicas y c) IoT [21,25].

frecuencias de resonancia, de modo que una sola antena pue-
de cubrir operación multibanda o de banda ancha, como se
ha demostrado en aplicaciones de comunicaciones y en con-
figuraciones evaluadas para el diagnóstico de cáncer de piel
y de mama mediante microondas [27-29].

En el contexto de dispositivos implantables y portátiles,
estas propiedades resultan particularmente atractivas. Por un
lado, la miniaturización facilita la integración de antenas en
volúmenes muy restringidos, como cápsulas ingeribles o im-
plantes subcutáneos, donde la reducción del tamaño de la an-
tena es un requisito crítico [2,21,23-26,28,29]. Por otro lado,
las capacidades multibanda y de banda ancha permiten que
un solo elemento pueda cubrir funciones de comunicación,
sensado y, en algunos casos, imagen, reduciendo la necesidad
de emplear múltiples antenas o transductores [21,25,27-29].
Adicionalmente, en diseños flexibles y portátiles, las geome-
trías fractales proporcionan caminos de corriente que se adap-
tan mejor a la deformación mecánica sin pérdida de continui-
dad eléctrica, característica que se ha aprovechado en pla-
taformas tipo "tatuaje electrónico 2en sensores textiles inte-
grados [21,23,24]. En bobinas para imagen por resonancia
magnética, configuraciones fractales como el copo de nieve
de Koch ayudan además a reducir la inductancia mutua y a
mejorar la uniformidad del campo B1 en estudios multinu-
cleares [25].

No obstante, la adopción de antenas pre-fractales en apli-
caciones médicas también presenta limitaciones y retos im-
portantes. Desde el punto de vista electromagnético, la pre-
sencia de tejido biológico con alta permitividad y conducti-
vidad introduce desintonización, pérdidas adicionales y cam-
bios en la distribución de campo que pueden degradar la efi-
ciencia y la ganancia efectiva de la antena, especialmente en
configuraciones implantables o en contacto cercano con el
cuerpo [2,21,23-29]. Esto hace necesario llevar a cabo proce-
sos de optimización específicos para el entorno de operación,
que incluyen el uso de fantomas realistas y simulaciones de
onda completa que consideren la dispersión dieléctrica del
tejido. Del mismo modo, la evaluación de la tasa de absor-
ción específica (SAR) se convierte en un aspecto central, ya
que la concentración de campo en regiones de alta densidad
de corriente puede incrementar localmente la deposición de
potencia en el tejido [25,26,28,29].

Desde una perspectiva tecnológica, la fabricación de geo-
metrías pre-fractales de alto orden plantea desafíos relacio-

nados con la resolución de los procesos de manufactura y
las tolerancias de los materiales empleados. A escalas micro-
métricas, pequeñas desviaciones en las dimensiones pueden
provocar desplazamientos apreciables en las frecuencias de
resonancia y variaciones en el acoplamiento entre elementos,
lo que exige procesos de fabricación precisos y reproducibles
[3-7,9,10]. Además, en dispositivos implantables o en contac-
to directo con el cuerpo, deben considerarse cuestiones como
la biocompatibilidad de sustratos y conductores, la estabili-
dad a largo plazo en entornos biológicos y la necesidad de
encapsulados que protejan tanto a la antena como al tejido
circundante [2,21,23-26,28. En electrónica flexible, la fatiga
mecánica debida a ciclos repetidos de flexión o estiramien-
to añade requisitos adicionales sobre la robustez mecánica de
las trazas fractales y de las interfaces entre capas [21,23,24].

Finalmente, desde la perspectiva de diseño de sistema, el
uso de antenas pre-fractales en medicina requiere un equili-
brio cuidadoso entre los beneficios de la miniaturización y
la operación multibanda, y la complejidad del modelado y
la integración. Aunque las geometrías fractales ofrecen un
espacio de diseño amplio, su comportamiento electromag-
nético puede ser menos intuitivo que el de antenas conven-
cionales, lo que demanda estrategias de optimización asisti-
das por simulación y una validación experimental cuidadosa
[3-10,21,25,27-29]. En este sentido, la evidencia disponible
sugiere que las antenas pre-fractales son especialmente pro-
metedoras en escenarios donde el compromiso entre tamaño,
número de bandas y adaptabilidad mecánica es crítico -como
en sensores portátiles, telemetría implantable e imagen por
resonancia magnética multinuclear-, pero su adopción gene-
ralizada en entornos clínicos aún depende de avances en ma-
teriales, técnicas de fabricación y protocolos de validación
adaptados a cada aplicación específica.

5. Conclusiones

Las antenas pre-fractales, basadas en geometrías auto-
semejantes de tipo Sierpinski y Koch, representan una alter-
nativa robusta para el diseño de dispositivos de radiofrecuen-
cia en el ámbito médico, ya que combinan de forma natural
la miniaturización, la operación multibanda y la capacidad
de controlar los diagramas de radiación. Las propiedades de
auto-semejanza y relleno de espacio características de estas
estructuras permiten obtener longitudes eléctricas efectivas
mayores sin incrementar de manera significativa el tamaño fí-
sico, lo cual resulta particularmente útil en escenarios donde
el volumen disponible es limitado, como implantes, sensores
portátiles y bobinas para imagen por resonancia magnética.

Este trabajo integra tres niveles complementarios que per-
miten una visión unificada del tema. En primer lugar, el uso
de la dimensión fractal como herramienta para describir y
analizar estructuras biológicas complejas, desde redes vascu-
lares y árboles bronquiales hasta contornos celulares tumora-
les, reforzando el uso de la dimensión fractal como criterio
de análisis de la morfología tisular con aplicaciones diagnós-
ticas concretas. En segundo lugar, los fundamentos electro-
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magnéticos de la radiación y el acoplamiento campo–tejido
en antenas pre-fractales, donde las leyes de Ampère-Maxwell
y de Faraday, junto con la condición de medio macroscópica-
mente neutro, proporcionan el marco formal para relacionar
la geometría de la antena con su respuesta en frecuencia y su
diagrama de radiación. En tercer lugar, las aplicaciones re-
cientes que emplean geometrías pre-fractales y metafractales
en detección temprana de cáncer de piel y de mama, sensores
portátiles flexibles tipo “tatuaje electrónico” y bobinas pa-
ra imagen por resonancia magnética multinuclear, donde las
ventajas de tamaño, comportamiento multibanda y adaptabi-
lidad mecánica han sido demostradas experimentalmente.

No obstante, la implementación práctica de antenas pre-
fractales en entornos clínicos reales sigue enfrentando desa-
fíos importantes. La presencia de tejido biológico con alta
permitividad y conductividad introduce desintonización, pér-
didas adicionales y modificaciones en la distribución de cam-
po que pueden degradar la eficiencia y la ganancia efectiva.
A esto se suman los requisitos estrictos en la evaluación de
SAR y biocompatibilidad, y las exigencias de precisión en la
fabricación cuando se trabaja a escalas micrométricas. Ade-
más, el comportamiento electromagnético de las geometrías
pre-fractales puede resultar menos intuitivo que el de las ante-
nas convencionales, lo cual obliga a apoyarse en herramientas
avanzadas de simulación y en protocolos detallados de vali-
dación experimental.

De cara al futuro, las líneas de investigación más prome-
tedoras incluyen la integración de antenas pre-fractales con
materiales flexibles y biocompatibles, la combinación con
conceptos de metamateriales para mejorar aún más la eficien-
cia y la ganancia, y el desarrollo de diseños adaptados a apli-
caciones de imagen por resonancia magnética multinuclear y
sistemas de telemetría implantable de largo plazo. La conso-
lidación de estos avances, junto con protocolos de evaluación
estandarizados en fantomas y estudios preclínicos, será clave
para que las antenas pre-fractales evolucionen de demostra-
ciones de laboratorio a soluciones robustas y de uso rutinario
en la práctica clínica.
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The reusability of Al2O3:C-based optically stimulated luminescence dosimeters (OSLDs) relies on efficient removal of the stored signal
through optical irradiation. Wavelength-dependent optical bleaching was evaluated in nanoDotTM dosimeters using 3 W LED matrices
centered at 463 and 516 nm, with irradiances of 587.7 and 457.7 mW·cm−2, respectively. Dosimeters irradiated with 6 MV photons were
subjected to successive 5-min bleaching cycles with intermediate microStar readouts. The 463 nm system produced faster signal reduction
and higher bleaching efficiency than the 516 nm system. A residual component persisted after prolonged irradiation, indicating incomplete
depletion of optically accessible trapping states under the evaluated conditions. These results support wavelength selection as a key parameter
for optimizing nanoDot reuse protocols.
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1. Introduction

Optically stimulated luminescence (OSL) is a widely
used technique in ionizing radiation dosimetry due to its
high sensitivity, stability, and capability for repeated, non-
destructive readout [1]. In particular, Al2O3:C-based dosime-
ters, such as nanoDotTM devices, have demonstrated robust
performance in clinical applications owing to their wide dy-
namic range and reproducibility [2].

At the microscopic level, OSL behavior in Al2O3:C is
associated with crystal defects induced by carbon doping,
which introduce energy levels within the bandgap. Among
these defects, F and F+ centers—related to oxygen vacan-
cies acting as electron traps—as well as recombination cen-
ters responsible for luminescent emission, play a key role [3].
Upon irradiation with ionizing radiation, charge carriers are
promoted to the conduction band and subsequently trapped
in metastable states. Optical stimulation releases these elec-
trons, producing a luminescent signal proportional to the ab-
sorbed dose [4].

The removal of the stored signal, known as bleaching, is
essential for OSLD reuse. However, its efficiency is strongly
influenced by the energy distribution of traps in the material.
In Al2O3:C, both shallow traps—efficiently emptied by op-
tical irradiation—and deep traps—limiting complete signal
removal—coexist [5].

The probability of optical release of trapped electrons
depends on the photon energy, introducing a direct wave-

length dependence in the bleaching process. Shorter wave-
lengths (higher photon energy) generally enhance photoioni-
zation rates, increasing bleaching efficiency, whereas longer
wavelengths are less effective in depopulating certain trap po-
pulations [6].

Additionally, phototransfer phenomena have been repor-
ted, in which electrons trapped in deep levels are promoted
to optically active traps, contributing to residual signal even
after prolonged optical irradiation [7]. This behavior imposes
limitations on bleaching efficiency and measurement repro-
ducibility.

From a kinetic standpoint, the reduction of the OSL signal
during optical irradiation can be approximated by effective
exponential models, which allow characterization of trap de-
population dynamics through time constants and related pa-
rameters such as the process half-life [8]. These parameters
provide useful metrics for comparing bleaching efficiency
under different experimental conditions.

In this context, the present study aims to evaluate the
bleaching efficiency of Al2O3:C nanoDotTM dosimeters un-
der optical irradiation at 463 nm and 516 nm. The analy-
sis is based on normalized signal evolution, monoexponen-
tial fitting of decay curves, and determination of characte-
ristic parameters such as half-life and residual signal, in or-
der to establish a quantitative comparison between both irra-
diation systems. The primary objective of this work is to
provide a quantitative assessment of monochromatic LED-
based optical bleaching systems and their applicability to
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nanoDotTM reuse protocols under controlled experimental
conditions, rather than to identify the fundamental trapping
mechanisms responsible for the observed luminescence beha-
vior.

Theoretical framework

The characterization of the optical bleaching process
in optically stimulated luminescence dosimeters requires a
quantitative description of signal decay under optical irradia-
tion. From an experimental perspective, the primary objec-
tive is to compare the rate and efficiency of signal removal
through measurable parameters, rather than relying solely on
qualitative descriptions of signal reduction. In this context,
the analysis of normalized decay curves and their fitting using
exponential functions constitutes a widely adopted approach
for describing the effective dynamics of electron trap depo-
pulation [4, 8].

When the signal decay is governed by an effective popu-
lation of traps, the behavior can be approximated by a mono-
exponential model:

I(t) = Ib +A exp(−t/τ),

where I(t) is the measured signal after a cumulative opti-
cal irradiation time t, Ib corresponds to the baseline signal
of the system, A represents the removable signal amplitude,
and τ is the characteristic time constant of the process. This
formulation allows bleaching to be described as an effecti-
ve decay process without explicitly accounting for the indi-
vidual contributions of each trap population present in the
material [4, 9].

From this expression, the half-life of the process is defi-
ned as:

t1/2 = τ ln 2,

The half-life provides a direct parameter for comparison bet-
ween different experimental conditions, as it represents the
time required for the signal to decrease to half of its initial
value. In OSL dosimetry studies, this parameter is commonly
used as a practical metric to evaluate bleaching rate and com-
pare different optical stimulation systems [8].

Since the initial OSL signal depends on the absorbed do-
se, normalization is required to compare results across diffe-
rent conditions. The ratio I(t)/I0, where I0 is the initial sig-
nal prior to bleaching, allows analysis of the remaining signal
fraction independently of absolute signal magnitude. This ap-
proach is consistent with methodologies reported in the lite-
rature for analyzing decay processes in OSL dosimetry [1,5].

However, when the residual signal approaches values clo-
se to the detection limit, the contribution of the system base-
line becomes significant. For this reason, the ratio I(t)/Ib,
where Ib represents the experimentally determined back-
ground signal, provides a useful metric to evaluate the degree
of approach to the baseline state of the dosimeter. This rela-
tionship is particularly relevant for defining the practical limit

of bleaching, as a residual signal approaching Ib indicates ef-
fective emptying of optically accessible traps [1, 2, 9].

The inclusion of the term Ib in the decay model also
allows discrimination between actual signal removal and li-
mitations imposed by the measurement system. In this sense,
the baseline signal should not be interpreted solely as instru-
mental noise, but rather as an experimental reference defining
the minimum observable signal level in the reader–dosimeter
system [9].

Although the actual bleaching process may involve mul-
tiple trap populations and complex kinetics, the use of a mo-
noexponential model is appropriate when the objective is to
perform quantitative comparisons between experimental con-
ditions. This type of approximation has been widely emplo-
yed to describe effective decay processes in luminescent ma-
terials, enabling the extraction of reproducible parameters
without overfitting the data [10, 11].

Under this framework, bleaching efficiency can be eva-
luated based on three primary parameters: the time constant
τ , the half-life t1/2, and the residual term associated with the
baseline signal.

2. Materials and methods

2.1. Materials

Twenty Al2O3:C optically stimulated luminescence dosi-
meters (nanoDotTM, Landauer Inc.) were used in this study.
All dosimeters were selected from the same batch in order to
minimize sensitivity variations. The detectors were divided
into two groups of ten units, assigned to optical irradiation
conditions at wavelengths of 463 nm and 516 nm.

OSL signal readout was performed using a microStar
reader, which provides an integrated signal corresponding to
the luminescent emission during the readout cycle.

Prior to experimental use, the dosimeters were subjected
to optical irradiation cycles to reduce residual signals asso-
ciated with manufacturing and storage conditions, thereby
establishing reproducible initial conditions. All handling and
experimental procedures were conducted in accordance with
the recommendations of the AAPM TG-191 report [13].

2.2. Irradiation

Irradiations were performed using a clinical linear acce-
lerator TrueBeam STx (Varian Medical Systems, USA) deli-
vering a 6 MV photon beam.

Beam calibration was carried out following the TRS-
398 protocol established by the International Atomic Energy
Agency (IAEA), using a Farmer-type ionization chamber as
the reference detector [14].

The nanoDotTM dosimeters were irradiated with absor-
bed doses ranging from 0.25 to 5 Gy using a 6 MV photon
beam generated by a Varian TrueBeam STx linear accelerator
(Varian Medical Systems, USA). Irradiations were performed
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in a Solid Water phantom under reference dosimetry condi-
tions following the IAEA TRS-398 protocol. The dosimeters
were positioned at a depth of 5 cm, with 5 cm of Solid Water
above and 5 cm below the detectors, at a source-to-surface
distance (SSD) of 100 cm and using a 10 × 10 cm2 irradia-
tion field. These conditions ensured accurate and reproduci-
ble dose delivery throughout the study.

After irradiation, the dosimeters were stored under con-
trolled lighting conditions to prevent unintended optical ex-
posure prior to the bleaching process.

2.3. Optical irradiation system

For the optical bleaching process, LED-based irradia-
tion modules were developed. Each module consisted of a
5× 2 matrix arrangement of high-power LEDs mounted on a
20× 15 cm acrylic base.

Two independent modules were constructed with central
wavelengths of 463 nm and 516 nm, corresponding to the
blue and green spectral regions, respectively. The LEDs used
were commercial 3 W devices connected in series.

To ensure reproducible geometry, laser-cut acrylic posi-
tioning plates were incorporated, allowing precise placement
of the dosimeters during optical irradiation.

This configuration provided an approximately uniform
optical irradiance over the sensitive area of the detec-
tors. The irradiance at the dosimeter position was estima-
ted to be 587.7 mW·cm−2 for the 463 nm module and
457.7 mW·cm−2 for the 516 nm module.

2.4. Experimental protocol for optical bleaching

The dosimeters were initially irradiated with a 6 MV pho-
ton beam at the prescribed dose levels. Following the re-
commendations of AAPM TG-191, all dosimeters were allo-
wed to stabilize for 15 min after irradiation before the initial
readout. This delay was kept constant throughout the study.
The signal measured after this stabilization period was defi-
ned as I0 and used as the reference value for normalization.

Subsequently, each dosimeter was subjected to optical
irradiation in successive 5-minute cycles. After each irradia-
tion interval, the dosimeters were removed from the optical
irradiation system and allowed to stabilize for 15 min before
readout, following the same procedure adopted for the initial
measurement. The corresponding signal I(t) was then recor-
ded for each cumulative optical irradiation time.

This optical irradiation–readout sequence (as illustrated
in Fig. 1) was repeated sequentially until a total accumula-
ted irradiation time of 60 minutes was reached, generating a
discrete dataset of OSL signal as a function of time.

2.5. OSL signal definition and curve construction

Based on the described experimental protocol, the OSL
signal I(t) corresponds to the integrated value provided by
the reader at each measurement interval, where t represents
the cumulative optical irradiation time. Each data point repre-
sents the mean value obtained from ten dosimeters.

FIGURE 1. Schematic representation of the experimental protocol used for optical bleaching of Al2O3:C nanoDotTM OSL dosimeters under
463 nm and 516 nm irradiation. Ib denotes the baseline OSL signal measured after the initial preparation bleaching procedure and prior to
irradiation, I0 denotes the initial OSL signal measured after X-ray irradiation and stabilization, and I(t) represents the OSL signal measured
after a cumulative optical bleaching time t.
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FIGURE 2. Decay of the normalized OSL signal in Al2O3:C nanoDotTM dosimeters under optical irradiation at a) 463 nm and b) 516 nm.
The curves show the evolution of the remaining signal as a function of cumulative optical irradiation time for the evaluated dose levels.

The initial signal I0 was defined as the readout obtained
immediately after irradiation with 6 MV photons and prior
to optical bleaching. The background signal Ib was determi-
ned from non-irradiated dosimeters previously conditioned,
establishing the baseline level of the measurement system.

To compare the evolution of the bleaching process un-
der different experimental conditions, the ratios I(t)/I0 and
I(t)/Ib were calculated. The former represents the fraction of
remaining signal relative to the initial signal, while the latter
indicates the relationship between the measured signal and
the baseline level.

Bleaching efficiency was calculated as:

Efficiency(%) =

(
1− I(t)

I0

)
× 100.

These quantities were used to construct normalized decay
curves and comparative tables of residual signal and blea-
ching efficiency as a function of time and dose.

TABLE I. Normalized residual signal and bleaching efficiency
for Al2O3:C nanoDotTM dosimeters under optical irradiation at
463 nm. Values are reported as mean ± standard deviation.

Dose Time I(t)/I0 Efficiency

(Gy) (min) (mean ± SD) ( %)

5 0,0226± 0,0087 97.74

0.25 10 0,0102± 0,0013 98.98

15 0,0070± 0,0005 99.30

5 0,0156± 0,0039 98.44

2 10 0,0060± 0,0014 99.40

15 0,0046± 0,0008 99.54

5 0,0102± 0,0015 98.98

5 10 0,0036± 0,0005 99.64

15 0,0020± 0,0002 99.80

TABLE II. Normalized residual signal and bleaching efficiency
for Al2O3:C nanoDotTM dosimeters under optical irradiation at
516 nm. Values are reported as mean ± standard deviation.

Dose Time I(t)/I0 Efficiency

(Gy) (min) (mean ± SD) ( %)

5 0,1135± 0,0188 88.65

0.25 10 0,0457± 0,0067 95.43

15 0,0279± 0,0034 97.21

5 0,1037± 0,0024 89.63

2 10 0,0378± 0,0003 96.22

15 0,0234± 0,0001 97.66

5 0,1212± 0,0224 87.88

5 10 0,0447± 0,0026 95.53

15 0,0276± 0,0033 97.24

3. Results

3.1. Bleaching efficiency

Bleaching efficiency, calculated from the ratio I(t)/I0,
shows a clear dependence on the optical irradiation wave-
length. The corresponding results are summarized in Tables I
and II.

For the 463 nm system, bleaching efficiency exceeds
98 % within the first 5 minutes of irradiation, increasing to
values between 98.98 % and 99.80 % at 10–15 minutes, de-
pending on the delivered dose. In contrast, the 516 nm sys-
tem exhibits lower initial efficiencies, with values ranging
from 87.88 % to 89.63 % at 5 minutes, and from 95.43 % to
97.66 % at 10–15 minutes.

These results demonstrate that optical irradiation at 463
nm enables a more efficient removal of the OSL signal com-
pared to 516 nm across all evaluated times.
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FIGURE 3. Evolution of the OSL signal, I(t), as a function of cumulative optical irradiation time for Al2O3:C nanoDotTM dosimeters under
optical irradiation at a) 463 nm and b) 516 nm for absorbed doses of 0.25, 2, and 5 Gy. Dashed lines represent monoexponential fits. Insets
show the 2–20 min region.

Furthermore, the variation in efficiency with dose is mini-
mal for both wavelengths, indicating that the bleaching pro-
cess remains consistent within the analyzed dose range.

3.2. Background signal and baseline level

Figure 3 presents the evolution of the OSL signal in ab-
solute units (counts) as a function of optical irradiation time
for both wavelengths. A progressive reduction of the signal
is observed for all dose levels, with clear differences in decay

rate between the two irradiation systems.

The relationship between the residual signal and the sys-
tem baseline, expressed as I(t)/Ib, is summarized in Ta-
ble III. For the 463 nm system, this ratio decreases rapidly
with increasing irradiation time. For a dose of 0.25 Gy, the
ratio decreases from 5.86 at 5 minutes to 1.80 at 15 minutes,
indicating a close approach to the baseline level. Similarly,
for a dose of 5 Gy, values decrease from 57.4 at 5 minutes to
11.1 at 15 minutes.

TABLE III. Residual signal relative to the baseline for Al2O3:C nanoDotTM dosimeters. Baseline values were Ib = 70 counts at 463 nm and
Ib = 57 counts at 516 nm.

λ (nm) Dose (Gy) Time (min) I(t) (counts, mean ± SD) I(t)/Ib

5 410± 157 5.86
0.25 10 185± 22 2.64

15 126± 8 1.80
5 2364± 589 33.8

463 2 10 905± 203 12.9
15 692± 116 9.89
5 4012± 556 57.4

5 10 1423± 194 20.3
15 777± 69 11.1

5 1993± 330 35.0
0.25 10 802± 117 14.1

15 489± 59 8.59
5 16173,93± 1597,43 283.9

516 2 10 6241,60± 684,23 109.6
15 3685,93± 417,09 64.7
5 24559± 3319 431.1

5 10 9144± 736 160.5
15 5501± 463 96.6
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In contrast, the 516 nm system exhibits significantly
higher residual-signal ratios throughout the entire time inter-
val. Based on the values of the ratio I(t)/Ib summarized in
Table III, the ratio decreases from 35.0 at 5 minutes to 8.59 at
15 minutes for 0.25 Gy, whereas for 5 Gy the corresponding
values are 431.1 and 96.6, respectively. These values indi-
cate that, despite the progressive reduction of the OSL signal
shown in Fig. 3, the residual signal remains substantially abo-
ve the baseline level, particularly at higher absorbed doses.

These results indicate that, although both systems reduce
the signal over time, irradiation at 463 nm enables a faster
approach to the baseline level, whereas at 516 nm a consi-
derably higher residual signal persists across the entire dose
range.

This behavior suggests differences in the decay dyna-
mics, which can be further quantified through curve fitting
and the determination of characteristic parameters such as the
time constant and half-life.

3.3. Monoexponential fitting and half-life

Monoexponential fitting was performed on the normali-
zed decay curves shown in Fig. 2, yielding the parameters
τ , t1/2, and the residual term, as summarized in Tables IV
and V.

For the 463 nm system, the time constant values range
approximately from 1.07 to 1.30 min, corresponding to half-
life values between 0.74 and 0.90 min. In contrast, for the
516 nm system, the time constants are significantly higher,
ranging from 2.14 to 2.35 min, with half-life values between
1.49 and 1.63 min.

This difference indicates that the signal decay process oc-
curs in approximately half the time under 463 nm irradiation
compared to 516 nm across the entire evaluated dose range.

The coefficient of determination (R2) exceeds 0.99 in all
cases, indicating an excellent agreement between the mono-
exponential model and the experimental data.

These results are consistent with the higher bleaching ef-
ficiency and faster approach to the baseline level previously
observed for the 463 nm irradiation.

TABLE IV. Monoexponential fitting parameters obtained from nor-
malized decay curves under optical irradiation at 516 nm.

Dose τ t1/2 Residual R2

(Gy) (min) (min) term

0.25 2,27± 0,12 1.57 0,0101± 0,0039 0.9983

0.5 2,35± 0,12 1.63 0,0088± 0,0037 0.9984

1 2,14± 0,08 1.49 0,0119± 0,0024 0.9993

2 2,21± 0,09 1.53 0,0119± 0,0027 0.9991

3 2,15± 0,08 1.49 0,0107± 0,0025 0.9993

5 2,19± 0,25 1.52 0,0092± 0,0081 0.9937

TABLE V. Monoexponential fitting parameters obtained from nor-
malized decay curves under optical irradiation at 463 nm.

Dose τ t1/2 Residual R2

(Gy) (min) (min) term

0.25 1,30± 0,06 0.90 0,00186± 0,00105 0.9999

0.5 1,22± 0,05 0.84 0,00211± 0,00082 0.9999

1 1,17± 0,04 0.81 0,00241± 0,00054 0.9999

2 1,17± 0,03 0.81 0,00182± 0,00046 0.9999

3 1,12± 0,03 0.78 0,00145± 0,00037 0.9999

5 1,08± 0,03 0.75 0,00065± 0,00035 0.9999

3.4. Temporal behavior

The shape of the decay curves suggests the presence of
multiple trap populations with different emptying probabili-
ties. The rapid initial decrease in signal is associated with
shallow traps, while the slower decay region indicates the
contribution of deeper or less optically accessible traps.

4. Discussion

The results obtained in this work demonstrate a clear de-
pendence of the optical bleaching process on the irradiation
wavelength. Irradiation at 463 nm produced a faster decrease
of the OSL signal than irradiation at 516 nm, as shown by the
normalized curves I(t)/I0, the bleaching efficiency values,
and the kinetic parameters obtained from monoexponential
fitting. This behavior indicates that the reduction of the sto-
red signal is strongly influenced by the photon energy of the
stimulating light.

From a physical perspective, this wavelength dependen-
ce can be associated with the spectral response of optically
active traps in Al2O3:C. Shorter wavelengths correspond to
higher photon energies and therefore increase the probabi-
lity of optical release of trapped electrons. This interpretation
is consistent with the general OSL mechanism described for
Al2O3:C, where optical stimulation promotes trapped char-
ge carriers into the conduction band or into recombination
pathways that produce luminescence [1,5]. In addition, com-
parative studies of blue and green stimulation in Al2O3:C ha-
ve reported higher stimulation efficiency in the blue spectral
region, supporting the stronger bleaching effect observed at
463 nm [6].

Although the higher bleaching efficiency observed at 463
nm is consistent with the greater photon energy and higher
optical stimulation efficiency reported for blue stimulation in
Al2O3:C, the difference in irradiance between the two opti-
cal modules must also be considered. The irradiance at the
dosimeter plane was 587.7 mW·cm−2 for the 463 nm modu-
le and 457.7 mW·cm−2 for the 516 nm module, correspon-
ding to an approximately 28 % higher irradiance for the 463
nm system. Therefore, the observed differences in bleaching
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efficiency cannot be attributed exclusively to wavelength ef-
fects. The higher optical power density of the 463 nm module
may have contributed partially to the faster signal reduction.
Nevertheless, under the experimental conditions evaluated in
this work, the 463 nm system produced consistently shorter
time constants, lower residual signals, and higher bleaching
efficiencies than the 516 nm system. Future studies using
power-matched optical irradiation conditions would be ne-
cessary to separate the relative contributions of wavelength
and irradiance.

The present results demonstrate that optical bleaching
significantly reduces the residual OSL signal, facilitating the
practical reuse of nanoDotTM dosimeters within the investi-
gated dose range. However, the long-term lifespan of the de-
tectors was not directly evaluated in this study. The primary
objective of this work was to characterize and compare the
optical bleaching efficiency of Al2O3:C nanoDotTM dosime-
ters under 463 nm and 516 nm irradiation, rather than to as-
sess sensitivity degradation or cumulative effects associated
with repeated irradiation–bleaching cycles.

Therefore, although the proposed bleaching protocol fa-
cilitates dosimeter reuse by reducing the residual signal, con-
clusions regarding long-term detector lifespan or sensitivity
changes cannot be drawn from the present data. Future stu-
dies should investigate the effects of repeated irradiation and
bleaching cycles on the long-term performance and stability
of nanoDotTM dosimeters.

The kinetic analysis reinforces this interpretation. The ti-
me constants obtained for 463 nm irradiation, approximately
1.08–1.30 min, were about half of those obtained for 516 nm
irradiation, approximately 2.14–2.35 min. This indicates that
the characteristic time scale of trap depopulation is signifi-
cantly shorter under 463 nm irradiation. Similar wavelength-
dependent behavior has been reported for Al2O3:C OSL de-
tectors exposed to 6 MV photon beams, where different blea-
ching wavelengths produced distinct effects on detector res-
ponse and sensitivity [8].

An important observation is the weak dependence of the
normalized decay behavior on dose. The overlap of the nor-
malized curves and the relatively stable values of τ and t1/2
across the evaluated dose range suggest that the bleaching
kinetics are mainly governed by optically induced transition
probabilities rather than by the initial population of trapped
charge carriers. This behavior is consistent with continuous-
wave OSL descriptions, in which the decay curve reflects the
emptying of optically accessible trap populations under a gi-
ven stimulation condition [1, 4, 5].

The analysis of the ratio I(t)/Ib provides additional in-
sight into the residual signal. For 463 nm irradiation, the ra-
pid decrease of this ratio indicates that the residual signal
approaches the baseline level of the reader–dosimeter sys-
tem within relatively short irradiation times. In contrast, the
higher I(t)/Ib values observed for 516 nm, particularly at
higher doses, suggest that a fraction of the trapped charge re-
mains in levels that are not efficiently emptied under lower
photon energy stimulation.

This behavior can be interpreted in terms of a distribution
of trap depths in Al2O3:C. Shallow and optically accessible
traps are emptied more rapidly and contribute to the initial
fast decay of the signal, whereas deeper or less optically ac-
cessible traps contribute to the slower residual component.

The presence of multiple trapping and recombination
pathways in Al2O3:C has been widely discussed in lumines-
cence models and is consistent with the non-zero residual sig-
nal observed after prolonged optical irradiation [1, 4, 10, 11].

Additionally, the persistence of residual signal may also
be related to phototransfer processes. Such behavior has been
reported in Al2O3:C under infrared stimulation, where multi-
ple optically stimulated components have been observed, in-
dicating the participation of different trapping states in the lu-
minescence response [7]. The existence of multiple trapping
and recombination centers in Al2O3:C has been widely dis-
cussed in the literature and may contribute to the persistence
of residual signal after optical bleaching [1,10,11]. However,
the specific mechanisms responsible for the residual signal
observed in the present study were not directly investigated.

Overall, the results suggest that the observed optical blea-
ching behavior in Al2O3:C nanoDotTM dosimeters is influen-
ced by the interaction between photon energy, trap-depth dis-
tribution, and the photoionization probability of trapped ca-
rriers.

The shorter wavelength of 463 nm provides more effi-
cient access to optically active trap populations, leading to
faster signal decay, higher bleaching efficiency, and a closer
approach to the baseline level. In contrast, irradiation at 516
nm produces slower bleaching and a higher residual signal,
suggesting incomplete depopulation of deeper or less opti-
cally accessible traps.

5. Conclusions

In this work, the efficiency of the optical bleaching pro-
cess in Al2O3:C nanoDotTM dosimeters was evaluated using
optical irradiation at 463 nm and 516 nm. The results de-
monstrate that the irradiation wavelength significantly in-
fluences both the rate of OSL signal decay and the residual
signal level achieved.

Irradiation at 463 nm showed higher bleaching efficiency
compared to 516 nm, reaching values above 99 % within
short irradiation times. This behavior was consistently reflec-
ted in the normalized curves, in the efficiency values, and in
the I(t)/Ib ratio, where a closer approach to the system ba-
seline level was observed, particularly at low doses.

Kinetic analysis based on monoexponential fitting revea-
led that the decay process occurs on a significantly shorter ti-
me scale for 463 nm, with half-life values approximately two
times lower than those obtained for 516 nm. Additionally, the
kinetic parameters exhibited low dependence on dose within
the evaluated range, suggesting that the bleaching process is
primarily governed by optical interaction probability rather
than by the initial population of charge carriers.
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In contrast, irradiation at 516 nm showed a significant
persistence of residual signal, particularly at higher doses,
indicating lower efficiency in the emptying of electron traps
under these conditions. This effect was evidenced by both the
higher values of I(t)/Ib and the longer characteristic times of
the process.

Overall, the results confirm that the selection of the opti-
cal irradiation wavelength is a determining factor in the op-
timization of the bleaching process in OSL dosimeters. The-
se findings have direct implications for the design of reuse
protocols, enabling a reduction in conditioning times without
compromising the stability of the dosimetric response in cli-
nical applications.
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1. Introduction

The point-kinetic model is a set of coupled differential
equations that have been widely used to describe the tempo-
ral behavior of nuclear fission reactors and can be derived
directly from the neutron transport equation, the neutron dif-
fusion equation or by heuristic procedures [1-3]. The stabi-
lity of the system has been studied using different methods
[4-7]. Recently, new modifications have been formulated for
this set of equations, such as Refs. [8,9]. The Modified Point
Kinetics Equations (MPK) [10] arise when the derivative of
the neutron density is incorporated into the derivation of the
set of equations.

By considering this set of equations, we perform a stabi-
lity analysis on the critical points of the system. Considering
a functional form of reactivity depending on time and an inte-
gral over neutron number, we have a set of nonlinear nonau-
tonomous equations which, due to nonautonomous nature, is
difficult to analyze because the conventional techniques such
as linearization about critical points, the Hartman-Grobman
theorem or Lyapunov-Poincare theorem can not be applied
directly. Furthermore, the system becomes integrodifferen-
tial in some cases. Nevertheless, global stability of the sys-
tem can be studied by constructing an appropriate Lyapunov
function V (x, t) that satisfies the conditions of the Lyapu-
nov theorem and, thereby determining the asymptotic stabi-
lity of the solutions. Additionally, we employ the Kosambi-
Cartan-Chern (KCC) theory to assess the Jacobi (in)stability

of critical points, particularly in cases where the application
of Lyapunov stability becomes intricate due to the nature of
critical points or difficulties that arose for certain functional
forms of reactivity ρ. Some authors refer tho the combined
use of dinamycal systems theory and differential geometry
as geometrodynamical approach to dynamical systems. This
framework has been applied in a wide range scientific fields,
and some of its earlier applications arose in biology, where
Antonelli et al. [11] conducted a stability analysis of Tay-
son’s equations for the cell-division cycle. The authors stu-
died Jacobi stability of the model trough the deviation cur-
vature tensor. In recent years, the method has gained popu-
larity in the field of gravitation and cosmology [12], in part,
due to familiarity of concepts inherent to mathematical fra-
mework used in this theories and the differential geometrical
approach provided by KCC theory. Some recent investigation
made comparative studies of stability using Lyapunov stabi-
lity and Jacobi stability of circular orbits around black holes
in modified theories of gravity [13-16].

This paper is structured as follows. Section 2 contains
a brief introduction to dynamical systems and KCC theory.
Section 3 provides the mathematical model considered. In
Sec. 4, we present a stability analysis of MPK equations by
considering some functional forms of reactivity ρ. Section 5
is devoted to a discussion of our main results, concluding
that the geometrodynamical approach provides a robust fra-
mework for studying complex dynamical systems.
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2. Mathematical background

The purpose of this section is to provide the essential
mathematical insights for analyzing the stability of MPK
equations. For dynamical systems theory, the reader is refe-
rred to classic texts such as [17-23]. For a complete descrip-
tion of the KCC framework, see [12,13,15,24].

The first part of this section is devoted to apply dynami-
cal systems theory to the study of differential equations of the
form

ẋ = f(x), (1)

where x ∈ Rn, E ∈ Rn and f : E → Rn. Critical points xc
of Eq. (1) are those that satisfy f(xc) = 0.

The critical points correspond to equilibrium solutions of
the system, that is, x(t) = xc satisfies the equation for all
time. The study of these points and solutions in their neigh-
borhood is of particular interest. Through the application of
linearization around the critical points, Eq. (1) can be appro-
ximated as a linear equation

ẋ = Ax, (2)

where A is the Jacobian matrix of f(x). The fundamental
theorem of linear systems establishes the existence and uni-
queness of solutions of this kind of systems with initial con-
ditions x(0) = x0, which is given as x(t) = etAx0. As a
consequence, from the eigenvalues of A we can obtain im-
portant qualitative information about the behavior of solution
curves near critical points in the phase space. Some exam-
ples can be found in Refs. [22,25-28]. Generally, the process
starts with a linearization around its critical points, as it is the
simplest approach; however, a nonlinear analysis of the dy-
namical system is necessary to gain a more comprehensive
understanding of the behavior of the entire system.

The stability of critical points of any nonlinear system
can be analyzed from the characteristic roots of the Jacobian
matrix, provided that they are distinct from zero, and its so-
lutions can be classified in terms of nodes, focus, saddle or
center behavior. The system is said to be stable if the eigen-
values of the corresponding Jacobian matrix are negative, ha-
ve negative real part, or are pure imaginary; otherwise, the
system is unstable, and its solutions can be classified in terms
of nodes, focus, saddle, or center behavior. It should be poin-
ted out that if the system has eigenvalues equal to zero, other
methods should be used to determine stability or instability
in the system, such as the Floquet theorem or the Lyapunov
theorem.

Other features of nonlinear systems can be viewed by ma-
king bifurcation analysis, which consists of studying changes
in the behavior of the system from the variation of parameters
appearing in the equations. In the case where the independent
variable appears in the equations, which for physical systems
usually corresponds to time, the system is said to be nonau-
tonomous. This kind of system should be treated carefully, as
the theory of autonomous systems does not work the same.
Although some of the existent theorems cover few special

cases, a general theory for nonautonomous systems have not
been completely developed yet [17-23,29].

Furthermore, the Kosambi-Cartan-Chern (KCC) theory is
a powerful mathematical method for investigating the cha-
racteristics of dynamical systems. The KCC theory utilizes a
geometric depiction of the time evolution of dynamical sys-
tems, where the solution curves are described trough techni-
ques similar to those found in the study of geodesics in Fins-
ler spaces. In this framework, stability of solutions of second
order differential equations of the form

d2xi

dt2
+ 2Gi(xj , yj , t) = 0, i = 1, 2, ..., n, (3)

is studied [30]. Here xi are the dynamical variables defined
on a smooth manifold M, usually M = Rn. Let Ω be a sub-
set of the Euclidian (2n + 1)−dimensional space on which
the coordinate system (xi, yi, t), i = 1, 2, ..., n, is introdu-
ced, yi = (dxi/dt). The main idea of KCC theory is that the
evolution and behavior of trajectories of the system (A.1) can
be analyzed using tools of differential geometry.

The study of geometrical properties associated to the dy-
namical system defined by Eq. (A.1) is possible by introdu-
cing the nonlinear connectionN with coefficientsN i

j defined
as:

N i
j =

∂Gi

∂yj
. (4)

The KCC-covariant differential of a vector field ξi is introdu-
ced trough the definition

Dξi

dt
=
dξi

dt
+N i

jξ
j . (5)

For ξi = yi is obtained

Dyi

dt
= N i

jy
j − 2Gi = −ϵi, (6)

where ϵi is called the first KCC invariant.
By introducing a nonlinear connection, KCC theory pro-

vides a geometric interpretation of the evolution of a dynami-
cal system, thereby facilitating the construction of the KCC
covariant derivative of an arbitrary field χ

D2χi

dt2
= P i

jχ
j , (7)

where the deviation curvature tensor is

P i
j = −2

∂Gi

∂xj
− 2GlGi

jl + yl
∂N i

j

∂xl
+N i

lN
l
j +

∂N i
j

∂t
. (8)

The Berwald connection is

Gi
jl ≡

∂N i
j

∂yl
. (9)

The third, fourth and fifth invariant are constructed according
to definitions

P i
jk ≡ 1

3

(
∂P i

j

∂yk
− ∂P i

k

∂yj

)
,

P i
jkl ≡

∂P i
jk

∂yl
, Di

jkl ≡
∂Gi

jk

∂yl
. (10)
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In this theory, the properties of any dynamical system can
be explained using the five invariants depicted, the second
invariant determining the Jacobi stability of the system. In
KCC theory, these five invariants are the basic mathematical
quantities that describe the geometrical properties and inter-
pretation of an arbitrary system of second-order differential
equations [12,13,24].

KCC theory and its relation with chaos in 3D systems is
explored by Somanath Roy et al. [31], showcasing the KCC
theory as a powerful tool to capture nuanced dynamics. Other
contributions has been made in the study of 2D systems [32].
Furthermore, some particular systems which exhibits chaotic
behavior have been studied as Liu system [33], the Lorentz
model [34], a Lorentz type model [35], Rössler system [36],
just to name some examples.

It should be noticed that Lyapunov stability analysis (li-
nearization, lyapunov function, center manifold) and KCC
stability (Jacobi stability) differ in the type of stability that
is determined by each. The former studies how solution cur-
ves evolve near critical points; it could be an attractor (repul-
sor), which means that solution curves are attracted (repea-
lled) to it when t → ∞. An attractor can be stable (unstable)
in the sense of Lyapunov; that is, solution curves remain clo-
se starting from slightly different initial conditions and stay
in a neighborhood for all t.

On the other hand, Jacobi stability is an extension of the
concept of stability in geodesic flows on manifolds with Rie-
mannian or Finslerian metrics. It examines the robustness
of a second-order differential equation, where robustness is
a measure of the system’s and environment’s sensitivity to
changes in its internal parameters. From a mathematical point
of view, KCC theory looks at the variations in nearby trajec-
tories as geodesics in a Finsler space, allowing for an esti-
mation of the perturbations that can be tolerated around the
equilibrium solutions of a second-order differential equation.
This is especially useful in physical applications, where de-
termining areas with both Lyapunov and Jacobi stability is of
great importance. Further discussion of the differences bet-
ween these two methods can be found in Refs. [37,38]. A
good correlation exists between the linear stability and Jaco-
bi stability of critical points, nevertheless this is not always
true. A critical point can be Lyapunov stable and Jacobi uns-
table and vice versa, and in consequence some discrepancies
in the results of these two stability methods arise.

3. Mathematical model

One of the simplest ways to determine the time behavior
of nuclear power in nuclear fission reactors is through the so-
lution of point kinetics equations, which are a set of nonlinear
nonautonomous coupled differential equations in the most
general form. The character of nonautonomous and nonlinear
is given by the functional form of the reactivity ρ(n, t). Such
equations can be derived from various procedures. The one
that concerns us is that obtained from the neutron transport
equation; this derivation needs several approximations,

TABLE I. Parameters and variables appearing in MPK model.

Parameter Description Value

n(t) Neutron number
ci(t) Precursor number
ρ(n, t) Reactivity
fD Transport frequency 3× 105s−1

fA Neutron absorption frequency 4,167s−1

β Fraction of delayed neutrons 0.007
Λ Mean generation time 0.002s
λi Decay constant 0,0810958s−1

including weak angular dependence of the angular distribu-
tion of the neutrons, isotopic sources of neutrons, and dis-
regarding the derivative of the neutron current density [1,2].
Recently, new modifications had been formulated for this set
of equations taking into account the temporal derivative of the
neutron current density for the analysis of behavior and solu-
tions, giving as a result the Modified Point Kinetics (MPK).

The MPK equations are

d2n(t)

dt2
+M

dn(t)

dt
= Pn(t)

+ fD

6∑
i=1

λici(t) +

6∑
i=1

λi
dci
dt

dc(t)i
dt

=
βi
Λ
n(t)− λici(t), (11)

whereM = (fD+fA−[1− β/Λ]), P = (fD/Λ)(β−ρ). For
a detailed derivation, see [10]. In this investigation, the sys-
tem was analyzed and solutions for constant reactivity were
derived using an analytical method involving the construc-
tion of a third-order differential equation and using the La-
place transform method to solve it. This system is compa-
rable to the traditional Point-Kinetics (PK) model, which is
referred to as the “classical point kinetics” when the limit
of 1/fd approaches zero. Variables n(t), c(t) and parameters
fD, fA, β,Λ, λi, ρ(n, t) are listed in Table I. Stability analy-
sis for this system is performed in the next section.

4. Stability analysis

As stated earlier, stability analysis can be derived in two
ways, in this section is considered first the cases that can be
studied using Lyapunov stability, then some cases of nonli-
near reactivity are considered using KCC theory.

The first of the Eqs. (11) is second-order and includes
the derivative of precursors C. We are interested into write
this equation in the form of Eq. (1) in order to apply stability
analysis. From this system, the set of three first-order coupled
differential equations can be constructed as follows:

Considering one group of precursors in the Eq. (11), subs-
tituting in the first equation, and taking the change of varia-
bles x1 = n, x2 = ẋ1 = ṅ and x3 = c, the first equation can

Rev. Mex. Fis. 72 061201



A DYNAMICAL SYSTEM APPROACH TO MODIFIED POINT KINETICS EQUATIONS 123

be stated as two coupled first order equations, and together
with the second equation one obtains the following system of
three coupled equations of the form of Eq. (1)

ẋ1 = x2,

ẋ2 = −Mx2 + Px1 + fDλx3 + λ

(
β

Λ
x1 − λx3

)
,

ẋ3 =
β

Λ
x1 − λx3, (12)

with initial conditions

dc(t)

dt

∣∣∣∣∣
t=0

= 0, (13)

c(0) =
β

λΛ
n(0) = 0, (14)

n(0) = n0. (15)

As stated before, the stability of MPK equations and, therefo-
re, of nuclear reactors depends on the functional form of the
reactivity ρ(n, t). Depending on this functional form, various
cases can be considered: the system becomes linear, nonli-
near and nonautonomous. Due to the complexity that exhibits
the system, is suitable to analyze it using the mathematical
tools described in Sec. 2.

4.1. Constant reactivity

The simplest case of MPK equations is when the reacti-
vity has a constant value ρ(n, t) = cte.

4.1.1. One group of precursors

In this case, the system becomes lineal and has the form
ẋ = Ax, where x ∈ R3, andA is a 3×3 matrix with constant
coefficients

A =

 0 1 0

P + λβ
Λ −M λ(fD − λ)

β
Λ 0 −λ

 . (16)

A stability analysis can be carried out by computing the co-
rrespondent eigenvalues of this matrix from the eigenvalue
equation ωi = det|A− ωI| = 0:

−ω(M + ω)(λ+ ω) + (λ+ ω)N = 0, (17)

where N = P + [λβ/Λ] and whose solutions are

ω1 = −λ, ω2,3 = −1

2
(M ±

√
M2 + 4N). (18)

TABLE II. Eigenvalues for the MPK system.

Reactivity ω1 ω2 ω3

ρ = −0,5 -0.7997577974 -255.41000694 -9925259105

ρ = 0 0.0000002597 -3.59852555 -99504.48257

ρ = 0,5 -0.08224688231 247.1062989 -99755.10515

The parameter N depends on reactivity ρ, so the solutions
depends too. The eigenvalues were computed for some parti-
cular cases of reactivity covering the cases of critical, subcri-
tical, and supercritical that can occur in a nuclear reactor.

The findings of this study are in agreement with those ob-
tained from a comparable examination of the traditional point
kinetics equations.

4.2. Nonlinear reactivity

Some authors [39] consider a nonlinear reactivity by in-
troducing temperature feedback reactivity, in this case

dρ

dt
=
dγ(t)

dt
−Bn(t), (19)

where γ(t) is the prescribed reactivity. The dynamical system
formed is of the form ẋ = f(x, t), where x ∈ R4 and

f(x, t) =


x2

Qx1 −Mx2 +Rx3 − fD
Λ ρx1

β
Λx1 − λix3
dγ(t)
dt −Bx1

 , (20)

where R = fDλi − λ2i , Q = (β/Λ)(fd + λ).
The simplest case is when the prescribed reactivity is

constant γ(t) = cte, and the equation becomes

f(x, t) =


x2

Qx1 −Mx2 +Rx3 − fD
Λ ρx1

β
Λx1 − λix3

−Bx1

 . (21)

This system is nonlinear, and has infinite critical points gi-
ven by (0, 0, 0, x4)

t, however, all of this critical points are
nonhyperbolic and the stability analysis is carried out using
a suitable Lyapunov function. One simple function that satis-
fies the criteria of Lyapunov theorem

V (x) = x21 + x22 + x23 + x24. (22)

This function has negative definite orbital derivative and is
positively definite in a neighbourhood of x = 0, sufficient
conditions to establish that the origin is asymptotically sta-
ble.

For different forms of prescribed reactivity, this system
can be nonlinear and autonomous, or nonautonomous. some
cases are considered next. As the reactivity ρ appears in the
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second and fourth equation as its derivative, analyzing this
problem gives place to a integro differential equation. In or-
der to study this cases KCC theory can be applied. For this
purpose, we compute the derivative of function f(x, t) in
Eq. (20) with respect time to obtain a equation in the form
of Eq. (A.1), where

Gi =
1

2


ẋ2

(Q− fD
Λ )ẋ1 −Mẋ2 +Rẋ3 − fD

Λ x1ρ̇

β
Λ ẋ1 − λẋ3

d2γ
dt2 −Bẋ1

 . (23)

Components of the first KCC invariant are constructed
using Eq. (2)

ϵ =


ϵ1

ϵ2
ϵ3
ϵ4



=
1

2


ẋ2

(Q− fD
Λ )ẋ1 −Mẋ2 +Rẋ3 − fD

Λ x1ρ̇

β
Λ ẋ1 − λẋ3

d2γ
dt2 −Bẋ1

 . (24)

In this case, the first invariant coincides with the function Gi.
Deviation curvature tensor can be obtained as

P i
j =

1

2

n∑
k=1

f ijk(x
1, ..., xn)yk

+
1

4

n∑
l=1

f il (x
1, ..., xn)f lj(x

1, ..., xn), (25)

where fn are the components of f(x, t). The components of
this tensor different from 0 are

P 1
1 =

Q− Sx4
4

; P 1
2 =

−M
4

; P 1
3 =

R

4
; P 1

4 =
3x1
4
,

P 2
1 = −S

2
ẋ4 +

1

4
(MSx4 −MQ+RT −BSx1),

P 2
2 =

1

4
(Q− Sx4 +M2); P 2

3 = −R
4
(M + λ),

P 2
4 =

Sẋ1
2

− MSx1
4

; P 3
1 =

−λβ
4Λ

;

P 3
2 =

β

aΛ
; P 3

3 =
λ2

4
,

where S = fD/Λ and

P =


P 1
1 P 1

2 P 1
3 P 1

4

P 2
1 P 2

2 P 2
3 P 2

4

P 3
1 P 3

2 P 3
3 0

0 0 0 0

 . (26)

The eigenvalues of this tensor indicate the Jacobi stabi-
lity of the system; if they are negative, the system is stable

and unstable otherwise. One of the eigenvalues of this tensor
is zero, which implies that the system is Jacobi unstable.

The third, fourth and fifth invariants are constructed fo-
llowing the definitions (10). In the case of the third invariant
we found that the only elements distinct from cero are

P 2
14 = P 2

41 =
S

3
. (27)

The elements of the fourth invariant are partial derivatives
of P i

jk with respect to yj , and since the elements of P i
jk are

constants, thus elements of fourth invariant are equal to 0.
On the other hand, for the fifth invariant, since elements

of N i
j depend at most of xi, then, partial derivatives of this

elements with respect to yl are equal to 0, thus, elements of
fifth invariant are equal to 0.

Under this approach of stability different types of reacti-
vity can be considered in Eq. (12) including step ramp inser-
tion γ = at, periodic reactivity γ = ρ0 cos(ωt), and pulse ty-
pe reactivity γ = 4βe−2t2 . Deviation curvature tensor has the
same form, with the last row consisting of zeros. Therefore,
the eigenvalues of this tensor have similar values, including
0. By taking this into account, the instability of critical points
can be determined. It should be noted that each case of pres-
cribed reactivity leads to different critical points that appear
in the set of Eqs. (12), some of them are nonhyperbolic, but
all of these critical points exhibit the same behavior, that is,
the presence of a zero eigenvalue in the deviation curvature
tensor.

4.2.1. Periodic prescribed reactivity

Some authors consider the case where the reactivity has
a periodic variation, in this case γ(n, t) = ρ0 sin(ωt). Thus,
the system has the form ẋ = A(t)x. In the case where only
one group of precursors is considered, this system has critical
points given by(

ωρ0 cos(ωt)

B
, 0,

ωρ0β cos(ωt)

λΛB
,
QΛ

fD
− Rβ

BλΛ

)
,

the system can be analyzed using Floquet’s theorem. On the
other hand, it can be studied with KCC theory.

4.2.2. Step ramp insertion

Introducing the case of step ramp insertion reactivity
γ = at in Eq. (20) gives

f(x, t) =


x2

Qx1 −Mx2 +Rx3 − fD
Λ ρx1

β
Λx1 − λix3
a−Bx1

 . (28)

This system has two critical points x01 = (a/B, 0,
β/λΛa/B, 2β)t and x02 = (a/B, 0, β/λΛa/B, 0)t, both of
which are nonhyperbolic.
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4.2.3. Pulse type prescribed reactivity

Introducing the case of pulse type reactivity γ = 4βe−2t2

in Eq. (20) gives

f(x, t) =


x2

Qx1 −Mx2 +Rx3 − fD
Λ ρx1

β
Λx1 − λix3

16tβe−2t2 −Bx1

 . (29)

This case of reactivity has critical point at
([16te−2t2/B], 0, [β16te−2t2/λΛB], QΛ/fD − Rβ/BλΛ),
in which curvature tensor is evaluated, given the same fun-
ctional form with a zero eigenvalue.

5. Results and discussions

The aim of this investigation is apply geometrodynamical
approach provided by Lyapunov and Jacobi stability to the
study of complex dynamical systems. MPK equations, due
to functional form of reactivity are suitable for this analysis,
allowing us to explore the scope of the theory. The conduc-
ted analysis enables a comparative examination between the
“classical” point kinetics equations and the modified point ki-
netics equations, which is consistent with previous findings.
Moreover, the KCC theory was successfully employed to
identify additional characteristics, such as the Jacobi stabi-
lity of the MPK system, that cannot be easily discerned th-

rough the classical dynamical systems approach. The combi-
ned methods of stability enable us to perform a deeper study
of the dynamics of equations, and allowing us to gain fuller
insights in the behavior of solutions.

The stability analysis in the sense of Lyapunov is per-
formed for the case of constant reactivity and one group of
precursors for the point kinetics equations coincides with a
similar examination of the classical point kinetics equations.
As a complementary study, in the future this results must be
extended to the case of more than one precursor, and compa-
red with other analytical methods as well numeric solutions.

Also, introducing the temperature feedback reactivity so-
me cases can be studied using Lyapunov theorem; however,
for the nonlinear reactivity feedback cases of step ramp inser-
tion, periodic reactivity and pulse type reactivity, the stability
analysis is carried out by means of the deviation curvature
tensor, whose eigenvalues give information about Jacobi ins-
tability of the system. Nevertheless, to gain a complete des-
cription of behavior of solutions these results must be con-
trasted with numerical solutions. Furthermore, only the case
with one group of precursors has been studied, while the case
of two or more precursors is worth further investigation.
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Scattering phase shifts for quantum mechanical potential scattering can be derived directly from the scattering amplitude, bypassing the
need to solve the Schrödinger equation explicitly. This can be achieved by numerically integrating the phase equation from the origin to the
asymptotic limit. The Phase Function Method (PFM) is considered an effective approach for computing scattering phase shifts in quantum
mechanics. The PFM is applied to analyze the Pöschl-Teller potential along with spin-orbit interactions. The strategy includes employing
a five-parameter potential model to fit the calculated scattering phase shift curves to the established data for elastic scattering phase shifts.
Numerical scattering phase shifts for nucleon-nucleon systems align well with prior research results.
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1. Introduction

Researchers have been investigating how to accurately
predict the magic numbers by identifying necessary correc-
tions to existing nuclear models. This involves refining po-
tential energy calculations, adjusting interaction strengths
among nucleons, and incorporating effects like deformation
and pairing interactions. Correcting these potentials helps im-
prove the predictions for the stability and structure of nuclei,
especially those far from stability, such as superheavy ele-
ments. Advances in theoretical models, along with experi-
mental data from facilities studying exotic nuclei, are crucial
for achieving a more comprehensive understanding of nu-
clear structure and the underlying forces at play. Ultimately,
in 1949, Mayer [1], Haxel [2], and their colleagues demons-
trated that incorporating a spin-orbit potential could effecti-
vely separate the subshells as required. Initially, the concept
of spin-orbit coupling was employed by atomic physicists to
account for the fine structure observed in spectral lines. This
phenomenon occurs as a result of the electromagnetic inter-
action between the magnetic field produced by electrons or-
biting the nucleus and the magnetic moment of the electrons
themselves. While electromagnetic spin-orbit effects [3] are
generally quite minor, on the order of one part in 105 in ato-
mic level spacing, they are insufficient to produce the signi-
ficant changes in nuclear level spacing needed to explain the
observed magic numbers. Consequently, a similar framework
is employed to the nuclear potential as used in the atomic
spin-orbit concept. One-gluon exchange (OGE) [4] serves as
a plausible origin for velocity-dependent potentials, such as
spin-orbit coupling, which is evidenced by the significant po-
larization observed in nucleon-nucleus scattering and the no-
table splitting between doublet levels explained within the
shell model framework. The exact dynamical origin of the
strong nuclear spin-orbit force remains unclear [5], but para-
llels drawn from atomic physics suggest it may be a relativis-
tic effect. Empirical evidence indicates that static (velocity-

independent) nuclear potentials predominantly govern inter-
actions at relatively low energies for the incoming particles.
However, at elevated energies, the forces are influenced by
the relative momentum P = P1 − P2 of the nucleons. In this
context, P1 and P2 represent the momenta of the individual
nucleons, and based on Galilean invariance, the interaction is
solely dictated by their relative motion, rather than their ab-
solute motion at any specific moment during the interaction.
Therefore, for two body interaction, the only viable spin-orbit
coupling is VSO(s)((s⃗× P⃗ ) · S⃗) . In this context, VSO(s) re-
fers to the spin-orbit potential, characterized by a form factor
similar to that of the central potential but with distinct para-
meters, while ‘s’ represents the relative distance between the
nucleons. The expectation value of the spin-orbit interaction
is proportional to 2 < L⃗·S⃗ >= J(J+1)−L(L+1)−S(S+1)
where the notations L, S and J stand for the orbital angu-
lar momentum, spin angular momentum and the total angular
momentum, respectively. Although the spin-orbit potential is
traditionally treated as a surface term, being proportional to
1
s
dV
ds [6–8], its effect is strongest at the nuclear surface be-

cause the spin density vanishes inside the nucleus. However,
we adapt the Pöschl-Teller [9–15] like spin-orbit term, added
with the central Pöschl-Teller potential, hypothesizing that it
will take care of the varying effects of the interior and surface
of the nucleus with suitable parameterization of the potential.
It is also well known that the form of the potential in spin-
orbit term VSO(s)(L⃗ · S⃗) is not that vital, but it is the (L⃗ · S⃗)
factor which contributes significantly to reordering the levels.
A significant spin-orbit coupling potential appears to be ad-
vantageous in explaining high-energy data.

When particles undergo scattering, the manner in which
they deflect provides valuable insight into the underlying in-
teraction mechanisms. The outgoing particle effectively en-
codes information about the forces it has experienced. Ho-
wever, achieving a precise and universally accepted descrip-
tion of the nuclear force remains a significant challenge in
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nuclear physics. To reconcile theoretical predictions with ex-
perimental observations, many researchers have developed
phenomenological models that incorporate various aspects
of nucleon-nucleon interactions. The investigation of three-
nucleon systems plays a crucial role in advancing our unders-
tanding of nuclear forces. Consequently, considerable theo-
retical and experimental attention has been devoted over the
past several decades to studying such systems [16–20]. Ex-
tensive efforts have aimed at extracting reliable information
about nuclear interactions and accurately describing scatte-
ring observables [21–27]. In particular, the inclusion of the
Coulomb interaction in three-body calculations has proven
to be technically demanding, especially in proton-deuteron
scattering. To address this issue, different computational ap-
proaches and potential models have been proposed to consis-
tently incorporate electromagnetic effects while preserving
the accuracy of nuclear force descriptions. A central quantity
in scattering theory is the differential cross-section, which re-
presents the likelihood of scattering into a specific solid an-
gle at a given energy. By examining its angular dependen-
ce, along with observables such as analysing powers, one
can deduce important characteristics of the interaction, inclu-
ding whether the scattering process is isotropic or exhibits
directional preferences. More recently, significant progress
has been achieved through the development of nuclear forces
based on chiral effective field theory. In particular, work by
Epelbaum et al. [28] has introduced a new generation of inter-
actions employing semi-local regularization schemes. These
studies provide a clear conceptual framework for chiral effec-
tive field theory and demonstrate its applicability to two- and
few-nucleon systems.

In the realm of non-relativistic quantum scattering theory
[29], exploring the energy spectra and wave functions of
quantum systems influenced by different potentials is a cap-
tivating area of study, as it provides essential insights into
the behavior of the system. The Pöschl-Teller [9–15] dia-
tomic molecular potential, introduced by Pöschl and Teller,
was designed to model the vibrational excitations in molecu-
lar systems. In this study, the Pöschl-Teller potential is em-
ployed in the nuclear context to investigate nucleon-nucleon
interactions with spin-orbit effect, utilizing the PFM [30] ef-
fectively. Several authors [9–15, 29–33] have explored the
Pöschl-Teller potential in various quantum mechanical con-
texts, applying several standard approximation methods to
find solutions in both relativistic and non-relativistic frame-
works. Using this potential, Dong et al. [12] derived the
exact solutions of the Schrödinger equation through conven-
tional methods, while Infield et al. [34] employed the facto-
rization method for their analysis. Recently, Aktas and Se-
ver [35] as well as Diaz et al. [36] explored the supersym-
metric solutions of the modified Pöschl-Teller potential. The-
refore, the Pöschl-Teller potential presents a compelling op-
tion for theoretical physicists, particularly in its applications
to molecular dynamics [9–13, 31–33]. Numerous studies ha-
ve been conducted in this area using the PFM [15, 37–40].
In a relatively recent study, Behera et al. [40] investigated

nucleon-nucleon and alpha-nucleon elastic scattering within
the Manning-Rosen potential, while Sahoo et al. [39] exa-
mined nucleon-nucleon scattering for F- and G-partial wa-
ves using the Hulthén potential, both employing the Phase
Function Method effectively. This text focuses on the analy-
sis of nucleon-nucleon phase shifts using the variable phase
method [30], which is briefly outlined in Sec. 2. Section 3
presents the results and discussions, while Sec. 4 offers the
concluding remarks.

2. Methodology

PFM [30] is a valuable numerical approach that provi-
des a strong alternative to the standard methods used to sol-
ve the Schrödinger equation. The methodology relies on the
potential transformation of second-order linear homogeneo-
us equations into first-order nonlinear Riccati equations or
phase equations, as illustrated below. The function δℓ(k, r),
referred to as the phase function, represents the accumulated
phase shift at a distance r, effectively modeling the scatte-
ring caused by a truncated version of the potential up to that
range. If the potential is completely cut off, no phase shift oc-
curs, implying δℓ(k, r) = 0. This framework transforms the
original second-order linear differential equation into a first-
order nonlinear equation-commonly a Riccati-type equation-
thereby simplifying the computational treatment of the scat-
tering problem. The radial Schrödinger equation for a given
potential V (r) is given as:

d2

dr2
ul(k, r) +

[
k2 − l(l + 1)

r2

]
ul(k, r)

= V (r)ul(k, r). (1)

We Solve Eq. (1) using PFM, as it is a useful special method
to solve the radial Schrödinger equation.

The regular free particle Green’s function reads as,

Gl(r, r
′)=

−1

k

[
ĵl(kr) η̂l(kr

′)−ĵl(kr′) η̂l(kr)
]
, r′ < r,

0, r′ > r.

(2)

Using Eq. (2), the solution to Eq. (1) is given by

ul(k, r) = ĵl(kr)−
1

k
ĵl(kr)

∫ r

0

dr′ η̂l(kr
′)V (r′)ul(k, r

′),

+
1

k
η̂l(kr)

∫ r

0

dr′ ĵl(kr
′)V (r′)ul(k, r

′). (3)

Let

Sl(r) = −1

k

∫ r

0

dr′ ĵl(kr
′)V (r′)ul(k, r

′), (4)

Cl(r) = 1− 1

k

∫ r

0

dr′ η̂l(kr
′)V (r′)ul(k, r

′). (5)

Also, Sl(r)
r→0−−−→ 0 and Cl(r)

r→0−−−→ 1. Using Eqs. (4) and
(5), Eq. (3) becomes

ul(k, r) = ĵl(kr)Cl(r)− η̂l(kr)Sl(r). (6)
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As

ĵl(kr) −−−→
r→∞

sin

(
kr − lπ

2

)
, kr ≫ l, (7)

η̂l(kr) −−−→
r→∞

− cos

(
kr − lπ

2

)
, kr ≫ l, (8)

Cl(r)
r→∞−−−→ Cl(∞) and Sl(r)

r→∞−−−→ Sl(∞).

∴ ul(k, r)
r→∞−−−→ Cl(∞) sin

(
kr − lπ

2

)
+Sl(∞) cos

(
kr − lπ

2

)
. (9)

However,

ul(k, r)
r→∞−−−→ Const. × sin

(
kr − lπ

2
+ δl

)
=

A

[
sin

(
kr− lπ

2

)
cos δl+cos

(
kr− lπ

2

)
sin δl

]
. (10)

From Eqs. (9) and (10)

A

[
sin

(
kr − lπ

2

)
cos δl + cos

(
kr − lπ

2

)
sin δl

]
=

Cl(∞) sin

(
kr − lπ

2

)
+ Sl(∞) cos

(
kr − lπ

2

)
. (11)

Equating the coefficient of sin (kr − [lπ/2]) and
cos (kr − [lπ/2]) on both sides, one gets

A cos δl = Cl(∞), (12)

A sin δl = Sl(∞), (13)

which gives

tan δl =
Sl(∞)

Cl(∞)
. (14)

Hence the knowledge of the asymptotic limit of Sl(∞) and
Cl(∞) gives an idea about the tangent of scattering phase
shifts. Let us define a new function

tl(r) =
Sl(r)

Cl(r)
. (15)

From Eqs. (4) and (5), it is clear that tl(r) vanishes at r −→
0. At the same time asymptotic behaviour of tl(r) gives the
value of tangent of scattering phase shifts

ĺım
r→∞

tl(r) = tl(∞) = tan δl. (16)

From Eq. (4)

S′
l(r) = −1

k
V (r) ĵl(kr)ul(k, r), (17)

and

C ′
l(r) = −1

k
V (r) η̂l(kr)ul(k, r). (18)

Differentiating Eq. (15) and substituting Eqs. (17) and (18),

d

dr

(
Sl(r)

Cl(r)

)
=
Cl(r)S

′
l(r)− Sl(r)C

′
l(r)

C2
l (r)

, (19)

we get,

t′l(r) = −1

k
V (r)

[
ĵl(kr)− tl(r) η̂l(kr)

]2
. (20)

Again,

tl(r) = tan δl. (21)

Differentiating Eq. (21), we get,

t′l(r) =
δ′l(r)

cos2 δl(r)
. (22)

Substituting Eq. (22) in Eq. (20), we get,

δ′ℓ(k, r) = −k−1V (r)

× [cos δℓ(k, r)ĵℓ(kr)− sin δℓ(k, r)η̂ℓ(kr)]
2, (23)

where ĵℓ(kr) and η̂ℓ(kr) are the Riccati-Bessel functions
[41]. The resulting phase equations [30, 41] for ℓ = 0, 1 and
2 read as

δ′0(k, r) = −k−1V (r)[sin(δ0(k, r) + kr)]2, (24)

δ′1(k, r) = −V (r)

k3r2
[
sin(δ1(k, r) + kr)

− kr cos(δ1(k, r) + kr)
]2
, (25)

and

δ′2(k, r) = −k−1V (r)
[
(

3

k2r2
− 1) sin(δ2(k, r) + kr)

− 3

kr
cos(δ2(k, r) + kr)

]2
. (26)

Here, k represents the center of mass momentum, which is
related to the center of mass energy E as k =

√
2µE/ℏ2.

The term δℓ(k, r) is referred to as the phase function, which
satisfies the phase equation described in Eq. (1). This repre-
sents the phase shift of the wave function as it scatters off the
potential at each point, ultimately truncated at a distance ‘r’.
With the initial condition provided, the phase equations des-
cribed by Eqs. (2-4) are solved numerically for the potential
under consideration to align the scattering phase shifts across
various states with the established data.

The effective Pöschl-Teller potential [9–15] in all partial
waves is written as

VPT (r) =
V1 − V2cosh(αr)

sinh2(αr)
+
ℓ(ℓ+ 1)

r2
, (27)

and the effective spin orbit coupling is taken as

VSO(r) =
V ′
1 − V ′

2cosh(αr)
sinh2(αr)

(L⃗ · S⃗). (28)

(29)
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The effective equivalent nuclear potential under investigation
for uncharged hadrons is thus

V (r) = VPT(r) + VSO(r). (30)

(31)

The strength parameters V1, V2, V ′
1 , V

′
2 of the total potential

V (r) have the unit of fm−2 and α is the inverse range para-
meter with dimension of fm−1. To address charged hadron
systems, it is necessary to incorporate an electromagnetic in-
teraction alongside the nuclear potential

V (r) = VPT(r) + VSO(r) + VC(r). (32)

(33)

The pure Coulomb potential theoretically allows for an in-
finite range of interaction. However, in practice, it becomes
screened beyond a certain distance, rendering the Coulomb
potential negligible after a finite range. Motivated by this
the electromagnetic potential is taken as screened atomic
Hulthén potential [42–45]

VC(r) = V0
exp (−r/a)

[1− exp (−r/a)]
, (34)

with V0, the strength and a , the screening radius of the poten-
tial with V0a = 0,03472fm−1 for nucleon-nucleon systems.

3. Results and discussion

The parameterization of the nuclear Pöschl-Teller poten-
tial, including the spin-orbit term as outlined in Eqs. (29) and
(30), to match the available standard phase parameters [46]
for various states of the (n-p) and (p-p) systems through the
numerical solution of the differential equations (24-26). The
best fitted parameters for the (n-p) and (p-p) systems across
various states is presented in Table I.

TABLE I. List of parameters for (n-p) system.

States α V1 V2 V ′
1 V ′

2

3P0 0.92 9.02 11.25 0.50 2.70
3P1 2.24 4.35 0.15 0.08 15.60
3P2 0.96 9.25 8.89 0.51 1.27
3D1 2.03 8.65 2.05 1.85 6.70
3D2 0.96 2.031 32.065 8.05 18.27
3D3 1.26 6.36 8.65 18.69 31.35

TABLE II. List of parameters for (p-p) system.

States α V1 V2 V ′
1 V ′

2

3P0 0.86 9.05 8.92 0.5 1.70
3P1 2.46 4.34 0.17 0.08 15.50
3P2 0.82 10.08 0.82 2.02 2.29

FIGURE 1. Variation of (n-p) P-wave scattering phase shifts with
laboratory energy.

FIGURE 2. Variation of (n-p) D-wave scattering Phase shifts with
laboratory energy.

For numerical adjustments of the phase shift results, we
have utilized ℏ2/2µ = 41,47 MeV fm2 specific to the (n-p)
and (p-p) systems, respectively. Here, µ denotes the redu-
ced mass of the corresponding systems. In this article, we
examine the scattering phase shifts for neutron-proton (n-p)
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FIGURE 3. Variation of (p-p) P-wave scattering phase shifts with
laboratory energy.

and proton-proton (p-p) interactions for angular momenta
ℓ = 1&2. Figures 1-3 illustrate the computed phase shift
values in comparison with the established results [46] for va-
rious (n-p) and (p-p) triplet scattering states, as detailed in
Tables I and II. As shown in Figs. 1 and 2, the analysis for
the P- and D-wave states in the (n-p) system aligns well with
the established phase parameters up to a laboratory energy of
350 MeV, closely matching the findings of Perez et al. [46].
The phase parameters for p-p scattering, as depicted in Fig. 3,
show strong agreement with the results of Perez et al. [46]
up to a laboratory energy of 350 MeV. The strength para-
meters for the p-p triplet states 3P0, 3P1 and 3P2 are kept
consistent with those of the n-p states 3P0, 3P1 and 3P2. A
slight adjustment has been introduced for the inverse range
parameter ‘α’ leading to minor effects on both the central
nuclear and spin-orbit terms, but the changes are not consi-
derable. The strength values remain unchanged because the
nuclear force treats n-p and p-p interactions similarly, con-
sidering both neutrons and protons as equivalent nucleons.
Therefore, it is reasonable to expect analogous parameteriza-
tion of the strong nuclear environment for two-nucleon inter-
actions in similar states, regardless of their charge. However,
the Coulomb force is relevant for p-p interactions, and we ha-
ve addressed this by incorporating additional Coulomb terms
into the existing nuclear and spin-orbit terms, as shown in Eq.
(8). As the nuclear potential is greatly influenced by spin and
varies with different states, it is necessary to individually pa-
rameterize each state of the P and D waves in n-p interactions
and the P-wave states in p-p interactions to accurately reflect
the real inter-nucleon interaction field.

We assessed the goodness of fit by computing the χ2 per
degree of freedom (reduced χ2 values) for different states in
the n-p and p-p systems, considering (8-5) = 3 degrees of
freedom. The calculated reduced χ2 values for the 3P0, 3P1,
3P2,3D1,3D2,3D3 states of the n-p system are 0.684, 0.923,
0.527, 0.125, 0.571, and 1.186, respectively. For the p-p sys-
tem, the reduced χ2 values for 3P0, 3P1 and 3P2states are

0.812, 0.136, and 1.136, respectively. Overall, these reduced
chi-square values are either below or around 1, suggesting
that the model provides a good fit to the standard data for all
states of the n-p and p-p systems. Also, we have verified the
R-square values for different states which are close to unity.
Thus, the inclusion of the Pöschl-Teller and Pöschl-Teller like
spin-orbit interaction successfully modifies the phase shifts
to match the established data [46] for the n-p and p-p sys-
tems, demonstrating the robustness and reliability of this ap-
proach. As the energy increases, the probability of the pro-
jectile accessing the nuclear range of interaction also grows,
allowing for a more pronounced spin-orbit effect, which is
crucial for accurately modelling the real nuclear phenome-
nological field. Beyond 200 MeV the phase parameters for
3P0, 3P1 and 3P2 states differ from those of standard values
by maximum of 6 degree. It is argued that the discrepancy in
phase shifts at higher energies is largely reduced if the short-
range part of the LS force in the nucleon-nucleon potential is
modified. Since nucleon- nucleon scattering at energies be-
low 15 MeV is almost purely S-wave scattering which arises
from the interference between S- and P-waves, is very small.
Contrarily, the P-wave nucleon-nucleon interactions are very
important in scattering and PJ state contribution [47–49] must
be included. The lack of PJ state in the proposed potential
employed in this calculation may be the cause of the discre-
pancies in the phase parameters beyond 200 MeV.

At higher incident energies near 200 MeV, a reversal of
the phase shift for the 3P0 state is evident in both (n-p) and
(p-p) scattering in Figs. 1 and 3, implying the influence of a
repulsive hardcore.

4. Conclusion
This study tests the phase shift analysis of charged and

uncharged nucleon-nucleon interactions in the context of the
Pöschl-Teller [9–15] plus Pöschl-Teller like spin-orbit inter-
action field [Eq. 6], focusing on higher incident particle ener-
gies up to 350 MeV and higher partial waves using phase fun-
ction methodology [30]. Using a five-parameter potential, we
achieve excellent fitting of the phase shift parameters for all
P-wave and D-wave triplet states in n-p scattering, as well as
for the P-wave triplet states in p-p scattering, in line with the
results of [46]. The reduced χ2 values suggest that the quality
of the adjustment is quite satisfactory. This confirms that the
model effectively calibrates the phase shifts for both n-p and
p-p systems. The results demonstrate that high-energy scatte-
ring data up to 350 MeV can be interpreted if the nuclear in-
teraction exhibits two main traits: a robust spin-orbit coupling
possibly in the outer region, similar to the exchange character
of pion theoretical potential, along with a hard-core-like re-
pulsive force in the inner region. Encouraged by the success
of this work, I am motivated to advance to the calculation of
polarization effects for scattered particles with unpolarized
incident and target particles. Nonetheless, assessing polari-
zation will involve calculating the phase parameters for the
triplet state (3S1 state), despite the absence of any spin-orbit
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contribution for this particular state. I am eager to explore
spin-orbit coupling, particularly through the incorporation of
second-order momentum approximations.
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Testing the effects of ultraviolet radiation on
biological samples using laser interferometry
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Laser interferometry is used to analyze biological samples non-invasively before and after exposure to ultraviolet B (UVB) radiation. The
objective is to ascertain the damage induced by this type of radiation by quantifying displacements across the entire surface of the samples.
The analysis of those displacements, with a resolution of a few micrometers, is presented. Displacements are induced by applying a sound
load to the sample with and without radiation. The results are displayed as fringe patterns and displacement maps, where changes caused
by UVB radiation exposure can be observed. It was found that displacement values decrease and fringe patterns change slightly due to the
radiation. Displacement data is useful as it is an indicator of the biological sample’s elasticity. This work contributes to the understanding of
the impact of UVB irradiation on sample elasticity, which can be assessed non-invasively.
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1. Introduction

The sun energy, or solar energy, which is present on Earth
as electromagnetic radiation. The electromagnetic spectrum
encompasses different wavelengths, which can be divided
mainly into visible (400 to 700 nm), infrared (750 nm to 1
mm), and ultraviolet (200 to 400 nm), the latter of which is
considered in this paper. In turn, the ultraviolet range can be
divided into three types: UVA, UVB, and UVC. In the case
of UVC and much of the UVB spectrum, radiation is absor-
bed by the atmosphere ozone layer. However, UVA radiation
passes through the ozone layer and reaches the Earth’s surfa-
ce. Due to the deterioration of the ozone layer in recent years
[1-4], there has been an increase in UVB radiation on Earth,
leading to various problems for living beings [5-7]. Altera-
tions in mechanical properties due to exposure to ultraviolet
radiation have been demonstrated in synthetic materials and
biological tissues. Some studies have shown that in both na-
tural and synthetic materials, such as Glass/polyester compo-
site, poly methyl methacrylate (PMMA), epoxy laminate, and
elastic material, among others, distinct changes in their me-
chanical properties can be attributed to UV radiation [8-12];
for example, in the case of PMMA, exposure to ultraviolet
light caused surface damage that made mechanical parame-
ters degrade, as was the case of strength and strain at rupture
[13]. Regarding biological tissues, specifically porcine skin,
samples were subjected to two different doses of UV radia-
tion which were high and lasted for prolonged periods, and
were then analyzed to obtain the rigidity coefficients before
and after radiation, resulting in a loss of skin elasticity [14].
Focusing on humans, high exposure to UVB rays can cause
various skin problems, such as premature aging, darkening
or burns, and in the long term, it could lead to skin cancer
[15-20]. On the other hand, it should be noted that UVA ra-

diation is used to treat certain dermatological diseases such
as psoriasis, atopic dermatitis and mycosis fungoides, among
others [21-25], or for aesthetic purposes, such as in tanning
beds [26-28]. In such cases, the radiation is used while taking
precautions with regard to the duration of exposure to solar
radiation. It is important to be able to analyze changes to the
skin, primarily caused by UVB radiation, and there are mul-
tiple options to do so. One is the use of non-invasive optical
techniques, such as confocal laser microscopy [29, 30], opti-
cal coherence tomography [31-36], digital holographic inter-
ferometry (DHI) and digital speckle pattern interferometry
(DSPI) [37-39]. At present, laser interferometry is a non-
destructive and non-invasive optical technique that allows a
sample to be analyzed without manipulation. This ensures
that the measurements are not altered, thus producing highly
accurate results. Laser interferometry uses the phenomenon
of interference and monochromatic light sources, such as la-
sers, to measure displacements, deformations, shapes, vibra-
tions, distances, and refractive indices, among other parame-
ters. It is important to note that laser interferometry is a two-
state technique. This means that it is necessary to capture an
image without deformation and/or load, which is called a re-
ference, and a second image with a disturbed state (with a
modification in the sample). In the present study, we propose
using an optical interferometric technique to examine a bio-
logical sample before and after exposure to UVB radiation in
order to demonstrate its elasticity variations. We will present
images of the optical phase, as well as the quantification of
the displacements and the change in fringe patterns. Changes
in displacement are used to indicate the variation in elasticity
that the sample undergoes due to radiation.
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2. Optical method and experimental setup

Laser interferometry is a non-destructive optical techni-
que that allows one to analyze a sample without manipula-
tion, yielding highly accurate measurements. To analyze the
biological sample, an optical setup based on laser interfero-
metry was required. Figure 1 shows the optical configura-
tion based on the interference phenomenon. The optical con-
figuration includes a Cobolt Samba laser source with a wa-
velength of 532 nm, and a power output of 1 W. The laser
beam is directed towards a beam splitter (BS), which sepa-
rates it into two beams: the reference beam and the object
beam. To avoid illumination loss, both beams are coupled to
single-mode optical fibers (FO1 and FO2). The object beam’s
optical fiber output (FO2) illuminates the sample under study.
The backscattered light is collected by an aperture and lens
system, and then sent to a combiner cube (CC), where it is
merged with the reference beam (FO1). The two beams are
then recombined, producing wave superposition and genera-
ting an interference pattern [40-43], and the overlap of those
two beams is captured by the camera sensor; the camera used
was a PCO pixelfly with a resolution of 800 x 600 pixels. To
perform the interferometric measurements, an acoustic load
(sinusoidal sound waves) was applied to the sample by pla-
cing a loudspeaker behind it [44]. This was controlled by a
function generator (GF), which allowed controlling the type
of signal, as well as the frequency, amplitude and phase, see
Fig. 1. In order to discover the characteristic vibration mo-
des in response to the application of sound load, a frequency
sweep was performed on the sample, and with the help of a
homemade interface, it was possible to visualize its behavior
and identify the vibration modes in real time to confirm that
the sample was responding effectively. This stage of the ex-
periment was vital in order to obtain the fringe patterns in
response to sound and observe the changes due to the UVB
radiation.

To record a digital speckle pattern or hologram, the object
and reference beams must be recorded simultaneously on the
camera sensor using the setup shown in Fig. 1. The intensity
of the recorded hologram can be expressed as follows:

I(x, y) = a(x, y) + b(x, y)cos[∆ϕ(x, y)]. (1)

FIGURE 1. Optical setup.

where a, b y ∆ϕ are the background signal, modulation and
phase difference, respectively. The latter contains informa-
tion about the object under study in the form of interference
patterns.

In order to find out the fringe vibration pattern of the sam-
ple, i.e., to identify its characteristic vibration mode, the sam-
ple was subjected to acoustic sound from the rear. To achieve
this, it was necessary to record two holograms: one without
(IR) and another with (IV ) the acoustic load. Here, IR is the
so-called reference hologram, which is subtracted from IV in
order to obtain the fringe pattern, showing the intensity mo-
dulation by means of:

IF = |IV − IR| (2)

Subsequently, the optical phase can be recovered from the
fringe patterns using the spatial carrier method, which invol-
ves the Fourier transform [45-47]. To quantify the displace-
ments (w(x, y)) on a micrometric scale the next relationship
is used,

w(x, y) =
λ

2π(1 + cosθ)
∆φ (3)

where ∆φ is the unwrapped optical phase difference, λ is
the wavelength of the illumination source used in the optical
system, and θ is the illumination angle existing between the
observation and illumination directions.

It is important to note that the above process is followed
to study samples with and without the exposure to UVB ra-
diation.

3. Results and analysis

Numerous tests were performed to corroborate the repea-
tability of the process. It is important to note that the biologi-
cal sample had an uneven thickness and a diameter of 20 mm,
which it was placed in an optomechanical circular support.
As mentioned before, a frequency sweep was performed to
identify the resonant frequencies of the sample, and an inter-
esting finding was that more than two vibration modes were
identified, which points to the elasticity of the sample. Before
the exposure to UV radiation, the sample was placed in the
position displayed in Fig. 1, and two images were captured:
one before and another after the application of sound to the
sample; it is important to note that the same process is to be
followed when UV radiation is applied to the sample.

First, the first vibration mode was obtained using Eq. (2);
subsequently, the wrapped phase, unwrapped phase, and dis-
placement maps are obtained [48-53]. Figure 2a) presents the
fringe pattern obtained at a frequency of 850 Hz before the
application of radiation, while Fig. 2b) shows the fringe pat-
tern when the sample was subjected to a UVB radiation dose
of 0.0014 J/cm2. The vibration frequency of the first mode
of the sample remained the same, but it is noticeable that the
vibration pattern underwent minor changes, such as a slight
rotation of the fringe observed in Fig. 2a), i.e., the
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FIGURE 2. Vibration pattern to 850 Hz for the biological sample: a) before and b) after UVB radiation. A slight modification in the fringe
pattern is noticeable.

FIGURE 3. Biological sample before UVB radiation, a) wrapped phase and b) displacement map.

fringe appears slightly tilted. In addition, the fringe in Fig. 2a)
has dark and bright fringes, while in Fig. 2b) only a bright
fringe is visible. This finding suggests that, under the same
sound load conditions, the initiation of fringe formation oc-
curs prior to the onset of visible signs of damage, thereby
providing an indirect indication of sample elasticity loss after
radiation.

A Fourier transform method was applied to the images
shown in Fig. 2 to obtain the object’s optical phase informa-
tion; Fig. 3a) presents the wrapped phase, and the displace-
ment map is displayed in Fig. 3b). It is important to men-
tion that the images in Fig. 3 were obtained without using
UVB radiation. Meanwhile, Fig. 4 presents the results af-
ter the sample had been irradiated; Figs. 4a) and 4b) present
the wrapped phase and the displacement map, respectively.
To obtain the displacement map shown in Figs. 3b) and 4b),
Eq. (3) was used, which depends on the value of λ used, the
value of the angle between the observation and illumination
directions, θ measured in the optical array, and the unwrap-
ped phase map, ∆φ; from these maps, the maximum displa-
cements of the object before and after the application of the
radiation dose were obtained and used to construct Table I.
The displacement value decreased after UVB irradiation in-

dicating that the sample loses elasticity, i.e. the sample is mo-
re rigid than at the beginning of the test, when it was in its
initial state (without radiation). The displacement value de-
creased after UVB irradiation, indicating that the sample lost
elasticity, i.e., the rigidity increased in the sample compared
to the data obtained in its initial state (without radiation).

Analyzing Figs. 3a) and 4b), slight changes in the wrap-
ped phase map are observed. For example, in Fig. 3a), the
black fringe is oval and tilted shape, while in Fig. 4a) the
dark fringe is smaller than the fringe in Figs. 3a) and it is not
tilted. Furthermore, the scale bar in Fig. 3b) is a bit larger
compared to Fig. 4b), indicating that the displacement value
decreased when the biological sample was subjected to UV
radiation, and this is confirmed with the data of Table I, whe-
re the maximum displacement of the sample irradiated with
UV

TABLE I. Maximum displacement for the first vibration mode
found at 850 Hz.

Without UVB radiation With UVB radiation

0,210± 0,015 µm 0,160± 0,010 µm
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FIGURE 4. Biological sample after application of a UVB radiation dose of 0.0014 J/cm2, a) wrapped phase and b) displacement map.

FIGURE 5. Biological sample at a frequency of 1 kHz and without UVB radiation, a) vibration pattern, b) wrapped phase, and c) displacement
map.

rays is lower than that of the sample without UV radiation.
This assertion is substantiated by the data presented in Ta-
ble I, which reveals that the maximum displacement of the
UVB-irradiated sample is less pronounced than that of the
sample not exposed to UVB radiation.

On the other hand, it is important to note that the diffe-
rence of displacement between sample data with and without
UVB radiation is small, exactly 0,05 ± 0,018 µm, due to
the low dose of UVB radiation applied to the tissue. If the
UVB radiation had been higher, the difference in displace-
ment would have been greater, which could indicate greater
damage caused by radiation.

According to the literature, the increased rigidity in bio-
logical tissue is associated with higher frequencies and, con-
sequently, lower displacements. Conversely, softer or elastic
skin results in lower frequencies, and therefore, greater de-
formations. Viscoelasticity also plays a role in the tests, as
it dampens the sinusoidal signal, leading to modifications in
the vibration modes. Another important factor is tissue hy-
dration; as the sample dehydrates, it loses elasticity, which
increases its stiffness [54-58]. Thus, after irradiation of the
sample with UVB rays, a change occurred in the biological
tissue that caused dehydration and/or aging, which caused the
displacement values to change for the same frequency.

Another vibration pattern was found at a frequency of

1 kHz. The results obtained when sound was applied to the
sample are presented in Fig. 5, without UVB radiation, and
6 with radiation. It is noticeable that the patterns and the dis-
placements are altered upon exposure to the UVB dose. The
maximum displacements are shown in Table II.

Examining the vibration pattern images in Figs. 5a) and
6a), the vibration mode appears to be a (1,1) mode, and it is
notorious that there are changes in their shapes. For example,
in Fig. 5a), bright and dark fringes are presented in a parti-
cular position; apparently, the fringes are rotated. However,
when the sample is irradiated, the pattern is modified, displa-
ying a pair of dark and bright fringes that are separated and
not rotated compared with the pattern without UVB radiation.
On the other hand, the displacement maps and the scale bar
showed that the displacement value is slightly higher in the
sample without radiation, which agrees with the maximum
displacement values shown in Table II.

A further result of the experiment was the discovery of a
complex vibration pattern found at 1.62 kHz for the sample

TABLE II. Maximum displacements at a frequency of 1 kHz.

Without UVB radiation With UVB radiation

0,252± 0,0014 µm 0,248± 0,0011 µm
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FIGURE 6. Biological sample at a frequency of 1 kHz and with a dose of 0.0014 J/cm2 of UVB radiation, a) fringe pattern, b) wrapped phase,
and c) displacement map.

FIGURE 7. Biological sample at a frequency of 1.62 KHz and without UV radiation, a) fringe pattern, b) wrapped phase, and c) displacement
map.

FIGURE 8. Biological sample with a UVB radiation at a frequency of 1.75 KHz, a) fringe pattern, b) wrapped phase, and c) displacement
map.

prior to exposure to radiation, as illustrated in Fig. 7. Howe-
ver, following the application of UVB radiation to the sample,
it was inspected at 1.62 kHz and did not vibrate at this fre-
quency. Consequently, an exhaustive search for the vibration
pattern was carried out, which was found at 1.75 kHz. This
indicates that there was a change in frequency, as well as a
decrease in the magnitude of the displacement, which is an
indicator that the sample is affected after being irradiated, as
illustrated in Fig. 8.

A maximum displacement of 0,407 ± 0,0013 µm was
quantified for the biological sample without UVB radia-
tion at 1.62 kHz, and a maximum displacement of 0,350 ±
0,0012 µm was determined for the biological sample with
UVB radiation dose at a frequency of 1.75 kHz.

The vibration frequency of biological tissue depends on
the mechanical properties inherent to its viscoelastic nature.
It is worth noting that the biological sample used in this work
exhibited various vibration modes at different frequencies, in-
dicating that it cannot be considered a homogeneous system
and that its internal structure is complex.

In addition, the alteration of the sample with UVB radia-
tion caused slight changes in the displacement information
and the vibration patterns detected by optical techniques.

4. Conclusions

The research presented allowed us to analyze biological
tissue using a non-invasive optical technique, which facilita-
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ted the quantification of micro-displacements and changes in
them caused by UVB radiation applied to the sample. The la-
ser interferometry technique permitted the biological sample
to be evaluated without manipulation, which helped to avoid
external alterations that could influence the measurements.
Furthermore, the optical technique used in this work lets us
see superficial variations and/or modifications in the biologi-
cal sample that are not perceptible to the naked eyed. In this
regard, changes in the outer layer of the sample due to UVB
radiation can be seen in the 3D displacement maps.

It was imperative to discover the vibration modes of the
tissue prior to its quantitative analysis, and consequently, tis-
sue information was obtained and analyzed before and after
UVB radiation. The displacement in the tissue before UVB
radiation was greater in comparison to the displacement va-
lues obtained with the irradiated sample; additionally, when
the sample was subjected to UVB radiation, the fringe pat-
terns and elasticity were modified, as UVB rays generate an
increase in viscoelastic stiffness on the tissue surface, indica-
ting photoaging and dehydration, as well as possible internal
alterations in elastin, fragmentation, and collagen reorganiza-
tion [15]. Thus, in the first and second vibration modes found,

the frequency of the sound load at which they were found re-
mained the same for both sample conditions with and without
radiation. However, the behavior of the phase and displace-
ment maps changed, and a decrease in the displacement va-
lues of the irradiated sample was observed. In a complex vi-
bration pattern, in addition to the change in displacement, the
frequency also changed from 1.62 kHz to 1.75 kHz due to the
effects of UVB radiation on the tissue.

It should be noted that the difference in maximum dis-
placement between the irradiated and non-irradiated samples
was small due to the low dose of radiation that was applied;
these small changes of the order of microns can be detected
with the technique presented. In future work, focus will be on
obtaining mechanical parameters such as stiffness, Young’s
modulus, and Poisson’s ratio, among others, in order to bet-
ter understand the damage that prolonged exposure to UVB
rays can cause to human skin.
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We investigate a two-dimensional all-dielectric silicon photonic crystal with a square lattice based on p4 space group wallpaper symmetry, de-
monstrating dual-functional electromagnetic response. By employing group-theoretical symmetry indicators, we characterize the topological
phase hierarchy of the lower ten transverse magnetic (TM) bands for two complementary unit cell configurations (UC1 and UC2). The topo-
logical non-triviality of UC2 enables the emergence of robust edge and corner modes within the telecommunication window (∼ 1,84 THz
/ 1,6 µm) at the interface with the trivial UC1 phase. Additionally, an accidental p–p–d band degeneracy forming a Dirac-like cone at the
Γ point yields a near-zero refractive index (NZRI) regime in the mid-infrared region (∼ 1,03 THz / 2,9 µm). We discuss the interplay
between time-reversal symmetry-protected degeneracies and the absence of monopolar (s-like) symmetry, which results in directional impe-
dance variations and non-ideal wave-front flattening. These findings highlight the potential of simple square-lattice geometries for integrated
topological routing, directional optical sensing, and light manipulation.
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1. Introduction

In modern photonics, efficient control of light propaga-
tion is essential for applications in telecommunications, sen-
sors, information processing, and optical computing [1-3].
Traditionally, waveguides have been designed using refracti-
ve index contrasts, confining light to specific regions through
total internal reflection or periodic structures such as photonic
crystals [4]. However, these methods are typically sensitive to
manufacturing imperfections, misalignments, and structural
disorders, which hinder their robustness and scalability.

In contrast, topological boundaries in photonic systems
offer a revolutionary alternative based on the principles of
solid-state physics, specifically band topology. These wave-
guides form at the boundaries between two materials with
different topological invariants, allowing the emergence of
topologically protected edge modes. Such modes can pro-
pagate without dispersion, even in the presence of defects,
curvatures, or irregularities, giving them unprecedented ro-
bustness against disorder [1,5-7].

The realization of topological boundaries in optical wa-
veguides not only enhances tolerance to structural defects but
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also enables the development of more compact, efficient, and
robust integrated photonic devices. Notably, the influence of
edge and corner states on light propagation exhibits a strong
analogy with the behavior of electronic transport in disloca-
tion pathways within graphene structures [7-9].

Modern topological photonics have made incredible ad-
vances regarding hexagonal and more exotic cell structures;
from a technological perspective squared lattices may be a
more feasible way to implement topological wave guides, gi-
ven the simplicity of it’s geometry [6,10,11]. This type of
geometry is compatible with standard manufacturing techni-
ques, such as electron lithography or deep etching, facilita-
ting their integration into photonic chips. By breaking certain
spatial symmetries-such as rotational symmetries-in a square
lattice, it is possible to induce topological phases that support
robust edge modes.

Modern material science, in particular the engineering of
metamaterials, have made the ideal playground for the study
of photonic structures that may present multiple functionali-
ties through the appearance of different phenomena, such as
Near Zero Refractive Index (NZI) and topological light pro-
pagation [12-14].

In this article, we propose a particular example of a
two-dimensional photonic crystal (2DPC) with square latti-
ce geometry based on the p4 symmetry (a type characteri-
zed by 90◦ rotations), which allows for the propagation of
high-sensitivity corner and border modes, considered topo-
logical borders. Photonic properties, such as band structure
and transmission, are discussed within the framework of the
analysis as well.

2. Design and methodology

The design –perhaps the simplest wallpaper-like– resem-
bles that of a pinwheel that tiles the plane. Both unitary cells
correspond to a pattern that clearly presents fourth-order ro-
tational symmetry (90◦ rotation) around the center, without
horizontal, vertical, or diagonal reflection clearly being a p4
symmetry [15]. A schematic view of the dielectric structure

FIGURE 1. On the left we observe the pattern as it tiles the plane.
On the right we see the two possible primitive cells that make the
pattern, UC1 (Top) and UC2 (Bottom).

is displayed in Fig. 1. Simulations are carried out using
COMSOL package [16]. The materials of choice are air (whi-
te areas) and silicon (orange areas) using εSi = 12,25. Tech-
nologically speaking, this design would be simple and easy
to produce using traditional methods of deposition, such as
RF sputtering.

In the case of topological mode propagation, we need to
identify which unitary cell (UC) is trivial and which one is
non-trivial, according to the accepted classification. The to-
pological characterization of a photonic crystal band relies
on identifying how its Bloch eigenmodes transform under the
crystalline symmetries of the lattice. In what follows, we shall
provide a detailed description of the procedure.

The topological characterization of photonic crystal
bands under crystalline symmetries is fundamentally rooted
in the representation theory of space groups applied to the
Maxwell eigen-problem [17]. In a periodic dielectric me-
dium, the electromagnetic modes are described by Bloch fun-
ctions of the form.

En,k(r) = eik·run,k(r), (1)

where un,k(r) represents the periodic part of the electric field
that satisfies the lattice periodicity condition, k is the Bloch
wave vector defined within the first Brillouin zone, n is the
label for the given band, and r is the position vector in real
space.

Inside the band diagram, there are certain points of high
symmetry (HSP’s) in the Brillouin zone, which define nontri-
vial point group symmetries. At these high symmetry points
(HSPs), the corresponding little group contains point-group
operations-such as discrete rotations-that commute with the
Maxwell operator, allowing the Bloch modes to be chosen
as simultaneous eigen-states of these symmetry operations as
well [18]. For a n−fold rotational symmetry, the action of
the rotation operator Ĉn over the periodic part of the electric
field is given as

(Ĉn)(r) = Rnu(R
−1
n r), (2)

where Rn is the matrix corresponding to a rotation by an an-
gle of 2π/n about the symmetry axis. Rn accounts for the
transformations of the vector field components under rota-
tion. As mentioned, at the HSP points, the rotation operator
and the Maxwell operator must commute. Therefore, the ei-
genmodes can be chosen to transform according to irreduci-
ble representations of the rotation group. To extract the rota-
tion eigenvalues λ in a gauge-invariant manner, we compute
the normalized expectation value

λ =
⟨u | Ĉnu⟩
⟨u | u⟩

, (3)

Here, the operator < | > denotes the inner product over
the unit cell, defined as

< f |g >=
∫
UC

f∗(r) • g(r)dr.
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The normalization in the denominator ensures that λ is inde-
pendent of the absolute field amplitude and invariant under
global phase transformations u→ eiϕu.

This operation returns a phase factor of the form e2πip/n

when the field is an irreducible eigenstate of the symmetry
operation. Because the Maxwell operator commutes with
Ĉn only at the HSPs, the extraction of these eigenvalues
at Γ, X , M , K, provides a symmetry-protected and gauge-
independent fingerprint for the transformation properties of
the investigated modes [19].

Once the rotation eigenvalues λn,k have been calculated
for each band at each HSP, the next step consists in assem-
bling these local symmetry data into global, gauge-invariant
topological quantities known as symmetry-based invariants
or symmetry indicators. These invariants capture the obstruc-
tion to providing a complete classification of crystalline to-
pological phases within the symmetry class under considera-
tion [17,19].

LetK be the set of all high-symmetry points (HSPs) inva-
riant under a given rotational symmetry Cn. For each k ∈ K,
one can define the integer multiplicities:

Nk
p , p ∈ {0, 1, . . . , n− 1}. (4)

Here, Nk
p counts the number of bands below the band

gap (or within the chosen frequency range) whose rotation
eigenvalue equals λp = e2πip/n. These multiplicities defi-
ne a representation vector in the free Abelian group Z|K|×n.
Further details on this topological classification framework
can be found in the work by Vaidya et al. [20].

To isolate genuinely topological features, one must there-
fore construct quantities in which all atomic-limit contribu-
tions cancel out. This is naturally achieved by forming diffe-
rences between representation multiplicities at different high-
symmetry points that share the same symmetry or belong to
the same little group, leading to robust symmetry-based inva-
riants [21].

The canonical way to define such differences is in the
form

[Π(n)
p ] = Π(Π)

p −Π(Γ)
p , (5)

where Γ denotes the Brillouin zone center and Π denotes
another HSP invariant under the same rotation invariance,
such as M in lattices with C4 symmetry. For any elemen-
tary band representation induced from localized Wannier fun-
ctions, the number of states transforming with a given angular
momentum p is identical at all HSPs connected by symmetry.
Consequently, atomic bands contribute equally to N (Γ)

p and
N

(Π)
p , causing their difference to vanish identically [17]. The-

refore, a nonzero value of [Π(n)
p ] signals a genuine topologi-

cal obstruction.
Now, the topological characterization of the photonic mo-

des can be formulated in terms of the geometric phase accu-
mulated under crystalline rotations at high-symmetry points
in the Brillouin zone [20,22]. This is defined by the following

equation:

χ(4) = ([X
(2)
1 ], [M

(4)
1 ], [M

(4)
2 ]). (6)

The total phase accumulated when the mode is rotated
is obtained by summing these discrete phase contributions
weighted by their multiplicities at each high-symmetry point.
For the twofold-symmetric X point, this construction leads
to the invariant

[X
(2)
1 ] =

(
nX,+ − nX,−

)
mód 2,

which corresponds to a quantized geometric phase ϕ = π,
and nX,+, nX,− are the even and odd number of modes, for a
non-trivial case this should be 0. This phase reflects a parity
inversion of the electromagnetic mode and remains invariant
under any smooth, symmetry-preserving deformation of the
system.

A similar phase-based interpretation applies at the
fourfold-symmetric M point, where the rotation eigenvalues
are given by λj = eiπj/2 with j = 0, 1, 2, 3. The invariant

[M
(4)
1 ] =

(
nM,1 − nM,3

)
mód 4,

measures the imbalance between conjugate rotational eigen-
values and is associated with a total accumulated phase ϕ =
π/2, characteristic of modes with opposite angular circula-
tion. nM,j is defined as the multiplicity of eigen values, in
simple words, in counts how many bands are associated with
the eiπj/2 phase. In contrast, the invariant

[M
(4)
2 ] =

(
nM,2 − nM,0

)
mód 4,

corresponds to a phase ϕ = π, linked to field configurations
that change sign under a fourfold rotation. From this view-
point, these symmetry-based invariants provide a compact
and physically transparent description of the rotational phase
winding of photonic modes, without invoking more elaborate
topological constructs.

FIGURE 2. a) Band diagram for both UC1 and UC2 calculated with
a1 = 0 = 1, b) Shows the band diagram for the symmetric unitary
call (see inset), obtained by setting a1 = −0,5, according to the
description in the text. c) Shows the phase diagram for each point
through the Brillouin Zone of both UC1 and UC2.
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In addition, through this work, the phase diagrams will
serve as a tool for understanding how electromagnetic modes
organize and interact within the unit cell, offering an analogy
to electronic orbitals in solid-state systems.

3. Results

Once the plane is tiled, two distinct primitive cells emerge,
UC1 and UC2. Both of these crystal cells generate the sa-
me 2D lattice and can be regarded as inverse representations
of each other. When the side length and the lattice vector of
these primitive cells are set to a0 = 1 µm, both UC1 and
UC2 generate the same photonic band diagram [see Fig. 2a)].
The TM mode band diagram showcases two gaps, the main
one centered around 0,5×1014 Hz (approximately 6000 nm)
and a secondary, much smaller gap at around 1,9 × 1014 Hz
(about 1600 nm), as seen in Fig. 3. There is also a partial Di-
rac point that spans four distinct bands at a frequency around
1× 1014 Hz.

To clarify the origin of the secondary gap relevant to the
topological states, we analyze a continuous geometrical de-
formation of the unit cell through the parameter a1, as shown
in Fig. 2. For a1 = −0,5, the silicon elements form a cross-
like geometry, the unit cell symmetry is C4v and its space
group is p4mm, and the corresponding band structure exhi-
bits the Dirac-like degeneracy associated with this higher-
symmetry configuration. The parameter a1 is introduced as a
dimensionless translation factor that governs the spatial dis-
placement of the rectangular air voids within the silicon ma-
trix. In the finite element simulation, the position of these
voids is modified by a displacement vector parameterized by
a1: r⃗′ = r⃗ + a1L1û, where L1 is a characteristic length
of the geometry (e.g., a shift along the vertical would be
∆y = a1L1). This acts strictly as an analytical tool to ex-
plore the geometric symmetries of the lattice. As shown in
Fig. 2, setting a1 = −0,5 forces the air voids to converge
into a central cross-like geometry, introducing mirror sym-
metry and a corresponding Dirac-like degeneracy. The inte-
ger values a1 = 0 and a1 = 1 exactly recover the perfect
corner-sharing configurations of the primitive cells UC1 and
UC2, respectively.

FIGURE 3. Transmittance density map showcasing the omnidirec-
tional band gap that forms at around 1600 nm, in agreement with
the band structure shown in Fig. 2.

It is important to note that for intermediate fractional values
(e.g., 0 < a1 < 1), the translation disrupts the seamless tiling
of the pinwheel pattern, resulting in disjointed geometries
where the squares do not perfectly fit together. Therefore, the
continuous sweep of a1 does not represent a physically rea-
lizable crystalline phase, but rather a theoretical mechanism
to demonstrate how breaking the higher-symmetry configu-
ration lifts the degeneracy and opens the relevant topological
band gap between bands 8 and 9.

In the periodic Bloch calculation, UC1 and UC2 descri-
be the same underlying square lattice and yield equivalent
bulk band structures, while the symmetry analysis of their ei-
genmodes distinguishes their topological character. The gap
between bands 8 and 9 is therefore the relevant bulk gap in
which the topological boundary and corner states are subse-
quently identified.

Phase diagrams are a useful tool for predicting not only
topological phenomena but also other light-matter interac-
tions. In this context, they serve as analogs to atomic orbi-
tals in electronic theory. In combination with band diagrams,
they provide information about how light propagates along
the structure. For example, while both UC1 and UC2 genera-
te the same band structure, propagating modes for each cell
can be different for the same given k-number; they may reach
the same destination, yet the way they reach it is what makes
both UCs distinct.

The phase diagrams shown in Fig. 2c), reveal that both
UC1 and UC2 present a p-like orbital at the Γ point, px for
UC1 and py for UC2. For the other points, UC1 exhibits s or-
bital configurations, whereas UC2 at theX point remains as a
px orbital. Furthermore, at theM point, it has a dxy-like orbi-
tal phase configuration. This showcases evidence that, while
both unitary cells produce the same band diagram, the phase
analysis indicates a difference in which modes can propagate
through each structure.

The band structure and symmetry analysis therefore pro-
vide a consistent picture of the two complementary primitive-
cell configurations. In particular, the opening of the gap upon
departing from the higher-symmetry configuration provides
the bulk spectral region in which the topological properties
of the corresponding bands can be analyzed.

Tables I and II showcase the topological invariants made
to both UC1 and UC2. Given that our point of interest is lo-
cated very high in the frequency domain, nearly at 2 × 1014

Hz, it is of great importance that we consider the topological
class from all the bands below, including the one of interest.

So, from Table I we can see that although a subset of
bands in UC1 (bands 3, 5, 7, and 9) display stable topolo-
gical invariants, the majority of the low-lying bands yield the
trivial vector (0, 0, 0), which corresponds to fragile topology.
This predominance of fragile indicators, together with the ab-
sence of robust non-trivial symmetry indices in most bands,
supports the interpretation of UC1 as the topologically trivial
unit cell. In contrast, the analysis of Table II, focused on UC2,
reveals a predominance of stable indicators, with bands 1, 2,
3, 5, 6, and 10 displaying non-trivial vectors of the form
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TABLE I. Symmetry vector for the first ten bands for UC1.

Band UC1 ([X
(2)
1 ], [M

(4)
1 ], [M

(4)
2 ]) UC1 Class.

1 (0, 0, 0) Trivial

2 (0, 0, 0) Trivial

3 (+1, 0,−1) Stable

4 (0, 0, 0) Trivial

5 (−1, 0,+1) Stable

6 (0, 0, 0) Trivial

7 (−1, 0,+1) Stable

8 (0, 0, 0) Trivial

9 (−1, 0,+1) Stable

10 (0, 0, 0) Trivial

(±1, 0,∓1, 0). These configurations cannot be decomposed
into non-negative combinations of atomic limits, confirming
their stable topological nature. Although a few bands (4, 7, 8,
and 9) exhibit fragile indicators with trivial vectors (0, 0, 0),
the overall band structure is dominated by stable topological
signatures. This establishes UC2 as the non-trivial unit cell,
in sharp contrast to UC1; all of this in agrement with the lite-
rature [23,24].

TABLE II. Symmetry vector for the first ten bands for UC2.

Band UC2 ([X
(2)
1 ], [M

(4)
1 ], [M

(4)
2 ]) UC2 Class.

1 (−1, 0,+1) Stable

2 (+1, 0,−1) Stable

3 (−1, 0,+1) Stable

4 (0, 0, 0) Trivial

5 (−1, 0,+1) Stable

6 (+1, 0,−1) Stable

7 (0, 0, 0) Trivial

8 (0, 0, 0) Trivial

9 (0, 0, 0) Trivial

10 (+1, 0,−1) Stable

3.1. Topological edge states

Once the trivial and non-trivial hierarchy between UC1 and
UC2 is established, we can construct the finite crystal super-
cell. In Fig. 4, we show the design of the combined UC1-UC2
finite photonic system, suitably combining lattices with tri-
vial and non-trivial unit cells. The system consists of a 20×20
array of UC1 unit cells, within which a smaller 10×10 region
composed of UC2 unit cells is embedded. The UC1 subregion
is positioned such that its bottom-left corner is centered

FIGURE 4. a) Representation of the finite crystal, centered around one of the corners. b) Localized edge state for the light mode of frequency
1,8471× 1014 Hz, for the Ez component of the electric field. c) Graph for the eigen frequencies and number of solutions of our system. d)
Height map for the Ez component at the edge state.
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FIGURE 5. a) shows an edge that appears at a frequency of 1,8449× 1014 Hz, and goes around the dislocation, b) a more concentrated edge
state at around 1,8433× 1014 Hz.

is centered at the coordinate origin, (0, 0) [see Fig. 4a)]. We
assume the incidence of a Gaussian-like light beam from the
negative x-direction. It is possible to observe a localized,
corner-like mode of light propagation [Fig. 4b)], correspon-
ding to a frequency of ∼ 1,8471 × 1014 Hz, correctly pre-
dicted by the number of solutions. Figure 4c) shows the dia-
gram of frequency against the number of solutions, illustra-
ting a clear bulk band gap in which localized states emer-
ge, consistent with a nontrivial topological phase in the two-
dimensional photonic crystal [22]. Bulk modes form two se-
parated continua, while edge states appear within the gap and
smoothly connect the bands, indicating topologically protec-
ted boundary propagation. Additionally, an isolated corner
state is observed inside the gap, spectrally separated from
the edge branch. Finally, a plot of the z-component of the
electric field [Fig. 4d)] shows quite strong localization of its
amplitude on both sides of the edge, although there is still
some non-zero intensity away from it along the edges toward
the frontier of the system. From the frequency of this mode
alone, one can see that our design is highly sensitive to the
frequency, in part due to its location in the band diagram, as
well as the unitary cells themselves. We have also identified
the presence of a well defined topological border-like state
at around 1,8471 × 1014 Hz [see Fig. 5a)]. There, as well as
for the aforementioned corner-like state, we are firmly within
the 10th photonic band. Therefore, it was convenient to cal-
culate the topological invariant not only for the first band but
also for the lowest ten bands, as reported in Tables I and II
for each of the unit cells involved. In Fig. 5, we represent ad-
ditional topological states that showcase the propagation of
light through the boundary. Fig. 5a) shows an edge mode that
appears at a frequency of 1,8449× 1014 Hz and goes around
the dislocation; however, it does not exhibit the cardioid-like
structure at the corner. In addition, Fig. 5b) shows another
edge state at around 1,8433 × 1014 Hz, respectively. Unlike
the main mode, which is highly localized around the corner
of the embedded square, these other modes propagate around
the lattice edges.

3.2. Near-zero refractive index

By observing the photonic band diagram, it is possible to
note that at the Γ point, around 1×1014 Hz, there is a collec-
tion of bands that form a Dirac cone. Zooming into this region
reveals four bands in close proximity. Two of these bands -
colored orange and green, [see the lowest depicted ones in
Fig. 6a)]- are particularly relevant, with a third band appea-
ring near the Dirac point. This arrangement resembles con-
figurations typically observed in near-zero index (NZI) phe-
nomena. Such systems allow for unique wave propagation
properties, such as uniform phase across space or enhanced
tunneling, and often involve specific band structures near the
Γ point that resemble Dirac-like dispersions [25,26].

One key distinction, however, lies in the orbital composi-
tion of the bands involved. While NZI systems often feature
an s − p − p or monopole-dipole-dipole orbital distribution,
the case examined here may differ in the exact orbital cha-
racter of the bands forming the Dirac cone. This difference
in orbital symmetry can have important implications for both
the photonic behavior and potential topological properties of
the system.

In an ideal NZI crystal, the electric field must be uni-
form at the scale of the unit cell, with a uniform phase
across the supercell and omnidirectional propagation [27-
29]. From the perspectives of symmetry and photonic band
theory, our orbital dipole-dipole-quadrupole (p − p − d)
distribution fully satisfies these criteria. At the Γ point,
the point group symmetry is C4. While C4 is an Abe-
lian group with strictly one-dimensional irreducible repre-
sentations, the double degeneracy of the px/py modes is
guaranteed by time-reversal symmetry, which pairs the two
complex-conjugate one-dimensional representations. And is,
therefore, symmetry-protected to be degenerate, while the
quadrupole mode (dxy , belonging to B1 or B2) can naturally
lie above them if the geometry or material parameters invert
the conventional s− p− p ordering.
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FIGURE 6. a) Band diagram of the two bands that form the Dirac point near a third upper band, the phase diagrams represent the orbitals; from
up to bottom we have, dxy, py and px orbitals. b) 20× 20 supercell simulation showcasing a near-zero refractive index using a 1,031× 1014

Hz Gaussian beam.

If we consider the effective impedance Zeff, defined as

Zeff =

√
µeff

εeff
, (7)

an ideal zero-refractive-index condition for the given mode
would occur when both the effective permeability and per-
mittivity vanish simultaneously, µeff = ϵeff = 0. The resulting
finite, non-zero effective impedance Zeff ensures high trans-
mittance matching the incident medium. In our system, the
px/py mode degeneracy at the Γ point is symmetry-protected
by the C4 lattice and time-reversal symmetry. However, ob-
taining a zero-index response requires bringing these modes
into spectral overlap with an additional band. Here, the qua-
drupole (d) band is positioned above the p-doublet, signaling
a band inversion rather than the canonical triple (s + p + p)
accidental degeneracy [13,30]. This structural configuration
yields an effective near-zero-index regime characterized by a
non-ideal evanescent field profile and residual internal reflec-
tions [30].

By simulating a UC1 20x20 supercell, we can achieve a
near-zero refractive index using a 1,031×1014 Hz ( 2900 nm)
Gaussian beam, [see Fig. 6b)]. As commented, compared to
other 2D geometries [25], our finite crystal cannot be viewed
as a perfect example of a near zero index case: When such a
Gaussian beam is shot from the kx direction, the electric field
at the top of the crystal does not propagate parallel to the sur-
face of the lattice; instead, it does so in a slightly tilted way,
as seen in Fig. 6b). As a result, when a beam is shot from
both the kx and ky directions, the effect of an outgoing plane
wave is not as pronounced as when the beam comes from a
single direction (see Fig. 7).

In short, while the linear dispersion and associated or-
bital configuration with px/py degeneracy at a Dirac point
can drive the effective refractive index neff toward zero, it
does not inherently produce a stable near-zero-index (NZI)
effect. The resulting impedance is often unstable and highly
direction-dependent. As established in the literature, achie-
ving a robust, isotropic NZI condition requires a monopolar

contribution, which is absent in simple Dirac cone degenera-
cies [30]. Considering the relation between topological pro-
tection and effective electromagnetic properties [17], despi-
te the Dirac cone associated with the px/py band inversion
is topologically allowed and protected, this absence prevents
the crystal from behaving as a fully homogeneous zero-index
material, leading to a regime that can be described as a near-
zero-index phase that is topologically permitted but electro-
magnetically incomplete. This highlights a fundamental dis-
tinction between topological robustness in momentum space
and the effective behavior of the medium and its properties
[17,30,31].

4. Conclusions

Squared lattices are notorious for their difficulty in gene-
rating topological photonic phenomena. Through this work,
we present a squared lattice that can produce both topolo-
gical and near-zero index propagation using a simple star-
like design made of silicon rectangular bars. Technologically
speaking, our design is suitable for reproduction using well
known techniques, such as RF sputtering.

As for the optical results, the design represents a case of
jack of all trades, master of none, since the optical pheno-
mena observed are both of perspective interest; however, the
way they manifest lacks the refinement of a device specifi-
cally made for such a task. For example, the NZI effect ob-
served at 1,031 × 1014 Hz shows a slight deviation in the
perpendicular propagation of a Gaussian beam. Making this
types of devices ideal for uses in cloaking both transmission
and reflection [32].

The same can be expected for the propagation of topolo-
gical modes. To begin with, the frequency at which the effect
can be observed appears around the 10th band in the photonic
dispersion relation. This already proves difficult to diagno-
se its presence, thus forcing the calculation of the symmetry
vector for all bands below it [20,33]. Initial results showca-
se a clear tendency for the unit cells labeled UC2 and UC1
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to behave as non-trivial and trivial, respectively. Yet, some
points within this analysis present irregularities (see Tables I
and II). As a result, the stability of the topological propa-
gation is quite low. Moreover, when simulating a boundary
between two unit cells, the edge state appears to be quite sen-
sitive to the frequency of the input signal and is surrounded
by multiple cases of low propagation profiles.

Nonetheless, given the presence of two different kinds
of exotic light propagation modes-topological and near-zero
index-the photonic structure under study can be considered
promising. Given the simplicity of the photonic crystal de-
sign, paired with satisfactory results for both identified phe-
nomena, we can confidently refer to this possible device as

having strong potential for applications in areas such as high-
sensitivity optical sensing and signal modulation. A systema-
tic study, perhaps involving automatic learning to improve
the geometry by means of rotations or re-dimensioning [34],
could lead to a ’ready to apply’ design oriented to topological
photonics.
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Industrial effluents containing synthetic dyes represent one of the most persistent sources of surface water contamination, largely because
conventional treatment processes fail to achieve their complete removal. In this work, we evaluated the degradation efficiency of a Non-
Thermal Atmospheric-Pressure Plasma (NTAPP) system toward Acid Blue 9 (AB9) dye, using FeSO4 as a catalytic additive at concentrations
ranging from 0.2 to 1.0 mM. Degradation was monitored by UV-Vis absorbance at 630 nm, and solution physicochemical parameters pH,
electrical conductivity, salinity, total dissolved solids (TDS), and bulk solution temperature were recorded throughout treatment. After 30
minutes of plasma exposure, near complete decolorization was achieved, with optimal catalytic performance observed at 0.6 mM FeSO4.
The enhanced degradation at this concentration is consistent with a Fenton-type mechanism, in which Fe2+ ions react with plasma-generated
H2O2 to produce additional ·OH radicals. TOC analysis confirmed a dye mineralization efficiency exceeding 90 %. These results demonstrate
the potential of catalytically intensified NTAPP as an effective strategy for the treatment of dye contaminated water.
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1. Introduction

Textile industry effluents are among the most chemically
complex wastewaters generated by any industrial sector. A
recurring problem is the discharge of synthetic dyes that re-
sist conventional biological and physicochemical treatment
Acid Blue 9 (AB9) being a well-documented example [1].
During fabric dyeing, an estimated 10–15 % of the dye ap-
plied fails to bind to the fiber substrate; this unbound fraction
is flushed out in process wastewater and eventually reaches
surface water bodies, where its persistence becomes an eco-
logical liability [2].

What makes synthetic dyes particularly problematic is
not just their color. These compounds are designed to resist
fading, which means they also resist environmental degrada-
tion. In aquatic systems, their high solubility keeps them in
the water column rather than settling out, while their structu-
ral stability allows them to persist for extended periods [3].
Over time, bioaccumulation through the food chain becomes
a concern, and some dyes break down into transformation
products that are more acutely toxic than the original mo-

lecule [4]. The ecological consequences are tangible: dye-
contaminated water absorbs and scatters light, suppressing
photosynthesis in aquatic plants and disrupting the base of
freshwater food webs [1,5].

Beyond the ecosystem, the human health implications are
serious. AB9, specifically, has been classified as a potentially
carcinogenic and mutagenic compound. Subcutaneous admi-
nistration in rat models produced carcinogenic effects, and
oral ingestion was associated with a higher incidence of renal
tumors [1,6]. Given that human exposure can occur through
consumption of contaminated drinking water or trophic trans-
fer, treatment strategies that fully mineralize this dye, rather
than simply transferring it to another phase, are not optional;
they are necessary [6,7].

Dye removal from wastewater is therefore both an envi-
ronmental and a public health imperative. It also bears di-
rectly on freshwater availability: in regions facing water scar-
city, the ability to treat and reuse industrial effluents could
substantially reduce demand on freshwater reserves. Conven-
tional methods of biological treatment, coagulation, and ad-
sorption have well-known limitations when applied to recal-
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citrant dyes. They either fail to achieve complete removal or
generate secondary waste streams that require further mana-
gement [8,9].

Advanced Oxidation Processes (AOPs) address these li-
mitations through a fundamentally different mechanism: the
in-situ generation of hydroxyl radicals (·OH), which are
among the most powerful oxidizing agents known in aqueous
chemistry [10]. Unlike biological processes, ·OH radicals do
not select their targets; they attack aromatic rings, conjugated
bonds, and other organic structures indiscriminately, driving
mineralization to CO2, H2O, and inorganic salts [11]. This
makes AOPs well suited for compounds that have specifically
evolved, so to speak, to resist biological attack.

Among the AOP family, non-thermal atmospheric-
pressure plasma (NTAPP) occupies a distinctive position.
Rather than relying on a single reactive species, plasma dis-
charge simultaneously generates a cocktail of reactive oxy-
gen and nitrogen species (RONS), including ·OH, O3, H2O2,
and UV photons, without consuming chemical reagents or
producing hazardous byproducts [12,13]. The system opera-
tes at atmospheric pressure and can be switched on and off
on demand, which simplifies reactor design and operational
control relative to other AOP configurations. In AOPs, the mi-
neralization of contaminants occurs in successive stages. The
first stage involves the generation of reactive species ( O3,
H2O2), primarily the hydroxyl radical (·OH). This pathway
begins with the dissociation of water molecules by energetic
electrons generated during plasma discharge:

e− + H2O → ·OH + H• + e−. (1)

The ·OH radicals produced in Eq. (1) can subsequently re-
combine in the bulk solution to form hydrogen peroxide:

·OH + ·OH → H2O2. (2)

This accumulated H2O2 becomes a secondary source of
·OH when a ferrous iron catalyst is present. The addition of
FeSO4 triggers a Fenton-type reaction that regenerates radi-
cals from the peroxide pool:

Fe2+ + H2O2 → Fe3+ + ·OH + OH−. (3)

Once these reactive species are generated, oxidative attack
occurs on the contaminants (AB9) present in the medium.
The ·OH radical reacts non-specifically with the contaminant
molecule, initiating oxidation and destabilizing its chemical
structure. The oxidation of AB9 is primarily due to highly
reactive species such as the hydroxyls (·OH) generated du-
ring discharge, leading to the formation of intermediate com-
pounds and partial mineralization products [11,12,14], as re-
presented in Eqs. (4) and (5):

AB9 + ·OH → oxidation intermediate. (4)

Finally, these unstable structures fragment into interme-
diates, which ultimately break down into their most basic and
harmless mineral components:

oxidation intermediate → CO2 + H2O + inorganic ion. (5)

This coupling between plasma-generated H2O2 and Fe2+-
driven Fenton chemistry creates a synergistic amplification
of the oxidative capacity of the system [14]. The resulting
radical flux attacks the chromophoric structure of AB9, spe-
cifically the conjugated π-system and the aromatic rings as-
sociated with its triarylmethane backbone. The species prefe-
rentially attack the central carbon atom and the aromatic rings
of the AB9 molecule, which constitute its chromophore sys-
tem. This attack leads to the disruption of the triarylmethane
structure and promotes the breaking of conjugated π bonds
and the opening of the aromatic rings, resulting in the forma-
tion of several low molecular weight organic intermediates.
This leads to progressive decolorization and, ultimately, mi-
neralization.

AB9 (Brilliant Blue FCF; MW = 792.86 g/mol; CAS
3844-45-9; C37H34N2Na2O9S3; CI 42090) is an appropriate
model contaminant for this study for several reasons. It is wi-
dely used across food, cosmetic, pharmaceutical, and textile
applications [15,16], which ensures its practical relevance. Its
well defined absorption maximum at 630 nm allows straight-
forward spectrophotometric monitoring. And its documented
toxicological profile, including carcinogenicity in animal mo-
dels, makes its effective removal a meaningful benchmark for
treatment performance.

In this work, we evaluate the efficiency of an NTAPP sys-
tem for the degradation of AB9, using FeSO4 as a catalytic
additive at concentrations ranging from 0.2 to 1.0 mM. The
specific objective is to identify the optimal catalyst concen-
tration and to characterize the physicochemical changes in
the treated solution throughout the plasma exposure period.

2. Material and methods

A batch reactor (Fig. 1) was used to generate a corona dis-
charge at the surface of the liquid sample. The discharge was
generated by a DC power supply (Advanced Energy, PNCL
PLUS+) operating at a frequency of 5 kHz and a power input
of 40 W.

The following physicochemical parameters were monito-
red throughout the treatment: pH, electrical conductivity,
total dissolved solids (TDS), salinity, and bulk solution tem-
perature, using a Hach HQ40d multiparameter meter. UV- Vis
absorbance of the treated solutions was measured at discrete
FeSO4 concentrations ranging from 0.2 to 1.0 mM (in

FIGURE 1. Batch reactor used for plasma treatment of AB9 dye
solutions.
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0.2 mM increments) using a Hach DR3900 spectrophotome-
ter. The maximum absorption wavelength (λmax) of AB9 was
determined to be 630 nm, which was used as the analytical
wavelength for all absorbance measurements.

Total organic carbon (TOC) was determined using the
Hach TNT plus low-range vial method.

2.1. Reactor configuration

The plasma generation reactor consists of a beaker con-
taining two tungsten electrodes. The anode is positioned on
the surface of the beaker holding the sample, and the cathode
is placed on the surface of the sample to be treated (2 mm).
The beaker has an acrylic lid, and the cathode passes through
the lid via a 3 mm diameter hole. The beaker is placed inside
an acrylic container.

2.2. Sample preparation

Samples were prepared with a concentration of 0.1 mM in
a volume of 250 mL. For this purpose, 0.0198 g of Acid Blue
9 dye was weighed. The mass was transferred to a 250 mL
beaker containing 100 mL of distilled water, stirring cons-
tantly for 5 minutes. Subsequently, the solution was trans-
ferred to a 250 mL volumetric flask where the catalyst was
added using a 5 mL pipette with the aid of a precision pi-
pette, and the flask was filled to the mark with distilled wa-
ter. The degradation of AB9 dye was investigated at an initial
dye concentration of 0.1 mM, varying volumes of the catalyst
stock solution were added to each sample, which was subse-
quently diluted to a total volume of 250 mL. Plasma treatment
was applied for 30 minutes in all experiments. The catalyst
was prepared at a concentration of 50 mM (FeSO4) + 1.0 M
(H2SO4). For its preparation, 3.47 g of ferrous sulfate were
weighed and 1.4 mL of H2SO4 were added to a 250 mL bea-
ker containing 100 mL of distilled water. The solution was
stirred for 30 minutes. It was then transferred to a 250 mL
volumetric flask and diluted to the mark with distilled water.
Different volumes of the catalyst were added to the solution,
from 1 mL (0.2 mM) up to 5 mL (1.0 mM). At the end of
each treatment, the samples were stored in 250 mL amber
glass bottles, in order to avoid any type of contamination;
each experiment was performed 5 times.

3. Results

3.1. Decolorization of AB9 by Plasma Treatment

Figure 2 illustrates the progressive decolorization of AB9 dye
solutions over increasing plasma treatment times. AB9 be-
longs to the triarylmethane class of synthetic dyes, whose in-
tense blue coloration originates from a conjugated π-electron
system centered on a central sp3 carbon bonded to three aro-
matic rings. As treatment progressed, the optical absorbance
at 630 nm declined steadily until the solution became vir-
tually colorless after 30 minutes of plasma exposure. This

FIGURE 2. Progressive decolorization of AB9 dye solution as a
function of plasma treatment time.

progressive loss of color reflects the disruption of the chro-
mophore system through cleavage of the conjugated π-bonds
responsible for visible-light absorption. The reduction in the
characteristic absorption band at 630 nm confirms that AB9
degradation is driven by the RONS generated during plasma
discharge, principally ·OH, O3, and H2O2, which collecti-
vely promote the oxidative breakdown of the dye molecu-
le [17,18].

3.2. Effect of FeSO4 Concentration on Degradation Ef-
ficiency

Figure 3 present the UV-Vis absorbance spectra of AB9 at
each FeSO4 concentration tested [3a) to 3e)]. In all cases, the
absorbance band at λmax = 630 nm decreased progressively
with treatment time, confirming that plasma-driven oxidation
was active across the entire concentration range studied. The
rate and extent of decolorization varied markedly with ca-
talyst dosage, however, revealing a well-defined optimum.
At the lowest catalyst concentration tested, 0.2 mM FeSO4

[Fig. 3a)], absorbance decreased only modestly over 30 mi-
nutes and complete decolorization was not achieved. The li-
mited performance is consistent with insufficient Fe2+ avai-
lability: with little Fe2+ present, decomposition of plasma-
produced H2O2 into ·OH radicals is constrained, and the
overall oxidative capacity remains below the threshold re-
quired for complete chromophore destruction. Increasing the
catalyst concentration to 0.4 mM FeSO4 [Fig. 3b)] produ-
ced a noticeably greater reduction in absorbance, indicating
that higher Fe2+ availability translated into more effective
·OH generation via H2O2 decomposition. Nevertheless, de-
colorization remained incomplete at 30 minutes [19]. At 0.6
mM FeSO4 [Fig. 3c)], representing the optimal condition,
the most pronounced decline in band intensity was observed.
By 30 minutes, the absorption band at 630 nm had disap-
peared entirely, indicating near complete degradation of the
AB9 chromophore. This result demonstrates that 0.6 mM is
the optimal catalyst dosage, at which Fenton-type coupling
between Fe2+ and plasma-generated H2O2 achieves maxi-
mum ·OH production [19]. At 0.8 mM FeSO4 [Fig. 3d)],
the decolorization rate was lower than at the optimum, and
a residual absorption band persisted after 30 minutes. This
decline is attributed to the radical scavenging effect of ex-
cess Fe2+: at supraoptimal concentrations, Fe2+ competes
with organic substrates for ·OH radicals through the reaction
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FIGURE 3. UV-Vis absorbance spectra of AB9 during plasma treatment at FeSO4 concentrations of (A) 0.2 to (E) 1.0 mM.

Fe2+ + ·OH → Fe3+ + OH− [18]. The highest catalyst
concentration,1.0 mM FeSO4 [Fig. 3e)], yielded the poorest
decolorization among the supraoptimal conditions. The ove-
rabundance of Fe2+ intensifies radical scavenging competi-
tion, suppressing ·OH availability and limiting oxidative at-
tack on the dye. These results collectively confirm that the
relationship between FeSO4 concentration and degradation
efficiency is non-monotonic, with a well-defined maximum
at 0.6 mM.

3.3. Mineralization and reaction kinetics

The normalized TOC/TOC0 ratio as a function of plasma
exposure time is shown in Fig. 4. In all cases, TOC/TOC0 de-
creased progressively with treatment time, confirming actual

FIGURE 4. Normalized TOC/TOC0 profiles as a function of plasma
exposure time.

mineralization of AB9. The steepest decline occurred during
the initial phase, particularly at 0.6 mM FeSO4. As treatment
proceeded, the rate of TOC removal slowed characteristic of
AOPs systems where recalcitrant intermediates exhibit lower
reactivity toward ·OH than the parent compound [18]. At 0.6
mM FeSO4, mineralization efficiency exceeded 90 % within
30 minutes. Decolorization followed an apparent pseudo-
first-order model, with rate constants of: κ = 0,0895 min−1

(0.2 mM), 0,1499 min−1 (0.4 mM), 0,2093 min−1 (0.6 mM),
0,1371 min−1 (0.8 mM), and 0,1202 min−1 (1.0 mM). The
maximum rate constant at 0.6 mM is consistent with the op-
timal Fenton-type catalytic condition.

3.4. Physicochemical Evolution of the Treated Solution

The bulk solution temperature rose from approximately
22◦C to 45◦C over the 30-minute treatment [Fig. 5a)]. The
most rapid increase occurred during the first 10–15 minu-
tes, after which the system approached quasi-thermal equi-
librium. This response results from the transfer of energy
from plasma-generated species into the liquid phase through
excitation-relaxation and ion-neutral collision processes at

FIGURE 5. a) Bulk solution temperature and b) salinity as a fun-
ction of plasma treatment time.
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FIGURE 6. a) Electrical conductivity and b) total dissolved solids
(TDS) as a function of plasma treatment time.

FIGURE 7. a) pH variation and b) rate constant (κ) and G50 as a
function of FeSO4 concentration.

the plasma-liquid interface [20]. Concurrently Salinity in-
creased from approximately 0.33 to 0.45 ppt [Fig. 5b)], re-
flecting progressive accumulation of dissolved ionic spe-
cies from oxidative fragmentation of AB9 and plasma-driven
RONS formation, consistent with the initial stages of organic
mineralization in AOPs systems [21].

Electrical conductivity increased from approximately 702
to 901 µS/cm [Fig. 6a)], driven by ionic species released
during plasma-driven oxidative degradation of AB9. As the
dye’s aromatic structure is fragmented, ionic degradation pro-
ducts accumulate in solution, continuously feeding the con-
ductivity increase throughout treatment [22]. TDS values in-
creased from approximately 550 to 640 ppm [Fig. 6b)], clo-
sely paralleling the conductivity trend. Together, these pa-
rameters confirm ongoing mineralization: both increase as
large organic structures are converted into low-molecular-
weight ionic species [22].

Solution pH declined progressively from 3.52 to 3.17
[Fig. 7a)]. This acidification is primarily driven by the forma-
tion of HNO3 and HNO2 from gas-phase reactions between
atmospheric nitrogen, water vapor, and plasma-generated
species, supplemented by intermediate organic acids formed
during AB9 fragmentation [19].

3.5. Energy efficiency: G50 parameter

A parameter for measuring energy efficiency in the de-
gradation of pollutants is the G50, which is defined as the
amount of pollutant removed per unit of energy consumed to
achieve 50 % degradation [23,24]. The energy efficiency of
the decolorization process was evaluated using the G50 para-
meter:

G50 = 1,8× 106
C0V0M

Pt50
. (6)

TABLE I. Comparison of G50 values for plasma-based degradation
processes [24,25].

System Contaminant Catalyst G50

/ Conditions
NTAPP + FeSO4 Acid Blue 9 FeSO4 (0.6 mM) 4.49

(this work)
Non-thermal Acid Blue 25 Without catalyst 2.40

plasma
Dielectric Barrier Carbamazepine Without catalyst 1.60
Discharge (DBD)
Dielectric Barrier 2,4-Dini- Without catalyst 0.94
Discharge (DBD) trophenol

For this study, C0 = 1,0 × 10−4 M, V0 = 0,25 L,
M = 792,86 g/mol, and P = 40 W. The experimentally de-
termined t50 values were 465, 277.8, 198.6, 303, and 268.4 s
for 0.2, 0.4, 0.6, 0.8, and 1.0 mM FeSO4, respectively, yiel-
ding G50 values of 1.92, 3.21, 4.49, 2.94, and 2.42 g/kWh
[Fig. 7b)]. The maximum G50 of 4.49 g/kWh was achieved
at 0.6 mM FeSO4.

3.6. Comparative analysis of energy efficiency

Table I compares the G50 values obtained system achie-
ves the highest energy efficiency among all entries listed,
attributed to the synergistic interaction between plasma-
generated RONS and the Fenton-type reaction at 0.6 mM
FeSO4 [24,25]. The availability of Fe2+ ions is sufficient to
promote the decomposition of H2O2 generated by the plas-
ma, increasing the production of ·OH radicals. At low con-
centrations (0.2 and 0.4 mM), the process is limited by insuf-
ficient catalyst availability, resulting in lower hydroxyl radi-
cal generation and a slower degradation rate. Conversely, at
higher FeSO4 concentrations (0.8 and 1.0 mM), the excess
Fe2+ ions act as scavengers of ·OH radicals. This decreases
the oxidative capacity and reduces the overall degradation ef-
ficiency.

3.7. Operating energy cost

Under optimal conditions (0.6 mM FeSO4; t1/2 = 198,6
s; P = 40 W), the energy consumed to treat 250 mL
was 0.00220 kWh. Applying CFE domestic electricity tariffs
(0.987-3.218 MXN/kWh) [26], the estimated operating cost
is 0.00217-0.00710 MXN per 250 mL, equivalent to 17.4-
56.8 MXN/m3 or approximately 0.50-1.64 USD/m3.

From an operational standpoint, the energy cost analysis
places the proposed system at 0.50-1.64 USD/m3 under op-
timal conditions, which compares favorably with UV/H2O2,
ozone-based, and photocatalytic systems reported in the lite-
rature. The reactor operates at atmospheric pressure, requires
no chemical dosing beyond the catalytic FeSO4 additive, and
generates reactive species on demand without producing ha-
zardous secondary byproducts. These characteristics collec-
tively reduce the barriers to practical implementation, par-
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TABLE II. Operating costs of the NTAPP + FeSO4 system and
other advanced oxidation processes reported in the literature [26-
32].

Technology Cost (USD/m3)

NTAPP + FeSO4 (0.6 mM) 0.50 – 1.64

UV/H2O2 ∼5.80

O3/H2O2 ∼8.64

O3/UV up to 240

TiO2/UV 4 – 12

Conventional ozone treatment 6 – 15

ticularly in decentralized or small-scale treatment contexts
where reagent logistics and reactor complexity are limiting
factors.

4. Conclusions

This study set out to evaluate whether FeSO4 could meaning-
fully enhance the performance of a non-thermal atmospheric-
pressure plasma system for degrading Acid Blue 9. The re-
sults confirm that it can but only within a narrow concentra-
tion window. At 0.6 mM FeSO4, the system achieved near-
complete decolorization and a mineralization efficiency ex-
ceeding 90 % within 30 minutes, with a pseudo-first-order
rate constant of κ = 0,2093 min−1 and an energy efficiency
of G50 = 4,49 g/kWh. What these results demonstrate, more

broadly, is that the combination of plasma-generated H2O2

and Fenton chemistry is not simply additive it is synergistic.
Plasma alone produces RONS, but the integration of FeSO4

converts a fraction of the accumulated H2O2 into additio-
nal ·OH radicals, extending the reactive lifetime of the sys-
tem and enabling a level of mineralization that plasma alone,
under the same power input and treatment time, would not
achieve. The triarylmethane backbone of AB9 which confers
both its chromophoric properties and its resistance to biolo-
gical degradation is effectively dismantled under these con-
ditions.

The broader implication is that NTAPP, when cataly-
tically intensified, represents a technically sound and eco-
nomically competitive option for the treatment of dye-
contaminated wastewater. In a context where textile industry
effluents continue to pose a documented risk to surface wa-
ter quality and human health, and where freshwater scarcity
makes wastewater reuse increasingly important, systems that
achieve genuine mineralization, rather than phase transfer or
partial decolorization, deserve serious consideration. The da-
ta reported here supports that case.
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We introduce an optimized Deep learning protocol for fracture pattern classification to identify the solvent involved in the desiccation crac-
king process of starch-liquid slurries, even after its complete evaporation. For this purpose, image analysis techniques were used to charac-
terize patterns obtained from drying suspensions using single solvents (water, ethanol, acetone) and two-component solvents (water-ethanol
mixtures at different concentrations). Frequency histograms were generated based on nine morphological features, taking into account their
size, shape, geometry and orientational ordering. Subsequently, we used these histograms as input data in different artificial neural network
variants to determine which set of features leads to the highest accuracy in solvent identification. An average accuracy of up to 96(±1)% was
achieved in the classification when all solvents were considered in the analysis. The highest accuracy was obtained with sets that include the
crack area, AcrN , a feature barely considered in the literature. We found that AcrN can be related to the cohesive energy associated with hy-
drogen bond interactions. Taking this into account, we estimated some physicochemical properties of two-component solvents (specifically,
the Hansen and Kamlet-Taft parameters) based solely on the features of patterns obtained from the individual components, achieving an error
within 15% compared to the values determined from the literature. The proposed protocol could help to encode some implicit parameters
and the optimal combination of features for pattern recognition in other fields of science and engineering.

Keywords: Solvent identification; pattern recognition protocol; cracking process; desiccation; neural networks; deep learning.
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1. Introduction

In different scientific fields, neural networks stand out for
their effectiveness and efficiency in automatically classifying
patterns based on their morphological features [1-10]. Pono-
marev et al. [4,5] used an automatic classification method of
immunofluorescent images for autoimmune disease diagnos-
tics based on the number, size, shape, and localization of in-
dividual cells in medical tests, achieving an average accuracy
of 84(±6)% and showing performance comparable to that of
the texture-based method [6]. Umer et al. [7] proposed a per-
son identification system based on multiscale morphology to
extract structural and textural features from human iris ima-
ges, with average accuracy of 99(±1)%. Wang et al. [8] de-
veloped a model for material property classification based on
X-ray and neutron diffraction patterns of crystal structures,
reaching accuracies of 66(±14)% for the perovskite family
ABO3. Fan et al. [9] propose a model for classifying multi-
defect wafer map patterns by combining a densities cluste-
ring method with geometric features, including form factor
(area/perimeter) and eccentricity, obtaining average accuracy
of up to 94%, whereas more recently, Choi and Suh [10]
achieved over 98% accuracy for the same purpose with a
model focused on the active contour. Although neural net-
works with statistical approaches are feasible tools for pat-
tern recognition, a correct selection of parameters is essential
to avoid overfitting and increase the accuracy and efficiency
of the method.

Desiccation patterns are probably the most common
examples of how nature spontaneously generates configura-

tions through complex processes that occur over multiple ti-
me and length scales. For example, at microscopic scale, slow
evaporation of gold nanoparticle suspensions results in mi-
crowire patterns induced by drying liquid bridges [11]. Eva-
poration of blood droplets produces dendritic patterns with
radial fissures in the periphery related to a high concentration
of lipids [12]. On a much larger scale, drying processes in
basins and lakes generate polygonal salt patterns [13], while
the shrinkage of frozen ground (permafrost) creates ice-filled
crevices and soil [14]. Furthermore, these polygonal patterns
are not limited to Earth alone, but are also found on the surfa-
ce of Mars [14-19] and the Moon [17]. Such patterns exhibit
great morphological diversity due to the influence of multiple
factors during their formation; however, they can be effecti-
vely analyzed and classified using image analysis and Deep
learning techniques (for example, to predict the number of
cracks in the soil based on the initial moisture content, la-
yer thickness, and sample size [20]), provided that adequate
selection of parameters is made.

Thin layers of colloidal suspensions have been extensi-
vely used at laboratory scale to explore desiccation proces-
ses. On the one hand, it has been shown that the morpho-
logy of the resulting cracking patterns depends significantly
on the thickness h of the layer. Theoretically, thin films crack
upon reaching a critical stress, which relaxes over a distan-
ce proportional to h [21], while the crack spacing L follows
a power scaling with exponent n = 2/3 [17,22], in reaso-
nable agreement with experiments (n = 0,65 ± 0,01 for si-
lica particles [23,24], n = 0,71 ± 0,01 for cornstarch and
n = 0,53 ± 0,02 with clay [17]), for which the characte-
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ristic lengths L1 =
√
Ac/Nc and L2 = Ac/LT have been

proposed, where Ac is the size of the container, Nc the num-
ber of cells, and LT the total length of the cracks. In addi-
tion, the average displacement of the pattern vertices increa-
ses linearly with h during repeated wetting and drying cycles
[21]. Likewise, the characteristic area A of the patterns is di-
rectly proportional to h4/3 when using cornstarch with wa-
ter, as well as calcium carbonate (CaCO3) with different sol-
vents such as water, isopropanol and silicone oil [16,17]. On
the other hand, Choudhury et al. [25] studied the desiccation
cracking process in bentonite-chloride salt slurries. Bentonite
can exhibit strong swelling and dispersion due to water ab-
sorption, but the presence of dissolved salts affects shrinkage
properties, surface tension and internal stress distribution by
altering the ionic concentration, osmotic effects, and physico-
chemical properties. All these results evidence the influence
of solute/solvent interactions on the morphological features
of fracture patterns.

In order to classify fracture patterns, frequency histo-
grams are a useful tool to represent their morphological
distribution. A variety of parameters exists to characterize
the geometry and topology of these patterns based on ra-
dial density profile [12], average areas [16,26-29], lengths
[17,19,23,24,27,30], number of neighbors [19,29,31], frac-
tal dimension [32,33] and lacunarity [33], to name a few, but
only some studies include a large dataset of measurements.
However, histograms based on the normalized isoperimetric
ratio, defined as λ = 4πA/P 2, where A is the area and P
is the perimeter of the patterns, have been proposed by Roy
et al. [29] as the most efficient parameter to distinguish bet-
ween fracture patterns, which they qualitatively evidenced in
cracked materials of natural mud, clays (such as laponite and
bentonite), corn and potato starch extracts, polymers (such
as PDMS), among others. From a statistical point of view,
this should hold true even if the successive cleavage of the
fracture patterns does not follow a regular or uniform process
[31]. For this reason, histograms of the area−perimeter set
and other morphological features may contribute to the au-
tomated identification of such patterns, but the effectiveness
and efficiency of these features for classification is still unk-
nown.

In this work, we propose an optimized Deep learning pro-
tocol that uses neural networks to recognize and classify frac-
ture patterns produced during the desiccation of cornstarch-
liquid slurries involving different solvents. For this purpose,
an experimental array (described in Sec. 2) was used to fo-
llow the evaporation process of thin layers of the slurries un-
til the fracture patterns appear. The experimental results are
discussed in Sec. 3. The methodology used for the morpho-
logical analysis is described in Sec. 4, where the set of fea-
tures are represented in frequency histograms to characterize
fracture patterns from their size, shape, geometry and orien-
tational ordering. On the one hand, the size is characterized
using the area and perimeter of the cells and the area of the
cracks, all normalized by characteristic values, while shape
is described by the eccentricity. On the other hand, the geo-

metry is determined by the number of neighbors, obtained
from Voronoi diagrams; while ordering is determined by an
order parameter, defined as a function of these neighbors and
the centroids of the cells. In Sec. 5, we outline the framework
of the proposed protocol, emphasizing the construction, trai-
ning, and accuracy calculation of an Artificial Neural Net-
work (ANN) to classify experimental sample classes. Sub-
sequently, in Sec. 6, the accuracy of the classification was
evaluated considering each individual feature as well as com-
binations of different sets of features, identifying those sets
that lead to the highest accuracies. We also discuss why the
feature Acr becomes relevant for the classification based on
its correlation with hydrogen bonding solute-solvent interac-
tions. In Sec. 7, a possible application of the protocol focused
on the estimation of physicochemical properties is presented.
The conclusions are finally summarized in Sec. 8. Additio-
nally, an Appendix section is provided to explain why the
accuracy of the model can be compromised in the analysis.

2. Experimental setup

The experimental design is sketched in Fig. 1a), and it is
similar to previous systems used in the literature [26,27]. A
given mass of cornstarch-liquid slurry is deposited in a cy-
lindrical aluminium container of diameter Dc = 100 mm,
and the container is placed on an analytical balance (OHAUS
PX423). The system allows for recording the mass of the
slurry during the desiccation process every minute, and a
digital thermometer-hygrometer placed inside the balance
chamber was used to register the temperature T (◦C) and the
relative ambient humidity RH (%) every five minutes. A di-
gital camera (NIKON D3200) is positioned to record ima-
ges from a top view of the container and to capture the final
morphology of the fracture patterns.

The mixtures were prepared with an initial concentration
ϕ0 = 1/2, defined as ϕ0 = mliq/ (mliq +mcs) [34], where
mliq is the mass of the liquid (solvent) and mcs corresponds
to dry cornstarch (solute), obtained from a commercial brand
(Maizena). A mass m0 = 40,0 (±0,1)g of the homogeneous
mixture was prepared for each experiment using equal mas-
ses of liquid (20,0g) and cornstarch (20,0g), obtaining
average densities ρ = 1,20(±0,01) g/cm3 for cornstarch-

FIGURE 1. a) Experimental setup components: (1) digital camera,
(2) digital thermometer-hygrometer (3) aluminum container with
initial mass m0 of a specific mixture, and (4) analytical balance. b)
Remanent mass m of the mixtures as a function of time t during
the drying process, for three different solvents.
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water slurry and ρ = 1,03(±0,01) g/cm3 for both
cornstarch-ethanol and cornstarch-acetone slurries. The mix-
ture is deposited in the center of the container, and it extends
radially, forming a thin horizontal liquid layer of thickness
h0 ∼ 4 − 5 mm ≪ Dc. Once the solvent evaporation is
completed, the layer thickness (and therefore, the volume of
the layer) is reduced by 16(±1)%, and the patterns are recor-
ded for subsequent analysis.

Following the procedure described above, 75 liquid layers
were prepared using single solvents, distributed in 25 sam-
ples for each solvent: deionized water, ethanol (CTR Scien-
tific) and acetone (CTR Scientific). The samples were left to
evaporate naturally for 48, 24, and 12 hours for the water,
ethanol, and acetone mixtures, respectively. The latter subs-
tances are more volatile and require less time for total eva-
poration, which is considered to occur when m ≈ 20 g, i.e.
when all the liquid has been evaporated and only the solute
remains in the container. Environmental conditions remained
nearly constant throughout the experiments, with an average
relative humidity of RHenv = 39(±6)% and an average room
temperature of Tenv = 28(±1)◦C.

3. Experimental results

3.1. Evaporation process
Figure 1b) shows how the mass of the mixture m decrea-

ses with time t for the three samples of water, ethanol and
acetone. From the moment of deposition, evaporation pro-
ceeds in two stages [26,35,36]. First, the mass decreases li-
nearly with time (constant evaporation rate) until a wet corns-
tarch layer seems to settle at the bottom of the container,
which is characterized by the notorious change of curvature
in the plots. At this moment, the layer adheres to the substra-
te and begins to contract until it detaches from the container
walls. This process is consistent for different solutes in wa-
ter, such as cornstarch [16,30], granular polymers [37], Ro-
mainville clay [27], hard and soft nanolatex spheres [26,31],
Sisal fiber and soil [38], sand and kaolinite clay [32], among
others. Subsequently, two types of cracks appear that divi-
de the layer into primary and secondary patterns according
to their order of appearance [16,30]. Primary patterns arise
from a critical hc layer thickness and they are formed in the
first evaporation stage due to capillary contraction of the ma-

terial [16]. During the second evaporation stage for the ca-
se of cornstarch in water, secondary patterns emerge in lar-
ge amounts and simultaneously within the primary patterns
due to dehydration of the hygroscopic cornstarch particles
[16,31], even when the layer thickness is h < hc. For the
case of ethanol and acetone, only one kind of cracks appear
during the evaporation process and the resulting patterns are
more homogeneous, as we discuss in the following section.

3.2. Fracture patterns produced by different solvents

Figure 2 shows that the final fracture patterns depend on
the solvent used. For the case of water, primary thicker frac-
tures are clearly observed (secant lines crossing almost the
whole layer), which are not observed with ethanol or aceto-
ne. There are also numerous small secondary thinner fractu-
res associated with columnar joints in water [21,35,36], while
the number of cells decreases significantly in ethanol and ace-
tone, causing an increase in their size, as shown in Fig. 2a).
Furthermore, the secondary cells are larger in acetone than
in ethanol, whereas in water they are noticeably smaller and
more irregular. Consequently, the samples in Fig. 2a) can in
principle be easily distinguished from one another.

The change in pattern features can be associated to chan-
ges of the physicochemical properties of the solvent. To ex-
plore this aspect, we considered 50 additional liquid layers
with binary solvents consisting of mixtures of water and

FIGURE 2. Fracture patterns observed in experimental samples of
mixtures using solvents of a) pure liquids and b) water-ethanol mix-
tures with the indicated percentages of ethanol.

TABLE I. Some properties of pure solvents and ethanol-water binary solvents used in this study, including: the surface tension σ, density ρ
and viscosity η at 25◦C [39-43]. Volume fraction v and mole fraction X of ethanol (M = 46,07) in water (M = 18,02), depending on the
indicated percentage of ethanol mass in the mixture, where M denotes the molar mass.

Property Water 20% 40% 60% 80% Ethanol Acetone

σ (mN/m) 72.01 37.97 30.16 26.23 23.82 21.82 23.02

ρ (g/cm3) 0.9971 0.9663 0.9316 0.8882 0.8398 0.7856 0.7843

η (mPa·s) 0.8907 1.7803 2.3586 2.2411 1.7302 1.0907 0.3050

v 0 0.241 0.458 0.656 0.835 1 -

X 0 0.089 0.207 0.370 0.610 1 -
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ethanol at different concentrations (see Table I). The charac-
teristic patterns of the transition from pure water to pure etha-
nol are shown in Fig. 2b) using water-ethanol mixtures at 20,
40, 60 and 80 % of ethanol content. On the one hand, for
concentrations close to pure liquids, the number of patterns
and the size of the cracks appear similar to those of the domi-
nant liquid, although contrasting morphological features arise
due to the recessive liquid. On the other hand, mixtures with
comparable proportions of water and ethanol can be clearly
distinguished from the other samples. For instance, at 40%
ethanol, primary cracks disappear with respect to 20%, but
the number of secondary cells looks similar. A particular pat-
tern appears at 60% ethanol, in which case the pattern size
and width of the cracks seem considerably larger. However,
in the mixture of 80% ethanol, a clear competition arises bet-
ween the morphological features obtained with pure liquids;
the presence of water produces thicker fractures, but with an
ordering and geometry of cells similar to those observed in
pure ethanol. Therefore, the number of patterns, the spatial
distribution, their average area and perimeter, and the thick-
ness of the cracks are morphological features of the patterns
determined by the solvent, which have to be considered in the
classification and identification protocol.

4. Morphological analysis

Figure 3 illustrates the methodology used for the morpho-
logical analysis of fracture patterns. Images of all experimen-
tal samples are first captured, as illustrated in Fig. 3a). Then,
using the software FIJI ImageJ®, each image is binarized to
show exclusively the cracks that outline the boundaries of
the patterns as depicted by the red borders in Fig. 3b). By
performing this image analysis iteratively for each of the ex-
perimental samples, five main features can be estimated: the
number Nc of patterns in each experimental sample, the area
A, perimeter P , centroid C (x, y), and eccentricity ε of the
patterns. After applying Voronoi tesselation, the total length
LT was obtained. Furthermore, each image was divided in
n = 64 circular sectors to account for variations in the crack
distribution, and the number of pixels conforming the cracks
in each sector was estimated, which allows to obtain the area
Acr of the cracks. These morphological features characteri-
ze the size (area−perimeter) and shape (eccentricity) of the
fracture patterns.

FIGURE 3. Image processing. a) Picture of a fracture pattern. b) Co-
rresponding centroids (black dots) and c) Voronoi diagram (black
edges) from the real fracture pattern (red edges) after image pro-
cessing.

On the other hand, centroids [Fig. 3b)] allow to infer geo-
metrical and ordering features of the patterns, which show a
high correspondence with the Voronoi diagrams [black edges
in Fig. 3c)] [29]. Using MATLAB®, if we focus on the Voro-
noi diagram of the centroid Ck of some pattern [see Fig. 3b)],
we can compute its number of neighbors NB,k with the as-
sociated Voronoi diagram to know its geometry. In addition,
such centroid can be linked to two adjacent and consecuti-
ve centroids Ck,j and Ck,j+1 by straight lines [blue lines in
Fig. 3c)] to calculate the angle θj between them. Therefore,
the associated bound orientational parameter (BOP) ψk,n of
each k−th pattern [44], defined as a function of the number
NB,k and the angles θj for each j = 1, . . . , NB,k, can be
computed by:

ψk,n =
1

NB,k

∣∣∣∣∣∣
NB,k∑
j=1

exp (inθj)

∣∣∣∣∣∣ , 0 ≤ θj < 2π, (1a)

with

θj = arc cos

[
(Ck,j+1 − Ck) · (Ck,j − Ck)

|Ck,j+1 − Ck| · |Ck,j − Ck|

]
. (1b)

By applying the morphological analysis to all fracture pat-
terns, we initially estimate the average values of such
morphological features. On the one hand, since the area of
the container Ac = 7854 mm2 is constant, then the ave-
rage area A of the patterns is inversely proportional to N c,
such that: A ≈ Ac/N c = L2

1. On the other hand, the mea-
surements obtained from the image analysis also reveal that
P ≈ 8Ac/LT = 8L2. Additionally, the patterns exhibit simi-
lar characteristics; they follow the normalized isoperimetric
ratio with an average value of λ = 0,70±0,03, and they show
comparable average values of eccentricity (ε = 0,67± 0,07)
and order parameter (ψ = 0,47 ± 0,17). Therefore, nor-
malized quantities for the sizes of the patterns and cracks
can be defined relative to these characteristic lengths, i.e.,
AN = A/L2

1, PN = P/ (8L2), and AcrN = Acr/L
2
3, res-

pectively, where L3 ≡ L2
1/L2 = LT /Nc. Then, a set of nor-

malized features can be used for the morphological characte-
rization of the fracture patterns.

Figure 4 displays the size and shape measurements in the
form of frequency histograms of normalized features, which
help to identify those parameters that can be useful to clas-
sify the experimental samples. To obtain the histograms, the
methodology described above was iteratively applied to the
samples [see Figs. 4A)-4B)], with the goal of extracting and
characterizing nearly 24, 000 individual cells. In the histo-
grams, one can notice that the measurements for ethanol are
more homogeneous than for the case of water (which shows
a wider distribution). For the mixture of 20% water and 80%
ethanol, two maxima appear in the distributions of AN and
PN indicating a superposition of the effects of both solvents.
There is also a noticeable shift to the left in the maximum of
the AcrN distribution for more volatile liquids. This indicates
thinner cracks for acetone and ethanol compared to water.
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FIGURE 4. Size-shape analysis. (A) Final patterns observed after the desiccation process of layers of cornstarch and the indicated solvent. (B)
Corresponding processed images used to identify the cracks (red edges) and their centroids (black dots). In A and B the scale bar is 50mm.
(a-e) Histogram distribution of (1) pattern area AN, (2) perimeter PN, (3) crack area AcrN, (4) isoperimetric ratio λ, and (5) eccentricity ε,
obtained using as solvent: (a) water, (b) ethanol, (c) acetone, and (d) 80/20% and (e) 20/80% water/ethanol. Colored lines represent the
average value and the gray shaded area represents the standard deviation.

For the binary mixtures, the maximum is between the va-
lues corresponding to the pure solvents, and the shift depends
on the ethanol concentration, suggesting that AcrN could be
one of the most relevant parameters for the classification and
identification of the solvents.

Figure 5 shows histograms corresponding to ordering pa-
rameters (ψ4, ψ5, ψ6) and number of neighbors NB , where it
is more difficult to distinguish by eye the differences between
the distributions. The histograms show that the patterns have
between 4 and 7 neighbors, while on average they tend to-
ward hexagonal geometries (NB = 6 ± 1) in samples with
pure water and, 80% water and 20% ethanol mixture, but
they tend toward pentagonal geometries (NB = 5 ± 1) in
those with pure ethanol, pure acetone and, 20% water and
80% ethanol mixture [see Fig. 5A)]. On the other hand, the
order parameter is used to analyze whether the centroids of
the patterns are organized in an ordered (BOP → 1) or disor-
dered (BOP → 0), but from Figs. 5A)-5D) one finds that the
47 (±2) % of the patterns present values of BOP between
0,35 and 0,65 [see Fig. 5B)], which are around their mean
value; therefore, it is concluded that the centroids do not ma-
nifest a predominant symmetry associated with square, pen-
tagonal or hexagonal structures.

5. Deep learning implementation

Let us now describe the Deep learning approach used to
identify the solvent involved in the desiccation process (see

framework in Fig. 6). First, we apply the fracture pattern
analysis described in the previous section to obtain the fre-
quency histograms [Fig. 6a)]. Then, the Artificial Neural Net-
works (ANNs) is trained in MATLAB® using a 5-fold cross-
validation [Fig. 6b)], where the dataset is divided into five
equal parts: four of them (80%) are used as the training set,
and the remaining one (20%) as a test set (shown in yellow),
and the latter is rotated until all five possible combinations are
covered [10,45]. Then, a multilayer perceptron (MLP) neu-
ral network with a given number of neurons N is employed,
which consists of fully connected layers: an input layer (IL),
one or more hidden layers (HL = 1 − 10), and an output la-
yer (OL). Here, the frequency histograms are used as input
data (f1, f2, . . . , fn) and the different solvents are defined
as output data (C1, . . . , C5). Subsequently, the neural net-
work is trained using the Scaled Conjugate Gradient (SCG)
backpropagation algorithm, which iteratively adjusts weights
and biases to minimize errors, with three predefined random
seeds to ensure the reproducibility. For each hidden layer,
the hyperbolic tangent sigmoid function tanh(x) = 2/(1 +
exp(−2x)) − 1 is used as the activation function, while the
softmax transfer function yi = exp(xi)/

[∑N
j=1 exp(xj)

]
is

assigned to the output layer. Using an initial number of neu-
rons N , ranging from 60 to 120 in increments of 2 neurons,
31 neural network variants are evaluated for each individual
feature {X1, . . . , X9} across ten hidden layers with steps of
p = 6 neurons. The confusion matrix highlights the correctly
classified samples (shown in green),
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FIGURE 5. Orientational ordering analysis. (A-B) Voronoi diagrams (colored cells) and centroids (white dots) obtained from the actual
patterns (black lines) depending on the solvent. Colors are used to indicate A) the number of neighbors NB and B) the orientational order
(here ψ5 is shown for visualization) according to the color bars. (1-4) Frequency histograms of 1) nearest neighbors, and different order
parameters 2) ψ4, 3) ψ5 and 4) ψ6, depending on the solvent indicated in the same row. Colored lines represent the mean values and the gray
shaded areas the corresponding standard deviations.

FIGURE 6. Framework of the proposed protocol, including: a) database construction, b) Deep learning implementation, and c) model eva-
luation.
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which vary for each neural network variant, and the classifi-
cation accuracy is calculated as the ratio of the number of co-
rrect predictions to the total number of tests. While the mean
diagonal of the confusion matrix is used to determine the ac-
curacy, the model confusion is given by the off-diagonal ele-
ments. From 465 runs per hidden layer (5 folds × 3 seeds
× 31 variants), an average accuracy curve is obtained, illus-
trated by the green curve of the Acc vs HL plot in Fig. 6c).
This process is performed with all the size, shape, and or-
dering features to determine which of them lead to a higher
classification accuracy, individually or forming feature sets
of different size (S = 1, . . . , 9).

6. Model evaluation

6.1. Accuracy of individual features

Figure 7 shows the variation in the accuracy of the classifica-
tion as a function of the number of hidden layers. The upper
curves (higher accuracy) in each plot correspond only to

FIGURE 7. Classification accuracy. Performance of a) the norma-
lized isoperimetric ratio λ in three MLP neural network configu-
rations depicted in the inset: increasing, constant, and decreasing
architectures as a function of the number of hidden layers (HL). b)
Performance of each feature in the decreasing architecture. Solid
lines indicate mean values, and shaded areas represent the corres-
ponding standard deviations.

the classification of single solvents (water, ethanol, and ace-
tone), while the bottom curves (lower accuracy) also include
binary solvents. In particular, using the isoperimetric ratio,
Fig. 7a) exemplifies the accuracy reached for three MLP neu-
ral network configurations obtained by decreasing, keeping
constant, or increasing the number of neurons in each hidden
layer (as shown in the inset). One can notice that the decrea-
sing MLP neural network achieves the highest accuracy [red
symbols in Fig. 7a)]. Thus, we can improve the accuracy of
the classification by choosing this architecture, which is the
one used in the rest of this study. The decrease of accuracy
when binary solvents are included is due to an increase on
confusion in the analysis generated by the overlapping of the
frequency histograms and the similar microscopic physico-
chemical properties of the solvents (see Appendix section).

Figures 7b) present a comparison of the classifi-
cation accuracy achieved using nine individual features
(λ, ε,NB, ψ4, ψ5, ψ6, AN , PN , AcrN ) as input to the 31 va-
riants of the decreasing MLP neural network, in order to
identify those parameters contributing to higher or lower pre-
dictive performance. When all the solvents are included (lo-
wer curves), the order parameter ψ6 yields the lowest perfor-
mance, with accuracies ranging from 51(±2)% to 59(±2)%;
ε,NB,ψ4 andψ5 achieve values from 64(±2)% to 75(±2)%.
In comparison, the normalized parameters λ, PN and AN

reach higher values from 73(±3)% to 85(±1)%. Notably,
the normalized crack areaAcrN yields the highest performan-
ce, ranging from 90(±2)% to 94(±1)%; therefore, this is a
key parameter to maximize the accuracy of the classification.

6.2. Improving accuracy with set of features

The combination of features can be used to improve even
more the classification accuracy, using concatenated histo-
grams as input data of the decreasing MLP neural network.
By combining the features, there are 29 − 1 = 511 possible
sets with at least one feature. Thus, we calculated the average
accuracy of each combination to identify the set of features
that maximizes the accuracy, and avoid sets with overfitting
that decrease its overall value. Figure 8 presents those sets
with the lowest (blue), intermediate (green) and highest (red)
average accuracies, depending on the number of parameters
conforming the set. For the case of single solvents [Fig. 8a)],
the combination of parameters leads to very high accura-
cies > 95%. Even with a two-feature set (ψ4, AcrN), the
highest accuracy is reached (100,0%), but using the full nine-
features set results in overfitting, with a slight decrease of ac-
curacy and inconvenient longer processing time. On the other
hand, including binary solvents in the analysis [see Fig. 8b)],
the classification is certainly less accurate. In this case, the
two-feature set (ψ5, ψ6) yields the lowest classification per-
formance, with an accuracy of 66,1(±2,8)%. In contrast,
the four-feature set (λ, ψ4, ψ5, AcrN) yields the highest ac-
curacy of 97,0(±1,2)%, slightly better than the two-feature
set (ψ4, AcrN), which accuracy is 96,8(±1,4)%. The use of
all the parameters also results in overfitting in this case, with
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FIGURE 8. Classification accuracy for some sets of features (with
N = 60 neurons), comparing a) three classes corresponding to sin-
gle solvents (water, ethanol, and acetone) and b) five classes inclu-
ding the single solvents and binary solvents (20% and 80% ethanol
content in water). For sets with the same number of elements, the
worst, intermediate and best accuracies are indicated by blue, green
and red bars, respectively. For comparison, green bars correspond
to the same sets in both cases a) and b). The vertical black line
corresponds to the accuracy using only AcrN , which leads to the
highest value obtained with an individual feature.

an accuracy of 93,6(±1,6)%. Therefore, the most suitable
set of features for the classification in both groups of solvents
is (ψ4, AcrN), associated with the orientational ordering and
the area of the cracks. It is important to remark that the mea-
surement and subsequent analysis of data is simpler for those
features that can be easier to determine. For instance, an ade-
quate feature set to analyze unknown samples of fractured
dried layers that requires less processing time is the set asso-
ciated with size (λ,AN , PN , AcrN ) which achieves an avera-
ge accuracy of 96(±1)%, very close to the highest value.

6.3. What makesAcr a powerful feature for pattern clas-
sification? Towards a microscopic perspective

In the previous sections, we show that Acr can perform
better as a morphological feature for classification than most
of features sets, and those sets leading to higher accuracy also
include Acr. In order to understand why this parameter plays
such a fundamental role in the classification, it is necessary

to discuss the origin of crack formation and the role of phy-
sichochemical properties involved in the process.

The consolidation of particles during the evaporation of
colloidal and granular suspension produces an increase of
the tensile stresses due to the competition between the com-
pressive capillary pressure and substrate constraints [46], nu-
cleating cracks to dissipate stored elastic energy. This process
is fundamentally governed by the Griffith’s criterion [21,47-
49]. According to this criterion, primary cracks form in the
direction that maximizes the condition: G − Gc ≥ 0, where
G is the strain energy release rate and Gc denotes the critical
energy required to create new fracture surfaces. The critical
value Gc depends on the surface energy per unit area γs and
the plastic work per unit area γp [49].

In our system of cornstarch-water slurries, both primary
and secondary cracks are observed. This is in agreement
with previous studies [16,28]. Thick primary cracks appear
first sequentially, while thinner secondary cracks appear la-
ter simultaneously within primary cells. The first ones ty-
pically form T-junctions, while the second ones form Y- or
V-junctions. According to Refs. [16,28], capillary-induced
film shrinkage promotes primary cracks. As the water eva-
porates, solvent menisci form between individual particles,
generating a Laplace pressure that scales as ∆P ∼ σ/R,
where R ∼ 6 µm is the mean size of cornstarch particles
[16,28]. Therefore, the induced capillary stress is ∼ 12 kPa.
The secondary cracks are generated by the deswelling of the
hygroscopic cornstarch particles [16]. In contrast, only one
kind of cracks is observed for cornstarch with ethanol or ace-
tone (σ ∼ 22 mN/m), where the induced capillary stress
(∼ 4 kPa) is not enough to generate large primary cracks. Si-
milar results were found for potato starch in water [28], where
primary cracks are suppressed and only secondary cracks are
formed, in which case, the reduction in capillary stress comes
from the particle size (R ∼ 15 µm). Since primary cracks di-
sappear using binary solvents between the range of 20-40 %
of ethanol in water mixtures (σ ∼ 30 − 38 mN/m), one can
roughly estimate a critical stress of ∼ 6 kPa. Additionally,
we have to consider that changes in the rheology of the sus-
pension could contribute to generate changes in the observed
patterns. It was recently reported that the suspension behavior
changes continuously with ethanol concentration from dyna-
mic shear thickening for pure water to low viscosity shear
thinning for pure ethanol, passing through a yield-stress-fluid
phase for intermediate mixtures, with a maximum solubility
(cosolvency effect) at 50-75 % concentration [50]. This effect
could be associated to the remarkable change in the pattern
at 60 % concentration in Fig. 2.

The above discussion suggests that changes in desicca-
tion patterns for the cornstarch slurry could be mainly due to
surface tension and solubility effects, which are determined
by atomic and molecular interactions within the material. At
atomic and molecular scales, solute-solvent interactions re-
sults in cohesive energy. In cornstarch-liquid slurries, starch
(mainly amylose and amylopectin [51,52]) contains hydroxyl
groups that form strong hydrogen bonds [53] with solvents
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FIGURE 9. Crack area values per solvent. Crack areaAcr normalized to container sizeAc = (π/4)D2
c with respect to a) Hildebrand parame-

ter δ b) Hydrogen bonding, δH (Hansen parameter), and (c) hydrogen-bond donor, α (Kamlet-Taft parameter). Linear fits of experimental data
corresponding to a) (Acr/Ac)×100% = 0,39 δ−2,95, b) (Acr/Ac)×100% = 0,34 δH+1,19, and c) (Acr/Ac)×100% = 24,86α−13,94.

TABLE II. Hansen parameters δD , δP and δH [54], and Kamlet-Taft parameters α, β and π∗ [55,56] of the indicated pure solvents and
ethanol-water binary solvents. The corresponding parameters for binary solvents were calculated using the linear approximation: δi,mix =
vδi,ethanol + (1− v)δi,water [54] and κmix = Xκethanol + (1−X)κwater, with i ∈ {D,P,H} and κ ∈ {α, β, π∗} [56], with the values of v and
X for ethanol in water provided in Table I.

Property Water 80/20% 20/80% Ethanol Acetone

δD (MPa1/2) 15.50 15.57 15.75 15.80 12.50
δP (MPa1/2) 16.00 14.27 9.98 8.80 10.40
δH (MPa1/2) 42.30 36.78 23.17 19.40 7.00
δ (MPa1/2) 47.81 42.42 29.74 26.52 17.70

α 1.17 1.14 0.96 0.83 0.08
β 0.18 0.23 0.54 0.77 0.48
π∗ 1.09 1.04 0.75 0.54 0.71

with high hydrogen-bonding parameters. This implies that
polar protic solvents (e.g., water) can induce granule swe-
lling, whereas polar aprotic solvents (e.g., acetone) do not.
Consequently, the type of solvent affects the effective volu-
me of the slurry. As the solvent evaporates, the layer contracts
significantly more with water than with acetone, leading to
different levels of cohesive energy buildup and variations in
the crack area. The cohesive energy density can be estima-
ted from the ratio of the energy of vaporization and the molar
volume of the solvent through the the Hildebrand solubility
parameter, δ [54]. Since the solute (cornstarch) was the same
in our experiments, we focus on the solvents to assess the in-
fluence of cohesive energy in the slurries. This parameter can
be decomposed into three main contributions:

δ2 = δ2D + δ2P + δ2H , (2)

where δD, δP and δH are the Hansen parameters (HSP)
associated with (atomic) dispersion, (molecular) polar and
(molecular) hydrogen bonding interactions, respectively [54].
The Kamlet-Taft parameters (KTP) also provide additio-
nal insight into swelling by describing the hydrogen-
bond donor (α), hydrogen-bond acceptor (β), and dipola-
rity/polarizability (π∗) of solvents [55]. These parameters are
shown in Table II for the different pure liquids and binary
mixtures analyzed in our experiments.

A higher Hildebrand solubility parameter leads to grea-
ter cohesive energy buildup by intensifying the constrained
shrinkage of the slurry during the drying process, sugges-
ting that higher values of δ can lead to a higher fracture
density (i.e., smaller cells) and more prominent crack ope-
nings, which release accumulated cohesive energy. Indeed,
Fig. 9a) shows that the crack area increases nearly lineraly
with δ, and, due to the presence of hydroxyl (OH) groups in
starch, the δH value of the solvents is clearly the parameter
that exerts the greatest contribution [Fig. 9b)]. Additionally,
Fig. 9c) shows that Acr also increases with the solvent ability
to donate hydrogen bonds, given by α. The fact that acetone
is not properly described by the same trend is because this
solvent leaks of hydroxil groups and cannot donate a proton
in a solvent-to-solute hydrogen bond [55]. The marked de-
pendence of Acr on the atomic/molecular interactions helps
to understand why this geometric parameter is so relevant for
solvent classification.

7. Estimating physicochemical properties
from fracture patterns

The connection between geometric pattern features and
microscopic-level interactions discussed in the previous sec-
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TABLE III. Classification of physicochemical properties using the four-feature set (λ,AN , PN , AcrN ) and N = 60 neurons. Eight hidden
layers are used to estimate the six-property set (σ, ρ, η, δD, δP , δH), while five hidden layers are used to estimate the three-property set
(α, β, π∗). (0,00 denotes an error < 0,005.)

Property / Liquid Water 80/20% 20/80% Ethanol Acetone

σ (mN/m) 68,16± 11,06 41,15± 9,96 24,26± 1,99 21,85± 0,17 22,99± 0,21

ρ (g/cm3) 0,9938± 0,0113 0,9680± 0,0126 0,8410± 0,0202 0,7858± 0,0014 0,7843± 0,0006

η (mPa·s) 0,9970± 0,2890 1,6913± 0,2675 1,7008± 0,2119 1,0897± 0,0254 0,3087± 0,0155

δD (MPa1/2) 15,52± 0,10 15,56± 0,06 15,71± 0,16 15,79± 0,06 12,51± 0,05

δP (MPa1/2) 15,77± 0,56 14,40± 0,62 10,03± 0,45 8,81± 0,04 10,40± 0,04

δH (MPa1/2) 41,72± 1,85 37,14± 2,01 23,20± 1,63 19,39± 0,26 7,04± 0,16

α 1,17± 0,02 1,14± 0,02 0,95± 0,07 0,83± 0,01 0,08± 0,01

β 0,19± 0,03 0,23± 0,03 0,54± 0,07 0,77± 0,00 0,48± 0,00

π∗ 1,08± 0,02 1,04± 0,03 0,75± 0,07 0,54± 0,00 0,71± 0,00

tion suggests that the proposed Deep learning protocol not
only classifies patterns, but is also indirectly detecting the
mechanical consequences of solute-solvent chemical affinity.
Let us now describe a possible application of our study, spe-
cifically, an estimation of the physicochemical properties of
solvents based on the morphological features of the final frac-
ture patterns.

To reach this goal, the physicochemical properties are de-
fined as output variables (P1, . . . , P9), while a linear transfer
function yi = xi is used as the activation function in the out-
put layer to obtain free parameter values. Subsequently, the
neural network is trained applying the Levenberg-Marquardt
(LM) backpropagation algorithm using the data of Tables I
and II, to iteratively adjusts weights and biases to minimize
errors. Data adquisition and network architecture remain un-
changed. First, we trained the neural network using all the
data set. After an implicit classification using a 5-fold cross-
validation (80 % training, 20 % test), we obtained the data
shown in Table III. In line with the traditional classification
(described in Secs. 5 and 6), the largest deviations are ob-

TABLE IV. Estimation of physicochemical properties of binary
solvents based on the analysis of patterns obtained with single
solvents, using the four-feature set (λ,AN , PN , AcrN ) and N =
60 neurons. Two hidden layers are used to estimate each three-
property set: (σ, ρ, η), (δD, δP , δH) and (α, β, π∗), respectively.

Property / Liquid 80/20% 20/80%

σ (mN/m) 69,67± 4,23 32,90± 11,67

ρ (g/cm3) 0,9822± 0,0161 0,8347± 0,0342

η (mPa·s) 0,8576± 0,0673 0,9482± 0,1648

δD (MPa1/2) 15,42± 0,41 15,38± 0,60

δP (MPa1/2) 15,65± 0,56 10,53± 1,19

δH (MPa1/2) 40,49± 2,4 22,69± 6,51

α 1,12± 0,12 0,82± 0,22

β 0,20± 0,04 0,61± 0,10

π∗ 1,05± 0,04 0,68± 0,12

served for water and the 80/20 % water/ethanol. Neverthe-
less, most estimates have low error, typically below 2 %. This
indicates that the association of images of the fracture pat-
terns with the physicochemical parameters is possible. After
such corroboration, we estimated the physicochemical pro-
perties for binary solvents using the model trained exclusi-
vely with single solvents. The results are shown in Table IV.
Although the model is not so accurate in determining some
macroscopic properties, the microscopic properties of two-
component solvents, as the Hansen and Kamlet-Taft parame-
ters, can be estimated within a reasonable error (< 15%).

8. Conclusions

We developed a protocol that integrates image analysis, sta-
tistics, and Deep learning techniques to classify fracture pat-
terns of cornstarch with five different solvents, specifically
focused on improving the accuracy in determining the sol-
vent used in a desiccation process. First, the fracture patterns
were characterized based on morphological features. Then,
frequency histograms were generated from a normalized da-
taset and used to train a large number of MLP neural network
variants. Our results show that: (1) classification accuracy im-
proves when the number of neurons decreases progressively
across hidden layers; (2) crack area is the most informative
feature for solvent identification; and (3) accuracy is further
enhanced when this parameter is combined with additional
morphological features. To balance performance and compu-
tational efficiency, the four-feature set (λ,AN , PN , AcrN ) is
recommended, achieving an average accuracy of 96(±1)%
in identifying the solvent in starch-liquid desiccation pro-
cesses. These findings suggest that existing classification ap-
proaches across science, engineering, and medicine, often ba-
sed on single parameters, could benefit from adopting similar
protocols to determine optimal feature sets. Finally, we pro-
vide a microscopic perspective in which a linear dependence
of the crack Area on the cohesive energy of hydrogen bonds
of the solvent and on its ability to donate hydrogen bonds
was found. Based on that, we propose that the physicoche-
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mical properties of two-component solvents can be estimated
indirectly using a model trained on patterns obtained from
individual components.

Appendix

A. Origin of model confusion

As discussed in Sec. 6, most of individual features lead to
less accurate results in the classification than a set of featu-
res, but in some cases, in particular Acr, a single parameter
can perform better than most of features sets. This can be
explained by analyzing the confusion matrices, which hide
information about fracture pattern morphology and solute-
solvent physicochemical interactions. The discriminative ca-
pacity of the model depends on morphological characteristics
(see Fig. 7), but this is compromised when all solvents are in-
cluded. Furthermore, the model accuracy is evaluated using
confusion matrices for each feature. Figure 10 shows the
histograms and confusion matrices for three features, sorted
from the lowest accuracy (corresponding to ordering) to the
highest accuracy (corresponding to crack area). A visual ins-
pection of the input data suggests that the main reason for low
accuracy is the overlap between frequency histograms, whi-
le well differentiated histograms lead to high accuracy. Ne-
vertheless, the discriminative capacity of the model is com-

FIGURE 10. Frequency histograms and corresponding confusion
Matrices for ordering (ψ6), area (AN ) and crack area (AcrN ). Co-
rresponding solvents are: (a) water –, (b) ethanol –, (c) acetone –,
(d) 80/20% water/ethanol – and (e) 20/80% water/ethanol –. Same
labels are used in the matrices to indicate the real and predicted sol-
vent in rows and columns, respectively. In a confusion matrix, the
colored diagonal shows the correct predictions, while elements out
of the diagonal indicate the percentage of error in the classification
between pairs of classes.

FIGURE 11. Correlation of the model confusionK∗ and the metric
M given by Eqs. (A.1) for ψ6 (red), AN (blue), and AcrN (green)
using the values of the physicochemical properties given in Table II.
Upper labels indicate the corresponding class pairs.

promised in the case of well-defined class pairs: (a/d, b/e,
c/e). For all other class pairs, the error is less than 4%, re-
gardless of the overlap in the input data. For instance, (c/a)
has 0 % error for these three features despite the histograms
overlap. This implies that the accuracy of the model depends
not only on the morphology of the fracture patterns, but al-
so on the solute-solvent physicochemical interactions. The-
se interactions play an important role in classification, even
though they are not explicitly included in the model. Since the
solute (cornstarch) was the same in our experiments, it can
be concluded that the model’s accuracy also depends on the
similarity of the physicochemical properties of the solvents.
For this reason, we propose a distance metricM based on the
physicochemical properties of solvent pairs to explain which
pairs of classes compromise the model’s overall accuracy, in
order to map the physicochemical space of the solvents to the
space of the confusion matrix.

In this context, M was defined as:

M(i, j) =

9∑
k=1

ωk · dk(i, j), (A.1a)

where
dk(i, j) =

|Pk(i)− Pk(j)|
máx
p,q

|Pk(p)− Pk(q)|
, (A.1b)

and

1 =

9∑
k=1

ωk. (A.1c)

Here, P denotes the physicochemical properties of Ta-
bles I and II, i and j denote different solvents, and ωk ≥ 0 are
the weights for each physicochemical property k = 1, . . . , 9
(σ, ρ, η, δD, δP , δH , α, β, π

∗).
The model confusion is defined as K∗(i, j) = K(i, j) +

K(j, i), where K(i, j) represents the percentage error bet-
ween class pairs in the confusion matrix. In this context, the
aim is to establish an inverse correlation whereby, asM → 0,
there is a high confusion (K∗ → 100%), and as M → 1,
there is low confusion (K∗ → 0%). Thus, we look for the
combination of weights such that the Spearman’s correlation
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coefficient rs (which determines the degree to which two va-
riables are monotonically related) tends to (-1) [57,58]. The
combination that most faithfully reproduces the descending
order of the model confusion is given by (wδH , wα, wπ∗) =
(0,20, 0,20, 0,60), with the remaining weights equal to ze-
ro. Using these values, we computeM(i, j) using Eqs. (A.1),
andK∗(i, j) using the percentages indicated in the confusion
matrices of Fig. 10. Figure 11 shows K∗(i, j) vs M(i, j).
Indeed, K∗(i, j) decreases as M increases, and it allows to
determine the most relevant cases in which the model’s dis-
criminatory capacity is compromised (mainly for a/d, b/e and
c/e), as discussed previously. Additionally,K∗ andM follow
strong (negative) correlation for ψ6 and AN (corresponding
to rs = −0,9879 and −0,9030, respectively), while AcrN
shows moderate correlation (rs = −0,4536). These results
indicate that the neural network successfully encodes rela-
tionships between the physicochemical parameters based on
the frequency histograms. Therefore, the microscopic proper-

ties play a more relevant role for a correct classification than
macroscopic ones. If the microscopic properties considered
in this study are very similar, the confusion will be high, in-
dependently of how close the macroscopic properties are. For
instance, ethanol and acetone have very similar values of σ
and ρ (see Table I) but dissimilar values of δH and α (see Ta-
ble II) and the corresponding confusion K∗ is very low (see
class pair b/c in Fig. 11). Consequently, the model accuracy
depends on solute-solvent molecular interactions associated
to the ability of forming hydrogen bonds and effective pola-
rity.
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